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1 Asymmetric Information

Some traders know more than others

• Rational Expectation Equilibrium (GS 1980)

• Kyle (1985) Models

• Glosten/Milgrom (GM) (1985) Models

In Oct 19, 1987, stock market dropped 20% on Black Monday. This created more attentions on the
study of market microstructure.

1.1 Rational Expectation

Suppose we have utility function E[u(w̃)|Θ] and here is one single security, X. Let’s assume M observe
only the price and N observe some signal S correlated with X.

Now, let X ∼ N(µ, σ2
x) and utility be CARA, negative exponential. Suppose price is reflected by

signal X = S + ε, S ⊥ ε, var(X|S) = σ2
ε so E[X|S] = S. More commonly, S = X + z, z ⊥ X. Then we

have

E[X|S] =
σ2
z

σ2
x + σ2

s

µx +
σ2
x

σ2
x + σ2

z

S = µ+
σ2
x

σ2
x + σ2

z

(S − µ)

V ar(X|S) =
σ2
xσ

2
z

σ2
x + σ2

z

In addition, assume rf = 1 and w0 is irrelevant. Then the N informed (certainty equivalent) maximize

max
h

h(E[X|S]− P )− ρ

2
V ar(X|S)h2

where P is the price. We can get

hI =
E[X|S]− P
ρV ar(X|S)

For the M uninformed maximize

max
h

h(E[X]− P )− ρ

2
V ar(X)h2

We can get

hUR =
E[X]− P
ρV ar(X)

Per capital supply k and per capital noise trade z(N +M), z ∼ N(0, σ2
z). Therefore, the final demand

should be equal to the supply

N

(
E[X|S]− P
ρV ar(X|S)

)
+M

(
E[X]− P
ρV ar(X)

)
+ z(M +N) = k(M +N)

P

(
λ

ρV ar(X|S)
+

1− λ
V ar(X)

)
=

λE[X|S]

ρV ar(X|S)
+

(1− λ)E[X]

ρV ar(X)
− (k − z)

where λ = N
M+N

P = µ+
(S − µ)λ

ρσ2
εκ

2
− X − z

κ2

where κ2 = λE[X|S]
ρV ar(X|S) + (1−λ)E[X]

ρV ar(X)
For the naive uninformed, they trade

µ− P
ρσ2

X

=
−(S − µ)λ

ρσ2
εκ

2
+
k − z
κ2
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On an average day, uninformed expect to hold

k

κ2

Holding less than usual more often it results in high X and holding more means the subsequent X is
low. This means the naive uninformed trader is always on the wrong side of the trade.

Now, let’s suppose

hUI =
E[X|P ]− P
ρV ar(X|P )

λ(E[X|S]− P )

ρV ar(X|S)
+

(1− λ)(E[X|P ]− P )

ρV ar(X|P )
+ z − k = 0

where E[X|P ] = α+ βP and V ar(X|P ) = γσ2
X

P () + (()) = Y = S +
ρσ2

ε

λ
z = X + ε+

ρσ2
ε

λ
z

Then

E[X|P ] = E[X|Y ] =
σ2
X

σ2
X + σ2

ε + ρ2σ2
εσ

2
z/λ

2
(X − µ) + µ

V ar(X|Y ) =
σ2
X(σ2

ε + ρ2σ4
εε

2
z)

σ2
X + σ2

ε + ρ2σ2
εσ

2
z/λ

2
γ

α+ βP = ()
Y − µ− ()

()
= ()P + constant

Note, E[UI |P ] = V ar(X|S)
V ar(X|P )E[Uu|P ] =⇒ E[UI |P ]

E[Uu|P ] = V ar(X|S)
V ar(X|P ) . If there is cost of collecting information

C, then the net of the cost, informed has advantage in equilibrium (λ), a function of ρ, C, σ2
ε but not

σ2
z . As σ2

z goes up and brings in more informed, then the net no difference.

1.2 Kyle Model

Future value V ∗ single informed traders sees a signal and calculates V = E[V ∗|S], V ∼ N(µ0,Σ0).
Then we have noise traders trade µ ∼ N(0, σ2

µ). Informed sends order X to the market and noise
traders trade µ in the market (zero profit the market maker sees X + µ and chooses a price p(X + µ)).

