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1 Introduction

Mathematical statistics is a study of discrete datas collecting from practices.
Important Dates: Homework due date- Oct 3rd, Oct 31st, Nov 28th.

2 Review

2.1 Example 1.1

This example is given in the supplement course note on the course website. In order to
study the frequency of number of fumbles in a game, a poisson model will be used. First of
all, a random variable X for the number of fumbles in a game will be assigned as a poisson
distribution, X ∼ POISSON(λ). A probability mass function could be defined for X,

such that P [X = x] = λxe−λ

x! . Hence E[X] = λ.
For estimating the mean, we can do the following:

λ̂ =

∑110
i=1Xi

110
= X̄ ≈ 2.55

Here the λ̂ is a special estimator - MLE.

2.2 Likelihood Function

The probability of the observed data as a function of unknown parameter is the likelihood
function. Now let’s consider what is the probability of the observed table for example 1.1.
The independence of number of fumbles among different teams is a hidden assumption in
our example so the likelihood function will be easy to define

L(λ) =
110!

8! · · · 1!
(
λ0e−λ

0!
)8 · · · (

∞∑
x=8

λxe−λ

x!
)0

Well, we need to test the significance of λ (it is 3 from the example). The following is
a likelihood ratio test.

H0 : λ = λ0

−2 log
L(λ0)

L(λ̂MLE)
→d=1 χ

2(1)

Next, we have yet another example about Weibull distribution. Weibull distribu-
tion measures the times to failure. Failure rate is proportional to a power of time (β =
the power + 1)
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f(x) =
β

θβ
xβ−1e−(x

θ
)β , x > 0, β > 0, θ > 0

The above function is the pdf for Weibull distribution. If β < 1, failure rate is decreasing
with time; if β = 1, failure rate is constant; if β > 1, failure rate is increasing with time.

OK, let’s go back to the example 2 for relief times in hours for 20 patients receiving a
pain killer. Below is a likelihood function for θ and β.

L(β, θ) =
20∏
i=1

[
β

θβ
xβ−1
i e−(

xi
θ

)β ] = [
β

θβ
]20(

20∏
i=1

xi)
β−1e−

∑20
i=1(

xi
θ

)β

Now we have the likelihood function and then it is easy to get the estimated β, θ by
setting the partial derivative to zero.

3 Random Variable

Before starting, we will introduce couple of notations.

S : sample space

B = {A1, A2, · · · }

1. P (A) ≥ 0, ∀A ∈ B

2. P (S) = 1

3. P (∪∞i=1Ai) =
∑∞

i=1 P (Ai)

4. P (Ā) = 1− P (A)

5. S = A ∪ Ā

6. 1 = P (S) = P (A) + P (Ā)

Here are some observations:

• A ∈ S so A ⊆ S. In other words, A occurs if the outcomes of the random experiment
is in the set.

Next, we define conditional probability as the following:

P (A|B) =
P (A ∩B)

P (B)
, if P (B) > 0

Now if A and B are independent,

P (A ∩B) = P (A)× P (B)

then P (A|B) = P (A)
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Random Variable A random variable X is a function from a sample space S to the real
number R, that is

X : S → R

such that F (X ≤ x) is defined for all x ∈ R

Properties • non-decreasing

• limx→∞ F = 1 and limx→−∞ F = 0.

• F is a right-continuous function, i.e. limx→a+F (x) = F (a)

Discrete Random Variable S is discrete then X is discrete.

Probability Mass Function f(x) = P (X = x) = F (x) − limξ→0+ F (x − ξ), ∀x ∈ R
(non-zero and sum is equal to 1)

Here is an example for discrete random variables. The example is on L3 slides.
Suppose we have a red balls and b blue balls.

1. The pmf of choosing x red balls in the first n selection with replacement

f(x) = P [X = x] =

(
a
x

)(
b

n−x
)(

a+b
n

)
(Hyperbolic distribution)

2. The pmf of choosing x red balls in the first n selection without replacement

f(x) = P [X = x] =

(
n

x

)
a

a+ b

x
(

b

a+ b
)n−x

(binomial distribution)

3. The pmf of number of blue balls selected before obtaining a red ball

P [X = x] = (1− p)xp

(geometric distribution)

4. The pmf of number of blue balls selected before obtaining kth red ball

P [X = x] =

(
x+ k − 1

x

)
(1− p)xpk

(negative binomial distribution)
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Example for Poisson Proof the sum of the p.m.f is 1.

∞∑
x=0

f(x) =
∞∑
x=0

µxe−µ

x!

= e−µ
∞∑
x=0

µx

x!
= e−µeµ = 1

(The proof is simple since when binomial distribution’s n goes to infinity, it is poisson.
in other words, np = µ)

Continuous Random Variable S is continuous then X is continuous.

Probability Density Function The p.d.f has couple of properties: non-negative; sum
of all is 1; sum to x we can get F (x)

Example 4 on L3 is an example for uniform distribution.

Gamma Function The gamma function denoted by Γ(α) for all α > 0, is given by

Γ(α) =

∫ ∞
0

yα−1e−αdy

1. Γ(α) = (α− 1)Γ(α− 1), α > 1

2. Γ(n) = (n− 1)!, n ∈ Z+

3. Γ(1/2) =
√
π

The pdf of Gamma distribution is below

f(x)− xα−1e−x/β

Γ(α)βα
, x > 0, α, β > 0

X ∼ GAM(α, β). Special case, if α = 1, then it is an exponential distribution.

3.1 Continuous Random Variable

If Z ∼ N(0, 1) find that the p.d.f. of Y = Z2. If X ∼ N(µ, σ2) what is the distribution of

W = (X−µ)2

σ )2?

G(y) = P (Y ≤ y) = P (−√y ≤ Z ≤ √y)

=

∫ √y
−√y

1√
2π
e−

z2

2 dz

= 2

∫ √y
0

1√
2π
e−

z2

2 dz
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Above is the c.d.f. for Y. To get p.d.f., we take the derivative.

g(y) =
1

2
√
πy
e−

y
2 ∼ χ2(1)

3.1.1 Probability Integral Transformation

If X is a continuous random variable with c.d.f. F then Y = F (X) ∼ UNIF (0, 1). Y =
F (X) is called the probability integral transformation.

First of all, it is easy to get f = 1 and F = x.
Check the c.d.f for y

G(y) = P [Y ≤ y] = P [F (X) ≤ y] = P [X ≤ F−1(y)] = F (F−1(y)) = y

3.1.2 Inversion Method

Suppose F is a c.d.f. for a continuous random variable. Show that if U ∼ UNIF (0, 1) then
the random variable X = F−1(U) also has c.d.f. F.

X = F−1(U)

G(x) = P [X ≤ x] = P [F−1(U) ≤ x] = P [U ≤ F (x)] = F (x)

Above proves the statement. For simulation purpose, we wish to draw random number
between 0 and 1. For each set we generated, we call it Ui. We can then convert all of those
data to Xi data set which has the distribution of F.

3.1.3 One-to-One Transformation of a Random Variable

Suppose X is a continuous random variable with p.d.f. f and support set A = {x : f(x) > 0}
and Y = h(X) where h is a real valued function. Let g be the p.d.f of the random variable
Y and let B = {y : g(y) > 0}. If h is one-to-one function from A to B and h’ is continuous,
then

g(y) = f(h−1(y)) · | d
dy
h−1(y)|, y ∈ B

3.2 Expectation

If X is a discrete random variable with p.m.f. f(x) and support set A then the expectation
of X or the expected value of X is defined by

E[X] =
∑
x∈A

xf(x)
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provided the sum converges absolutely.
If X is a continuous random variable with p.d.f. f(x) and support set A then the

expected of X or the expected value of X is defined by

E[X] =

∫
x∈A

xf(x)dx

Example 1

X ∼ GEO(p), 0 < p < 1

E(X) =
∑
A

xf(x) =
∑
A

xp(1− p)x

Since
∑∞

x=0 xt
x−1 = 1

1−t2 , |t| < 1,

E[X] = p(1− p)
∞∑
x=0

x(1− p)x−1 =
1− p
p

Theorem. If X is a discrete random variable with p.f f(x) and support set A then

E[h(X)] =
∑
x∈A

h(x)f(x)

provided the sum converges absolutely.
If X is a continuous random variable with p.d.f. f(x) then

E[h(X)] =

∫ ∞
−∞

h(x)f(x)dx

provided the integral converges absolutely.

Theorem. Suppose X is a random variable with p.f/p.d.f. f(x), a and b are real constants,
and g(x) and h(x) are real -valued functions. Then

E[ag(X) + bh(X)] = aE[g(X)] + bE[h(X)]

Theorem.
V ar(X) = E[X2]− µ2 = E[X(X − 1)] + µ− µ2

V ar(aX + b) = a2V ar(X)

and
E[X2] = σ2 + µ2

8



Example 2

X ∼ BIN(n, p)

E(X(k) =

∞∑
x=k

h(x)f(x) h(x) = X(X − 1) · · · (X − k + 1)

=
∑
x=k

x(k)

(
n

x

)
px(1− p)n−x x(k)

(
n

x

)
= n(k)

(
n− k
x− k

)
=
∑
x=k

n(k)

(
n− k
x− k

)
px(1− p)n−x

=
∑
y=0

n(k)

(
n− k
y

)
py+k(1− p)n−(y+k)

= n(k)pk

3.2.1 Markov’s Inequality

P (|X| ≥ c) ≤ E[(|X|k]
ck

,∀k, c > 0

Proof.

E[|X|k]
ck

= E[|X
c
|k|]

=

∫ ∞
−∞
|x
c
|kf(x)dx

=

∫
{|x
c
|≥1}
|x
c
|kf(x)dx+

∫
{|x
c
|<1}
|x
c
|kf(x)dx

≥
∫
{|x
c
|≥1}
|x
c
|kf(x)dx ≥

∫
{|x
c
|≥1}

1f(x)dx

= P [|X
c
≥ 1] = P [|X| ≥ c]

P [|X| ≥ c] ≤ E[|X|k]
ck
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3.2.2 Variance Transform

X : E[X] = θ, V ar(X) = σ2(θ)

Y = g(X), V ar(Y ) is free of θ

Y = g(X) ≈ g(θ) + g′(θ)(x− θ)
E[Y ] ≈ g(θ) + g′(θ)E[X − θ] = g(θ) + g′(θ)(E[X]− θ) = g(θ)

V ar[Y ] = [g′(θ)]2V ar(X − θ) = [g′(θ)]2 · V ar(X)

If V ar[Y ] is free of “θ”, then

[g′(θ)]2 · σ2(θ) ∝ constant

Hence

[g′(θ)]2 ∝ 1

σ2(θ)
=⇒ g′(θ) ∝ 1

θ

For example, X ∼ POIS(θ), E[X] = θ, V ar[X] = θ. Y = g(x), V ar(Y ) ∝ constant (free of θ)
g′(θ) ∝ 1√

θ
Actually, there are some nice properties for poisson random variable

1. E[X(k)] = θk, k = 1, 2, 3, · · ·

E[X(k)] =
∞∑
x=k

x(k) e
−θθx

x!

=
∞∑
x=k

e−θθxx(x− 1) · · · (x− k + 1)

x(x− 1)x(−k + 1)(x− k) · · · 1

=

∞∑
x=k

e−θθx

(x− k)!
=

∞∑
x=k

e−θθx−k

(x− k)!
θk

= θk
∞∑
y=0

e−θey

y!
= θk

3.3 Moment Generating Function

If X is a random variable then M(t) = E[etX ] is called the moment generating function
(m.g.f.) of X if this expectation exists for all t ∈ (−h, h) for some h > 0.

Example 1 X ∼ GAM(α, β) then find M(t)
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M(t) = E[etX ] =

∫ ∞
0

etxf(x)dx

=

∫ ∞
0

etx
1

βαΓ(α)
xα−1e−x/βdx

=

∫ ∞
0

1

βαΓ(α)
xα−1e−x(1/β−t)dx

=

∫
1

βαΓ(α)
(y

β

1− βt
)α−1e−y(

β

1− βt
)dy

=
1

βαΓ(α)

βα

(1− βt)α

∫
yα−1e−ydy

When 1
β > t,

M(t) =
1

(1− βt)α

Example 2 X ∼ NB(k, p), then M(t)

M(t) = E(etX ] =

∞∑
k=0

etx
(
k + x− 1

x

)
pk(1− p)x

(

(
k + x− 1

x

)
= (−1)x

(
−k
x

)
)

=
M∑
k=0

∞
(
−k
x

)
pk(et(p− 1))x

= pk
∞∑
k=0

(
−k
x

)
(et(p− 1))x

= pk(1 + et(p− 1)−k if |et(p− 1)| < 1

Theorem. Suppose the random variable X has m.g.f. MX(t) defined for t ∈ (−h, h) for
some h > 0. Let Y = aX + b where a, b ∈ R and a 6= 0. Then the m.g.f of Y is

MX(t) = ebtMX(αt), |t| < b

|a|

Proof.
MY (t) = E[etY ] = E[et(aX+b)] = E[etax+tb] = etbE[eatx]
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Example 3 X ∼ N(µ, σ2), then M(t).

Since Z = x−µ
σ ∼ N(0, 1), then X = σZ + µ.

Step 1. Find MZ(t), h

Step 2. X = σZ + µ.

Step 3. Apply theorem above MX(t) = eµtMZ(σt), |t| < h
a

Theorem. Suppose the random variable X has m.g.f. M(t) defined for t ∈ (−h, h) for
some h > 0. Then M(0) = 1 and

M (k)(0) = E(Xk), k = 1, 2, 3, · · ·

Theorem. Suppose the random variable X has m.g.f. MX(t) and the random variable Y
has m.g.f. MY (t). Suppose also that MX(t) = MY (t) for all t ∈ (−h, h) for some h > 0.
Then X and Y have the same distribution, that is P (X ≤ s) = FX(s) = FY (s) = P (Y ≤ s)
for all s ∈ R

3.4 Joint Probability

Example 1

Suppose we have 10 acts students, 9 stat students and 6 math business students. We select
5 out of 25 without replacement. Suppose X = No. ACTSC, Y = No. STAT. Suppose
A = {X > Y }

1. Joint p.m.f of X and Y.

P [X = x, Y = y] =

(
10
x

)(
9
y

)(
6

5−x−y
)(

25
5

)
2.

P [X = x] =
5−x∑
y=0

P [X = x, Y = y] =

(
10
x

)(
15

5−x
)(

25
5

)
3.

P [Y = y] =

5−y∑
x=0

P [X = x, Y = y] =

(
9
y

)(
16

5−y
)(

25
5

)
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Example 2

Suppose X and Y are continuous random variable with joint p.d.f

f(x, y) = x+ y, 0 ≤ x ≤ 1, 0 ≤ y ≤ 1

and 0 otherwise. Show that the summation is 1.∫ 1

0

∫ 1

0
x+ ydydx =

∫ 1

0
xy +

y2

2
|10dx =

∫ 1

0
x+

1

2
dx =

x2

2
+

1

2
x|10 = 1

Calculate P (X ≤ Y )

P (X ≤ Y ) =

∫ 1

0

∫ y

0
f(x, y)dxdy = 0.5

Calculate P (X + Y ≤ 1
2)

P (X + Y ≤ 1

2
) =

∫ 1
2

0

∫ 1
2
−y

0
f(x, y)dxdy =

1

24

Calculate P (XY ≤ 1
2)

P (XY ≤ 1

2
) = 1−

∫ 1

1
2

∫ 1

1
2x

f(xy)dxdy =
3

4

Find joint c.d.f. of (X,Y )

F (xy) =

∫ x

0

∫ y

0
f(s, t)dsdt

Independent Random Variables

Two random variables X and Y are called independent random variables if

P (X ∈ A and Y ∈ B) = P (X ∈ A)P (Y ∈ B)

for all sets A and B of real numbers.

Theorem. Suppose X and Y are random variables with joint c.d.f F (x, y) and joint p.d.f.
f(x, y) , marginal c.d.f’s FX(x) and FY (y) respectively, and marginal p.d.f fX(x) and
fY (y) respectively. Suppose that A1 = {x : h(x) > 0} is the support set of X and
A2 = {y : fY (y) > 0 is the support set of Y.

13



Example

The student selection example:

f(x, y) =

(
10
x

)(
9
y

)(
6

5−x−y
)(

25
5

) , x = 0, 1, 2, · · · , 5, y = 0, 1, · · · , 5, x+ y ≤ 5

f1(x) =

(
10
x

)(
15

5−x
)(

25
5

)
f2(y) =

(
9
y

)(
16

5−y
)(

25
5

)
Easy to verify that x and y are not independent.

3.5 Factorization Theorem for Independence

Example

Suppose X and Y are discrete random variable with p.m.f

f(x, y) =
θx+ye−2θ

x!y!
, x = 0, 1, · · · , y = 0, 1, · · ·

Are X and Y independent random variables? Find the marginal p.m.f. of X and the
marginal p.m.f.

A = {(x, y) : x = 0, 1, · · · , y = 0, · · · }, A1 = {x : x = 0, 1, · · · }, A2 = {y : y = 0, 1, · · · }.
Well, A = A1 ×A2.

f(x, y) = g(x)h(y) =
θxe−θ

x!

θye−θ

y!

Hence it is independent.

Example

Suppose X and Y are continuous random variables with joint p.d.f

f(x, y) =
2

π
, 0 ≤ x ≤

√
1− y2,−1 ≤ y ≤ 1

and 0 otherwise. Are X and Y independent random variables? Find the marginal p.d.f of
X and the marginal p.d.f of Y.

f1(x) =

∫ √1−x2

−
√

1−x2
f(x, y)dy = 2

∫ √1−x2

0

π

2
dy =

4

π

√
1− x2, 0 < x < 1

f2(x) =

∫ √1−y2

0
f(xy)dx =

π

2

√
1− y2,−1 < y < 1

14



Proof. Proof for the Factorization theorem: From LHS, if X and Y are independent,
f(xy) = f(x)f(y). Let g(x) = f1(x), h(y) = f2(y). From RHS, Let c =

∫
A1
g(x)dx, d =∫

A2
f(y)dy, c, d > 0, f1(x) =

∫
A2
f(x, y)dy =

∫
A2
g(x)h(y)dy = g(x)d

f2(y) = eh(y) ,
∫
A2

∫
A1
f(x, y)dxdy = 1,

∫
A2

∫
A1
g(x)h(y)dxdy = cd.

3.6 Conditional Joint Probability

Example
f(xy) = 2

π , 0 ≤ x ≤
√

1− y2,−1 < y < 1

f1(x) = 4
π

√
1− x2 0 ≤ x ≤ 1

f2(y) = 2
π

√
1− y2 −1 < x < 1

=⇒ f1(x|y) = f(x,y)
f2(y) = 1√

1−y2
, 0 ≤ x ≤

√
1− y2,−1 < y < 1

Product rule: f(x, y) = f1(x|y)f2(y) = f2(y|x)f1(x)

Example

X|Y = y ∼ BIN(y, p), Y ∼ POI(u). Marginal pmf of X

f1(x|y) =
(
y
x

)
px(1− p)y−x and f2(y) = e−uuy

y! .

f(x, y) =
(
y
x

)
px(1− p)y−x e−uu−yy!

f1(x) =
∑∞

y=x f(x, y)

3.7 Conditional Expectation

Example

f(x, y) = 2
π , 0 < x <

√
1− y2,−1 < y < 1. Find E[Y |X], V ar(Y |X).

f2(y|x) =
1

2
√

1− x2
, 0 < x < 1,−

√
1− x2 < y <

√
1− x2

E[Y |X] =
∫
yf2(y|x)dy = 0.

E[Y 2|X] =
∫ √1−x2
−
√

1−x2 y
2f2(y|x)dx = 1

3(1− x2)

V ar(Y |X) = E[Y 2|X]− E[Y |X]2

E[E[X|Y ]] = E[X]

V ar[Y ] = V ar[E[Y |X]] + E[V ar[Y |X]]

Prove above yourself (it is really easy)
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3.8 Joint Moment Generating Function for X and Y

M(t1, t2) = E[et1X+t2Y ], for t1 ∈ (−h1, h1), (−h2, h2)

Joint mgf for x1, x2, · · · , xn4someh1, h2 > 0

M(t1, t2, · · · , tn) = E[et1X1+···tnXn ], for ti ∈ (−hi, hi), hi > 0

M(t, 0) = E[et1X+0Y ] = E[et1X ] = MX(t1), t1 ∈ (−h1, h1)

M(0, t2) = MY (t2), t2 ∈ (−h2, h2)

Recall: E[Xk] = M
(k)
X (0) Therefore

E[XkY j ] =
∂k+j

∂Xk∂Y j
M(t1, t2)|(t1,t2)=(0,0)

3.8.1 The independence Theorem of Moment Generating Function

X and Y are independent if and only

M(t1, t2) = MX(t1)MY (t2)

Example: f(x, y) = e−y, 0 < x < y <∞. Find joint mgf of X and Y.

M(t1, t2) = E[et1X+t2Y ] =

∫ ∞
0

∫ y

0
et1x+t2yf(x, y)dxdy

=

∫ ∞
0

∫ y

0
et1x+t2ye−ydxdy =

∫ ∞
0

e(t2−1)y

∫ y

0
et1xdxdy

=

∫ ∞
0

e(t2−1)y[
1

t1
et1x|y0]dy =

1

t1

∫ ∞
0

e(t2−1)y[et1y − 1]dy

=
1

t1
(

1

t2 − 1
− 1

t1 + t2 − 1
), if (t2 − 1) < 0, and (t1 + t2 − 1) < 0

=
1

(1− t2)(1− t1 − t2)

MX(t) = M(t, 0) =
1

1− t
, t < 1

MY (t) = M(0, t) =
1

(1− t)2
, t < 1

Therefore X ∼ Exp(1), Y ∼ Gamma(2, 1). Well M(t1, t2) 6= MX(t1)MY (t2) for all t2 < 1
and t1 + t2 < 1 so X and Y are not independent.
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3.9 Multinomial Random Variables (X1, · · · , Xk) ∼Multinomial(n, P1, P2, · · ·Pk)

f(x1, · · · , xk, xk+1) =
n!

x1!x2! · · ·xk!xk+1!
P x11 · · ·P

xk+1

k+1

where xk+1 = n− (x1 + · · ·+ xk), Pk+1 = 1− (P1 + P2 + · · ·+ Pk)

1. M(t1, · · · tk) = E[et1X1+···tkXk ], For the case k = 2, M(t1, t2) = E[et1X1+t2X2 ] =∑∑
et1x1+t2x2 n!

x1!x2!(n−x1−x2)!

2. Cov(xi, xj) = −npipj .

3.10 Bivariate Normal Distribution(
x1

x2

)
∼ BV N(µ,Σ) = BV N(

(
µ1

µ2

)
,

(
σ2

1 ρ(σ1, σ2)
ρ(σ1, σ2) σ2

2

)
)

f(x1, x2) =
1

2π|Σ|
1
2

e−
1
2

(x−µ)TΣ−1(x−µ)

Properties:

1. cTX ∼ N(cTµ, cTΣc) for constant vector c =

(
c1

c2

)
where cTµ = c1µ1 + c2µ2.

MY (t) = E[etY ] = E[et(c
T x)] = E[e(ct)T x] where t is a scaler.

Recall If Z ∼ N(µ, σ2), MZ(t) = EXP (µ+ 1
σ t

2σ2). Due to the uniqueness of mgr, then
we know Y ∼ N(cTu, cTΣc).

4 Function of Random Variables

4.1 CDF technique

Example

f(x, y) = 3y, 0 ≤ x ≤ y ≤ 1 and T = X · Y . Using the cdf technique:
If t < 0, G(t) = P [T ≤ t] = 0. If t ≥ 1, G(t) = P [T ≤ t] = 1. For t ∈ (0, 1),

G(t) =
∫ ∫

R f(x, y)dxdy = 3t− 2t
√
t. Therefore g(t) = G′(t) = 3(1−

√
t), t ∈ (0, 1).

Example

X1, · · · , Xn ∼ F (x) iid. {
X(n) = max{X1, · · · , Xn}
X(1) = min{X1, · · · , Xn}
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pdf’s of X(n) and X(1)?{
if X(n) ≤ y ⇐⇒ xi ≤ yfor all i = 1, · · · , n
if X(1) > y ⇐⇒ xi > y for all i = 1, · · ·n

G(y) = P [X(n) ≤ y] = P (X1 ≤ y,X2 ≤ y, · · · , Xn ≤ y]

=

n∏
i=1

P [Ai] =

n∏
i=1

P [Xi ≤ y] =

n∏
i=1

[F (y)] = [F (y)]n

Hence

g(y) =
d

dy
G(y) = n[F (y)]n−1F (y)′ = n[F (y)]n−1f(y)

where g(y) is the pdf of X(n).
On the other hand, for X(1)

H(y) = P [X(1) ≤ y] = 1− P [X(1) > y] = 1− P (X1 > y,X2 > y, · · · , Xn > y]

= 1−
n∏
i=1

P (Bi) = 1−
n∏
i=1

P [Xi > y] = 1− (1− F (y))n

Therefore, h(y) = n(1− F (y))n−1f(y)

4.2 One-to-One transformation

u = h1(x, y), v = h2(x, y) is one-to-one transformation form. Map RXYRuv, RXY is the
support set of f(x, y). The inverse: X = ω1(u, v), y = ω2(u, v).

One-to-One? Check

1. ∂u
∂x ,

∂u
∂y ,

∂v
∂x ,

∂v
∂y are continuous functions.

2. ∂(u,v)
∂(x,y) = det[

(
∂u
∂x

∂u
∂y

∂v
∂x

∂v
∂y

)
] 6= 0 for all (x, y) ∈ RXY . pdf of (u, v), g(u, v) is g(u, v) =

f(ω1(u, v), ω2(u, v))|∂(x,y)
∂(u,v) |

Example

X ∼ Gamma(a, 1), f1(x) =
xa−1

Γ(a)

xa−1

Γ(a)
e−x, x > 0

Y ∼ Gamma(b, 1), f2(x) =
yb−1

Γ(b)

yb−1

Γ(b)
e−y, y > 0
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Transformation: U = X + Y and V = X
X+Y . Find the joint pdf of (U, V ).

Check one-to-one transformation:

1. ∂U
∂x = 1, ∂U

∂y = 1, ∂V
∂x = Y

(X+Y )2
, ∂V
∂y = −X

(X+Y )2

2. · · ·

g(u, v) = f(w1(u, v), w2(u, v))|∂(x,y)
∂(u,v) , (u, v) ∈ Ruv

1. f(x, y) = f(x)f(y), x > 0, y > 0 due to independence

2. X = w1(u, v) = uv, Y = w2(u, v) = u− uv

3. ∂(x,y)
∂(u,v) = −u, then | · · · |.

Therefore, g(u, v) = f1(w1(u, v))f2(w2(u, v))u where f1(w1(u, v)) and f2(w2(u, v) are
the transformation of X and Y. Hence we get

g(u, v) = [
u(a+b)−1e−u

Γ(a+ b)
]([

Γ(a+ b)

Γ(a)Γ(b)
]va−1(1− v)b−1)

where the first half is a Gamma(a+ b) and the second half is a Beta(a, b). Due to Factor-
ization then U and V are independent and Ruv = {(u, v) : u > 0, 0 < v < 1}.

To find E[U2V 3] = E[U2]E[V 3]

Theorem. Z ∼ N(0, 1), X ∼ χ2(n) and Z√
X
n

∼ t(n)

(Z,X) ⇐⇒ (S =
Z√
X
n

, T = X)

Theorem. X ∼ χ2(n) and Y ∼ χ2(m). Hence U = X/n
Y/m ∼ F (n,m)

4.3

X1, · · · , Xn are Mi(t) is the mgf of Xi, for some h > 0. Y =
∑n

i=1Xi. Therefore MY (t) =∏n
i=1Mi(t). If X1, · · ·Xn are i.i.d., then [M(t)]n

For example in 4.2, g(u, v) = f(w1(u, v), w2(u, v))|∂(x,y)
∂(u,v) = “1”. Hence f(x, y) = 1× 1.

If X1, · · · , Xn are independent. Let Mi(t) be the mgr of Xi, t ∈ (−h, h). Let Y =∑n
i=1Xi, MY (t) =

∏n
i=1Mi(t), t ∈ (−h, h). If X1, · · · , Xn are i.i.d.,MY (t) = [M(t)]n, t ∈

(−h, h).
Special Results:

19



1. If X ∼ Gamma(α, β), α, β > 0, x > 0, then 2X
β ∼ χ

2(2α). Mx(t) = 1
(1−βt)2 , t <

1
β .

Y = 2X
β ,MY (t) = MX(2t

β ) = 1
(1−2t)2

Hence 1
(1−2t)2

is the mgr of χ2(2α) r.v. t < 1
2 .

2. Xi ∼ Gamma(αi, β), i = 1, · · · , n independent.∑n
i=1Xi ∼ Gamma(

∑n
i=1 αi, β).

Y =
∑n

i=1Xi, MY (t) =
∏n
i=1Mi(t),Mi(t) is mgf of Xi.

Mi(t) =
1

(1− βt)2
,MY (t) =

n∏
i=1

(
1

(1− βt)2
=

1

(1− βt)
∑n

i=1 αi

Hence we get the mgf.

3. Xi ∼ Bin(ni, p), i = 1, · · · , n are independent.

n∑
i=1

Xi ∼ BIN(
n∑
i=1

ni, p)

Mi(t) = (pet + (1− p))ni , t ∈ R

Y =
∑
i=1

Xi

MY (t) =
n∏
i=1

Mi(t) = (pet + (1− p))
∑
ni

is the mgf of Bin(
∑n

i=1 ni, p)

Theorem. Xi ∼ N(µi, σ
2
i ) are independent.

n∑
i=1

aiXi ∼ N(

n∑
i=1

aiµi,

n∑
i=1

a2
iσ

2
i )

Xi ∼ (µ, σ2
i ), Mi(t) = Exp(tµ2 + 1

2 t
2σ2
i )

Well, Y =
∑
aiXi, so

MY (t) = exp(t

n∑
i=1

ai +
1

2
t2(
∑

a2
iσ

2
i ))

is the mgf.
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Corollary. X1, · · · , Xn are i.i.d. N(µ, σ2).
Then

∑
Xi ∼ N(

∑
aiµi,

∑
a2
iσ

2
i ) where ai = 1 for i = 1, · · ·n and µ1 = µ2 = · · · =

µn = µ and σ2
1 = · · · = σ2

n = σ2

X̄ =

∑
Xi

n

M∑
Xi

(t) = exp(t(nµ) +
1

2
t2(nσ2))

MX̄(t) = exp(tµ+
1

2
t2(
σ2

n
))

this is the mgf.

Theorem. X1, · · · , Xn are i.i.d. N(µ, σ2)

X̄ ∼ N(µ, σ
2

n ) and S2 =
∑

(xi−x̄)2

n−1 are independent. Hence

M(t1, t2) = MX̄(t1)MS2(t2)

Therefore
(n− 1)S2

σ2
∼ χ2(n− 1)

Proof. Recall
∑n
i=1(Xi−µ)2

σ2 =
∑

(Xi−X̄)2

σ2 + n(X̄−µ)2

σ2 and [n(x̄−µ)2

σ2 ∼ χ2(1). Hence Mχ2(n)(t) =
M (n−1)s2

σ2

(t)Mχ2(1)(t)

M (n−1)s2

σ2

(t) =
Mχ2(n)(t)

Mχ2(1)(t)
=

1

(1−2t)
n
2

1
(1−2t)1/2

=
1

(1− 2t)
n−1
2

is the mgf of χ2(n− 1)

∴ (n−1)s2

σ2 ∼ χ2(n− 1).

Theorem. X1, · · · , Xn ∼ N(µ, σ2) iid

x̄− µ
s/
√
n
∼ t(n− 1)

Proof. Recall N(0,1)√
χ2(n)
n

∼ t(n) and Z = x̄−µ√
σ2/n

∼ N(0, 1) and Y = (n−1)s2

σ2 ∼ χ2(n− 1).

Z√
Y/(n− 1)

∼ t(n− 1)

Plug in the Z and Y we can easily derive x̄−µ
s/
√
n

.
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Theorem. X1, · · · , Xn ∼ N(µ1, σ
2
1) independent. Y1, · · · , Ym ∼ N(µ1, σ

2
2) independent.

s2
1/σ

2
1

s2
2/σ

2
2

∼ F (n− 1,m− 1)

.

Proof. Recall: X ∼ χ2(n), Y ∼ χ2(m) are independent and X/n
Y/m ∼ F (n,m).

(n−1)s21
σ2
1
∼ χ2(n− 1) and

(n−1)s22
σ2
2
∼ χ2(m− 1).

Therefore s2
1 =

∑n
i=1

(xi−x̄)2

n−1 and s2
2 =

∑m
i=1

(yi−ȳ)2

m−1

Therefore
s21/σ

2
1

s22/σ
2
2
∼ F (n− 1,m− 1).

5 Convergence

5.1 Convergence in distribution

5.1.1 e-limit

lim
n→∞

(1 +
k

n
)cn = ebc

b and c are constants!

lim
n→∞

Fn(x) = F (x)

, for all x at which F (·) is continuous.

lim
n→∞

(1− 2

n
)n = lim

n→∞
(1 +

(−2)

n
)n = e−2

If at x = x0, limn→∞ Fn(x0) 6= 0, but limn→∞ Fn(x) = F (x), for x at which F (·) is
continuous.

Xn →d X ∼ F (x)

Example: X1, · · · , Xn, · · · ∼ Exp(1) iid. Yn = max(X1, · · · , Xn} − log(n)
Find the limiting distribution Un

1. cdf of Yn, Fn(y)

2. limn→∞ Fn(y) =?

The pdf of Xi is e−x, x > 0, ∴ the cdf of Xi is
∫ x

0 e
−tdt = 1− e−x, x > 0. The cdf of Xi

is 0 if x ≤ 0. The cdf of Yn, Fn(y)

Fn(y) = P [Yn ≤ y] = P [max{X1, · · · , Xn} − log(n) ≤ y}] = P [max{X1, · · · , Xn} ≤ y + log n]

= P [X1 ≤ y + log(n), · · · , Xn ≤ y + log(n)]

=
n∏
i=1

P [Xi ≤ y + log(n)] =
n∏
i=1

Fi[y + log n]
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If y + log n > 0,

Fn(y) 6= 0 =

n∏
i=1

Fi(y + log n) =

n∏
i=1

(1− e−(y+log(n)))

= (1− e−(y+log(n)))n

lim
n→∞

Fn(y) = lim
n→∞

(1− e−(y+log(n)))n = lim
n→∞

(1− e−y/n)n

= e−e
−y

= F (y)

If Y ∼ F (y), Yn →d Y

5.2 Convergence in Probability

X1, X2, · · · , Xn, · · · . limP (|Xn −X| < ε) = 1 or limP [|Xn −X| ≥ ε] = 0. (

Theorem. If Xn →P X, then Xn →d X

)
Xn →P X, Xn →P b is constant!.

lim
n→∞

P [|Xn − b| < ε] = 1

Theorem. If Xn →d b, constant! then Xn →P b.

Now if Xn →d b, constant! limn→∞ Fn(x) = F (x), where F (x) is the cdf of b.

F (x) =


0 if x < b

1 if x = b

1 if x > b

5.2.1 Example

Xi ∼ Exp(1, 0), i = 1, 2, · · · independent. Yn = min{X1, · · · , Xn} and Yn →P θ.
Y1 = X1

Y2 = min{X1, X2}
Yn = min{X1, · · ·Xn}

Y ’s might be dependent.

Fn(y) = P [Yn ≤ y] = 1−P [Yn > y] = 1−P [X1 > y,X2 > y, · · · , Xn > y] = 1−
n∏
i=1

P [Xi > y]
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Xi ∼ Exp(1, θ), i = 1, 2, · · · and the pdf hi(x) = e−(x−θ),x>θ and the cdf Hi(x) =∫ x
θ hi(t)dt = 1− e−(x−θ) for x > 0. If x ≤ 0, Hi(x) = 0.

Fn(y) = 1−
n∏
i=1

(1−Hi(y)) = 1− (1−H1(y))n = 1− (1− (1− e−(y−θ)))n = 1− e−n(y−θ)

lim
n→∞

Fn(y) = lim
n→∞

(1− e−n(y−θ)) = 1 for y > θ

F (y) =

{
0 if y < θ

1 if y > θ

Hence Yn →d Y = θ; therefore Yn →P Y = θ

5.3 Limit Theorem

Xn →d X and limn→∞ Fn(x) = F (x), Well let Xn’s mgf be Mn(t) and X’s mgf be M(t).
Hence

lim
n→∞

Mn(t) = M(t), t ∈ (−h, h)

5.3.1 Example

Xn ∼ BIN(n, p) and Mn(t) = (pet + 1 − p)n, t ∈ R, What is the limn→∞Mn(t) =?
np = µ, n→∞, p→ 0.

lim
n→∞

Mn(t) = lim
n→∞

(
µ

n
et + 1− µ

n
)n = lim

n→∞
(1 +

µet − 1

n
)n = eµ(et−1)

Due to the uniqueness of moment generating function, Xn →d X ∼ Poi(µ)

5.4 Central Limit Theorem

Xi are i.i.d. r.vs. E[Xi] = µ <∞ and V ar(Xi) = σ2 <∞

X̄ =

∑n
i=1Xi

n

E[X̄] = µ, V ar(X̄) =
σ2

n

X̄ − µ√
σ2

n

∼ N(0, 1)
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5.5 The normal approximation to χ2

Y ∼ χ2(n), n = 1, 2, · · ·

Zn =
Yn − n√

2n
→d Z ∼ N(0, 1)

Recall: If Xi ∼ χ2(ki) are independent, then
∑n

i=1Xi ∼ χ2(
∑n

i=1 ki).
From C.L.T.,

(X̄n − E[Xi])√
V ar(Xi)

n

→d Z ∼ N(0, 1)

where E[Xi] = 1, V ar(Xi) = 2.
i.e.

Yn
n − 1√

2
n

→d Z ∼ N(0, 1)

i.e.

Zn =
Yn − n√

2n
→d Z ∼ N(0, 1)

5.6 Weak Law of Large Number (WLLN)

X1, X2, · · · , Xn, · · · are independent and E[Xi] = µ, V ar(Xi) = σ2 <∞.

X̄n →P µ

Proof. X̄n →P µ, for any ε > 0.

lim
n→∞

P (|X̄n − µ| > ε) = 0

By Markov Inequality,

P (|X̄n − µ| > ε) ≤ E(|X̄n − µ|k)
εk

Let k = 2, Then

P (|X̄n − µ| > ε) ≤ V ar(X̄n)

ε2
=

σ2

nε2

hemce limn→∞ P (|X̄n − µ| > ε) = 0

25



5.6.1 Example

Xi ∼ Unif(0, θ) are independent and Yn = max{X1, · · · , Xn}. The pdf for Xi is

fi(x) =
1

θ
, 0 < x < θ

the cdf of Xi is

Fi(x) =

∫ x

0

1

θ
dt =

x

θ
, x ∈ (0, θ)

If x ≤ θ, Fi(x) = 0; if x ≥ θ, Fi(x) = 1.

Hn(y) = P [Yn ≤ y] = P [X1 ≤ y,X2 ≤ y, · · · , Xn ≤ y] =

n∏
i=1

P [Xi ≤ y]

(If y ≤ 0, Hn(y) = 0; if y ≥ θ,Hn(y) = 1)
If y ∈ (0, θ),

Hn(y) =
n∏
i=1

[
y

θ
] = (

y

θ
)n

Hence

lim
n→∞

Hn(y) =


0 if y ≤ 0

0 if 0 < y < θ

1 if y ≥ θ

i.e. Yn →P θ(Yn →d θ)

5.6.2 Example

Xi ∼iid Exp(1, θ)

fi(x) = e−(x−θ), x ≥ θ

Yn = max(X1, X2, · · · , Xn)

Yn →d θ and Yn →P θ.

Vn = n(Yn − θ)

Gn(V ) = P (Vn ≤ v) = P [Yn ≤
V

n
+ θ]

(Recall: the cdf of Yn is 1− e−n(y−θ), for y > θ)

Gn(V ) = Fn(
V

n
+ θ) = 1− e−n( v

n
+θ−θ) = 1− e−v, for v > 0
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Vn ∼ Gn(v) = 1− e−v, v > 0

Hence Vn ∼ Exp(1).
Wn = n2(Yn − θ), Wn does not have a limiting distribution. (The limit of cdf’s of Wn

is not a cdf)

5.6.3 Example

X1, · · · , Xn, · · · ∼iid Gamma(2, θ)

E[Xi] = 2θ, V ar(Xi) = 2θ2

X̄n =
1

n

n∑
i=1

Xi

From WLLN,
X̄n →P E[Xi] = 2θ

(X̄n →d 2θ) Apply CLT, then we done.

5.7 The limit Theorems

1. If Xn →P a and g(·) is continuous at x = a, then g(Xn) →P g(a). X1, · · · , Xn, · · · ,
Xn →P 2, g(x) = x2 and g(·) is continuous at x = 2. Hence, g(Xn)→P g(2).

2. Xn →P a and Yn →P b. and g(x, y) is continuous at (a, b). Hence g(Xn, Yn) →P

g(a, b).

3.

{
Xn →d X

Yn →P b
, g(x, b) is continuous at x in the support set of X

g(Xn, Yn)→d g(x, b)

For example, X1, X2, · · · , Xn, · · · , Xn →d Z ∼ N(0, 1).

Y1, · · · , Yn, · · · , Yn →P 2.

g(x, y) = xy and g(Xn, Yn) →d g(z, 2). Since g(x, 2) = 2x is continuous at x ∈ R =
Rx.

Then g(z, 2) = 2z as z ∼ N(0, 1) and g(z, 2) = 2z ∼ N(0, 4).

Here is another example: 
Xn →P a(> 0)

Yn →P b( 6= 0)

Zn →d Z ∼ N(0, 1)
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Firstly, For X2
n, Xn →P a, g(x) = x2 which is continuous everywhere (at a). Hence

g(Xn)→P g(a) = a2

Secondly, for
√
Xn, Xn →P a, g(x) =

√
x, is continuous at a > 0,

g(Xn)P →P g(a) =
√
a

Thirdly, XnYn, g(x, y) = xy is continuous at (a, b). Therefore,

g(Xn, Yn)→P g(a, b) = ab

Next, 2Zn, with limn→∞ an = 2,

g(Zn, an) = 2Zn →d g(Z, 2)

Lastly, XnZn, g(x, y) = xy,

g(Xn, Zn)→d g(a, z) = az ∼ N(0, a2)

5.8 Delta Method

6 Maximum Likelihood Estimation

6.1 Introduction

X1, · · · , Xn are i.i.d. with f(x, θ), θ ∈ Ω. For example, Xi ∼iid Pois(θ),Ω = R+. Estimate
θ.

X = (X1, · · · , Xn)

For example, to estimate θ is Pois(θ) use X̄, which is a statistic (defined as a function of
observable data), does not depend on unknown parameters. Another example will be the
S2 = 1

n−1

∑n
i=1(Xi − X̄)2. On the other hand, however, S2

0 = 1
n−1

∑n
i=1(Xi − µ)2 where

µ = E[Xi] which is unknown!. Hence it is not a statistic. Also, X̄−µ
σ/
√
n

is not a statistic.

Estimators T (X) = T (X1, · · · , Xn) is used to estimate τ(θ).

Estimate If X1 = x1, X2 = x2, · · · , Xn = xn, then T (x) = T (x1, x2, · · ·xn).

For example, X = (X1, · · · , Xn) where Xi ∼iid Pois(θ). T (x) = X̄ =
∑n
i=1Xi
n is an

estimator of τ(θ) = θ. If n = 5, X1 = 3, X2 = 2, X3 = 1, X4 = 5, X5 = 6, estimate of θ is
3.4.
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6.2 Maximum Likelihood Estimation - One Parameter

“Likelihood” is a probability X ∼ f(x; θ) a probability function where f(x, θ) = P [X =
x; θ] is likelihood of θ.

Likelihood function is L(θ) = P [observing the data; θ]. Suppose X = (X1, · · · , Xn),
Xi ∼iid f(x; θ). Then L(θ) =

∏n
i=1 P [Xi; θ] =

∏n
i=1 f(x; θ) where Xi = xi. Try to

maximize L(θ) to find estimator of τ(θ) = θ. Take the log-likelihood

l(θ) = log(L(θ)) =
n∑
i=1

log(f(x; θ))

For example, X1, · · · , Xn ∼iid Ber(θ). We observed x successes.

L(θ) = P (observing x successes; θ) =

(
n

x

)
θx(1− θ)n−x

Maximum Likelihood Estimate θ̂ = θ̂(x) = any max l(θ). or θ̂ = θ̂(x) = any max L(θ).

Maximum Likelihood Estimator θ̂ = θ̂(x) = any max L(θ;x) or θ̂ = θ̂(x) = any max l(θ;x)

6.2.1 Example

“x” successes in a sequence of “n” Bernoulli trials with success probability θ. L(θ) =
L(θ;x) = P [observing x successes in “n” Bernoulli trials; θ] =

(
n
x

)
θx(1− θ)n−x. Hence

l(θ) = l(θ;x) = log(L(θ;x)) = x log θ + (n− x) log(1− θ) + log

(
n

x

)
d

dθ
l(θ) =

x

θ
− n− x

1− θ
= 0

Therefore, θ̂ = θ̂(x) = x
n . To test it is true, we need to check

d

dθ
l(θ) > 0 for θ < θ̂

d

dθ
l(θ) < 0 for θ > θ̂

Therefore, x
n is the ML estimate; X

n is the ML estimator.
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6.2.2 Example

X1, · · · , Xn ∼iid Poi(θ) . We observe “x1, · · · , xn”.

L(θ) = L(θ;x) = P (observing x1, · · · , xn; θ) =
n∏
i=1

f(xi; θ) =
n∏
i=1

e−θθxi

xi!
=
e−nθθ

∑n
i=1 xi∏n

i=1 xi!

.
d

dθ
l(θ) = −n+

∑n
i=1 xi
θ

+ 0 = 0

Hence θ̂ = θ̂(x) = x̄ where x = (x1, · · · , xn).
Check the first order and the second order to verify, it is the ML estimate.

6.3 Information Function

Score Function S(θ) = l′(θ)

Information Function −l′′(θ)

If you are trying to find the sampling property of l(θ) = l(θ;X).
Likelihood function for continuous models X1, X2, · · · , Xn ∼iid f(x; θ).

L(θ) =
n∏
i=1

f(x; θ)

S(θ) = l′(θ), S(θ;x)

I(θ) = −l′′(θ)

I(θ̂) = I(θ)|θ=θ̂(x)

J(θ) = E[I(θ;x)]

6.3.1 Example

X1, · · · , Xn ∼iid Unif(0, θ), Find ML estimator of θ.

L(θ) =

n∏
i=1

f(x; θ) =
1

θn
I[0 ≤ max{x1, · · · , xn} ≤ θ]

Therefore, θ̂ = max{x1, · · · , xn}.
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6.3.2 Example

X1, · · · , Xn ∼iid Wei(1, θ). Given

f(x; θ) = θxθ−1e−x
θ
, x > 0, θ > 0

L(θ) =

n∏
i=1

f(x; θ) = θn[

n∏
i=1

xi]
θ−1e−

∑n
i=1 x

θ
i

l(θ) = n log θ + (θ − 1)

n∑
i=1

log xi −
n∑
i=1

xθi

S(θ) = l′(θ) =
n

θ
+

n∑
i=1

log xi = −
n∑
i=1

log xix
θ
i

We cannot easily find the value of this score function so we need some numerical method
to work out the approximate solution.

6.3.3 Newton’s Method

For solving f(x) = 0, xi+1 = xi − f(xi)
f ′(xi)

We can use the same method so that θ(i+1) = θ(i) − S(θ(i)

S′(θ(i)
. Hence θ(i+1) = θ(i) +

S(θ(i)

I(θ(i))
and stop if |θ(i+1) − θ(i)| < e−10, S(θ(i+1)) ≈ 0.Well we need to verify that θ(i+1) is

maximizing L(θ).
θ̂ is the ML estimate of θ. To find the ML estimate of τ(θ), a one-to-one function!

=⇒ τ̂(θ) = τ(θ̂) by the invariance property in MLE. For example, X1, · · · , Xn ∼iid Poi(µ),
the ML estimator of µ

µ̂ = x̄

Let τ(µ) = µ2 which is one-to-one for µ > 0. Then the ML estimate of τ(µ)

τ̂(θ) = τ(θ̂) = (x̄)2

f(x; θ) = θxθ−1e−x
θ
, x > 0, θ

L(θ) = θn(
n∏
i=1

xi)
θ−1e−

∑n
i=1 x

θ
i

l(θ) = n log θ + (θ − 1)
n∑
i=1

log xi −
n∑
i=1

xθi

S(θ) =
n

θ
+

n∑
i=1

log xi −
∑
i=1

(log xi)x
θ
i
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I(θ) = (−1)[
−n
θ2
−

n∑
i=1

(log xi)
2xθi ]

That is

I(θ) =
n

θ2
+

n∑
i=1

(log xi)
2xθi

To use the Newton’s Method to find the M.L. estimate.

Step 1 Initial θ(0) estimated from data (graphing L(θ)/l(θ)).

Step 2

θ(i+1) = θ(i) +
n
θ(i)

+
∑n

j=1 log xj −
∑n

i=1(log xi)x
θ(i)
i

n
[θ(i)]2

+
∑n

j=1(log xj)2xθ
(i)

i

until |θ(i+1) − θ(i)| < e−10

Step 3 : θ̂ = θ(i+1), check if it is the ML estimate.

Invariance of the ML estimator: if θ̂ is the ML estimator of θ. τ(θ̂) is the ML estimator of
τ(θ), which is a one-to-one function of θ.

6.3.4 Example

The ML estimate of θ is θ̂ = n∑n
i=1 log xi

. Find τ(θ) = media. That means P [X ≤ τ ] =

F (τ) = 1/2.

F (x) =


0 x ≤ 0∫ x

0 θt
θ−1dt 0 < x < 1

1 x ≥ 1

=


0 x ≤ 0

xθ 0 < x < 1

1 x ≥ 1

F (τ) = 1/2, τ ∈ (0, 1) and then F (τ) = τ θ = 1/2. That is τ = 1
2

1
θ , θ > 0. τ(θ) = 1

2

1
θ is a

one-to-one function of θ. The ML estimator of τ(θ) is τ(θ̂(x)) = 1
2

1

θ̂(x) .

6.4 Likelihood Region

f(x; θ), θ ∈ Ω and θ̂ are kind of point-estimate. Define

R(θ) =
L(θ)

L(θ̂)

L(θ̂) = L(θ)|θ=θ̂ where θ̂ is the ML estimate.

θ̂ = argmax
θ
L(θ)
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That is 0 ≤ R(θ) ≤ 1.
For example, P = 0.15 = 100 · p%. The likelihood region pf θ is {θ : R(θ) ≥ p = 0.15}.
50% likelihood region, that is, p = 0.5, θ : R(θ) ≥ 0.5}.
Example: X1, · · · , Xn ∼iid Poi(θ). R = 30.θ̂ = 5. 10% likelihood Region is {θ : R(θ) ≥

0}. R(θ) = L(θ))

L(θ̂)
=

∏
f(x;θ)∏
f(x;θ̂)

, θ̂ = θ̄. Therefore, it becomes

R(θ) =
e−nθ+nθ̂θ

∑
xi

θ̂
∑
xi

=
e−30(θ−5)θ150

5150

10% likelihood region is {θ : R(θ) ≥ 0.1}.
Let R(θ) = P . (Recall Newton’s Method is for solving f(x) = 0). That is f(θ) =

R(θ)− P = 0.

[Iθ̂]1/2(θ̂n − θ0)→d Z ∼ N(0, 1) =⇒ θ̂n ∼ N(θ0,
1

I(θ̂)
)

[Jθ̂]1/2(θ̂n − θ0)→d Z ∼ N(0, 1) =⇒ θ̂n ∼ N(θ0,
1

J(θ̂)
)

6.5

X = {X1, · · · , Xn}, Xi ∼iid f(x; θ), θ ∈ Ω. (A(x), B(x)) is an interval estimate. Confidence
interval statistic is an interval estimator. 100p% LR for θ {θ : R(θ ≥ P} For example,
10% LR = {θ : R(θ) ≥ 0.1}. Pivotal Quantity: Q(X; θ) is not a statistic!. Its distribution
does not dependent on θ. X = (X1, · · · , Xn), Xi ∼iid N(0, 1). To find a Pivotal quantity!.
X̄ ∼ N(µ, 1

n). Therefore Q(x;µ) =
√
n(X̄ − µ) ∼ N(0, 1).

Recall: X̄ ∼ N(µ, 1
n and (X̄ − µ) ∼ N(0, 1

n),
√
n(X̄ − µ) ∼

√
nN(0, 1

n) = N(0, 1).
Q(X,µ) =

√
n(X̄ − µ) ∼ N(0, 1). That is, Q(X,µ) is a Pivotal quantity!.

For example, X = (X1, X2, · · · , Xn), Xi ∼iid N(0, σ2), Q(X;σ2). Therefore X̄ ∼
N(0, σ2/n) . Q(X,σ2) =

√
nX̄√
σ2
∼ N(0, 1). Therefore nX̄2

σ2 ∼ χ2(1).

If the limiting distribution of Q(X, θ) does not dependent on θ, it is an asymptotic
Pivotal quantity.

For example, X = (X1, · · · , Xn), Xi ∼iid Poi(θ).
√
n(X̄n−θ)
X̄n

Due to WLLN, we know X̄n →P E[Xi] = θ.
√
n(X̄−θ)√

θ
→d Z ∼ N(0, 1). Due to

CLT, E[Xi] = θ, V ar(Xi) = θ,
√
n(X̄n−θ)√

θ
→d Z ∼ N(0, 1) and X̄n →P θ.

√
n[ X̄n−θ√

Xn
] =

[
√
n (X̄n−θ)√

θ
][
√
θ√
Xn

].

Due to Slutscky Theorem, we know that it is convergent to distributionN(0, 1). Q(X, θ)
is an asymptotic Pivotal Quantity!.
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6.5.1 Confidence Interval

If P (A(x) ≤ θ ≤ B(x)) = P, 0 < p < 1. (A(x), B(x)) is a 100 p% CI for θ. If X =
(X1, · · · , Xn) is a random sample. If p = 0.95, out of 1000 confidence intervals about 950
will cover θ0. 100p% CI for θ is P [q1 ≤ Q(X; θ) ≤ q2] = p. Therefore P (A(x) ≤ θ ≤
B(x)] = p.

Example 1
√
n(X̄ − µ) ∼ N(0, 1), 95% CI for µ. Q(X̄, µ) =

√
n(X̄ − µ) is a monotone

function of µ. P [q1 ≤ Q(x, µ) ≤ q2) = 0.95. (equal tail CI P (Q(X;µ) < q1] = P [Q(x, µ) >
q2]. q1 = Z0.025, q2 = Z0.975.

P [−1.96 ≤
√
n(X̄n − µ) ≤ 1.96] = 0.95. Therefore, P ( 1√

n
(−1.96) − X̄n ≤ −µ ≤

1√
n

(1.96)− X̄n).

Example 2: Xi ∼iid Exp(θ), X1 = (X1, · · · , Xn), then θ̂(X) = X̄n is the ML estimator

of θ. Q = 2nθ̂n
θ =

∑n
i=1[2Xi

θ ]. Since Xn ∼iid Exp(θ) then MXi(t) = 1
1−θt , t ≤

1
θ . Yi = 2Xi

θ ,

mgf of Yi is MYi(t) = MXi(
2t
θ ).

MQ(t) =

n∏
i=1

MYi(t) =

n∏
i=1

[
1

1− θ 2t
θ

] =
1

(1− 2t)2
t <

1/θ

2/θ
=

1

2

χ2(2n)’s mgf is 1
(1−2t)n , t <

1
2 . Therefore, Q ∼ χ2(2n) is a Pivotal quantity.

Q =
2
∑
Xi

θ

monotonically decreasing in θ

P (q1 ≤ Q ≤ q2) = 0.95 = P (χ2
0.025(2n) ≤ Q ≤ χ2

0.9725(2n)) = 0.95

= P [(2nX̄n)(
1

χ2
0.975(2n)

) ≤ θ ≤ (2nX̄n)(
1

χ2
0.025(2n)

)) = 0.95

When n = 15,
∑n

i=1 xi = 36, 95% equal tail C.I. for θ is ((2nX̄n)( 1
χ2
0.975(2n)

), (2nX̄n)( 1
χ2
0.025(2n)

))

Example 3: X = (X1, · · · , Xn), Xi ∼iid Exp(1, θ). f(x, θ) = e−(x−θ), x ≥ θ, θ > 0,
L(θ) =

∏n
i=1 e

−(xi−θ) = [e−
∑n
i=1 xi ][enθ]. To maximize L(θ), we are to find the largest θ. If

we observe X1 = x1, · · · , Xn = xn, and X(n) ≥ · · · ≥ x(1) ≥ θ. ML estimate: θ̂ = X(1), the

smallest observation. ML estimate is θ̂(x) = X(1). P [θ̂ − θ ≤ q] = 1 − e−nq, q ≥ 0 is the

cdc of θ̂ − θ. Then (θ̂ − θ) is a pivotal quantity!
P [θ̂−θ ≤ q] = P [X(1)−θ ≤ q] = P [X(1) ≤ θ+ q] = 1−P [X(1) > θ+ q] = 1−

∏
P [Xi >

θ + q] = 1 −
∏

[1 − Fi(θ + q)] where Fi(·) is the cdf of Xi ∼ Exp(1, θ + q). Hence, it is
1−

∏n
i=1[1− (1− e−(q+θ−θ)) = 1− e−nq.
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Is [θ̂ + n−1 log(1− p), θ̂] 100p%? To verify this we need to find

P [θ̂ + n−1 log(1− p) ≤ θ ≤ θ̂] = p = P [n−1 log(1− p) ≤ θ − θ̂ ≤ 0]

= P [(−1)n−1 log(1− p) ≥ (−1)(θ − θ̂) ≥ (−1)θ]

= P [0 ≤ (θ̂ − θ) ≤ − log(1− p)
n

] = G(− log(1− p)
n

)−G(0) = p

If

P [θ̂ + n−1 log(
1− p

2
) ≤ θ ≤ θ̂ + n−1 log(

1 + p

2
)] =? p

= P [n−1 log(
1− p

2
) ≤ θ − θ̂ ≤ n−1 log(

1 + p

2
)]

= G(n−1 log(
1 + p

2
))−G(−n−1 log(

1 + p

2
))

= (1− (
1− p

2
))− (1− (

1− p
2

)) = p

The second one, θ̂ is not in this C.I.. The first C.I. is more reasonable.
X = (X1, · · · , Xn), Q(x; θ) is asymptotic Pivotal quantity if the limiting distribution

of θ(x, θ) does not depend on θ. [J(θ̂n)]
1
2 (θ̂n − θ0)→d Z ∼ N(0, 1). P [q1 ≤ [J(θ̂n)]

1
2 (θ̂n −

θ0) ≤ q2] ≈ p = P [A(x) ≤ θ0 ≤ B(x)] ≈ p. If approximate 90% equal tail C.I. for θ0,

q1 = Z0.05 and q2 = Z0.95. P [Z0.05 ≤ [J(θ̂n)]
1
2 (θ̂n − θ0) ≤ Z0.95] = 0.9 = P [ Z0.05

[J(θ̂n)]
1
2
≤ θ0 ≤

θ̂n − Z0.95

[J(θ̂n)]
1
2

] ≈ 0.9

P [−a < Z < a] = 0.9

where a = Z0.95 and−a = Z0.05.
In summary, an approximate 100p% C.I. with equal tails is [θ̂n − a[J(θ̂n)]−

1
2 , θ̂n +

a[J(θ̂)]−
1
2 ].

Example: X ∼ Bin(n, θ). Find an approximate 95% equal tail C.I. for θ is

θ̂n =
X

n

L(θ) =

(
n

x

)
θx(1− θ)n−x

l(θ) = log(

(
n

x

)
+ x log(θ) + (n− x) log(1− θ)

S(θ) =
x

θ
− n− x

1− θ
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I(θ) = −S′(θ) = −l′′(θ) =
nθ(1− θ) + (x− nθ)(1− 2θ)

θ2(1− θ)

J(θ) = E[I(θ;x)] =
n

θ(1− θ)

as E[X] = nθ. [θ̂n − a[J(θ̂)]−
1
2 , θ̂n + a[J(θ̂n)]

− 1
2

]=[ x
n
−1.96[ n

x
n (1− xn )

]−
1
2 , x
n

+1.96[ n
x
n (1− xn )

]−
1
2 ]

(I(θ̂n))−
1
2 (θ̂ − θ0)→d Z ∼ N(0, 1)

An approximate 100p% equal tail C.I. for θ0

[θ̂n − a[I(θ̂n)]−
1
2 , θ̂n + a[I(θ̂n)]−

1
2
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