Informed maximizes
max
X

E[(V − p(X + µ))X|V ]

max
X

E[(V ∗ − p(X + µ))X|S] = E[E[(V ∗ − p(X + µ))X|S, µ]|S]

= E[X((V − p(X + µ))|S] = E[X(V − p(X + µ))|V ] E[V |E[V |S]] = E[V |S]

The market maker profit is

E[(p(X + µ)− V ∗)(X + µ)|X + µ] = E[(p(X + µ)− V )(X + µ)|X + µ]

= (p(X + µ) + E[V |X + µ])(X + µ)

zero expected profit conditional on X + µ that is

p(X + µ) = E[V |X + µ]

1. V ∼ N(µ0,Σ0)

2. µ ∼ N(0, σ2
µ)

3. X = arg maxE[(V − p(X + µ))X|V ]
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4. p(X + µ) = E[V |X + µ]

Hypothesis is that p(X + µ) = µ0 + λ(X + µ). Informed thinks p(X + µ) = µ0 + λ(X + µ) and the
market maker thinks that informed trade X = β(V − µ0). Hence the informed will hypothesize

max
X

(V − λX − µ0)X

Hence.

X∗ =
V − µ0

2λ
, β =

1

2λ

E[V |X + µ] = µ0 +
βΣ0

β2Σ0 + σ2
µ

(X + µ)

In equilibrium

λ =
βΣ0

β2Σ0 + σ2
µ

=

√
Σ0

2σµ
, β =

σµ√
Σ0

The market maker will hypothesize X = β(V − µ0).

E[V |X + µ] = E[V |β(V − µ0) + µ] = µ0 +
Cov(V, (X + µ))(β(V − µ0) + µ))

V ar(X + µ)

= µ0 +
βΣ0

β2Σ0 + σ2
µ

(X + µ)

If β = 1
2λ , the market marker is correct. If λ = βΣ0

β2Σ0+σ2
µ

, then the informed are right. In general,

we can consider β is the aggressiveness of the informed and λ measures the fragility of the market. In
addition, the reciprocal shows the depth of the market.

If σ2
µ increases, the signal to noise ratio goes down and it leads to decreasing of λ. As λ goes

down, the cost of trade goes down and informed trades more aggressively. The trading profit can be
characterized as (V − µ0)X − (V − µ0 − λX)X (“price impact cost”). In equilibrium, we can find that
when σµ goes up, λ goes down; when Σ0 goes up, then the λ goes up.

Let’s suppose p1 is the price realized then

V ar(p1) = V ar(µ0 + λ(X + µ)) = λ2(β2Σ0 + σ2
µ) =

Σ02σ2
µ

4σ2
µ

=
Σ0

2

V ar(V ) = V ar(V |X + µ) + V ar(E[V |X + µ]) =⇒ Σ0 = V ar(V |X + µ) +
Σ0

2

Then we have

V ar(V |X + µ) =
Σ0

2

The informed profit is
(V − µ0)2

2λ
− (V − µ0)2

4λ
=

(V − p0)2

4λ

The expected profit is
Σ0

4λ
=

Σ0

4
√

Σ
2σµ

=

√
Σ0σµ
2

The profit of the noise trader is the opposite of the above.
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1.2.1 Kyle Dynamic Model

1 Trade at t1 < t2 < · · · < T and ∆tn = tn − tn−1 at time tn noise trade ∆un ∼ N(0, σ2
µ∆tn).

µn =

n∑
j=1

∆uj → Brownian Motion

V ∼ N(p0,Σ0) informed know V and V ⊥ ∆un for all n. ∆xn informed trade at tn. pn price determined
by trade at tn. The profit to informed step n onward πn =

∑N
k=n(V −pk)∆xk. We have dynamic profit

maximization by informed
pn = E[V |∆x1 + ∆u1, · · · ,∆xn + ∆un]

Hypothesize 
pn = pn−1 + λn(∆xn + ∆un)

∆xn = βn(V − pn−1)∆tn

Σn = V ar(V |∆x1 + ∆u1, · · · ,∆xn + ∆un)

E[πn|p1, · · · , pn−1, V ] = αn−1(V − pn−1)2 + δn−1

maxE[(V − pn)x+ πn+1|p1, · · · , pn−1, V ]

maxE[(V − pn−1 − λnx)x+ αn(V − λn(x+ ∆un)− pn−1)2 + δn|p1, · · · , pn−1, V ]

max(V − pn−1)x− λnx2 + αn(V − pn−1 − λnx)2 + αnλ
2
nσ

2
µ∆tn + δn

0 = V − pn−1 − 2λnx− 2αnλn(v − pn−1 − λnx) FOC

0 > −2λn + 2αnλ
2
n SOC

0 < λn(1− αnλn)

Therefore, the optimal

xn =
(V − pn−1)(1− 2αnλn)

2λn(1− αnλn)

The second order condition says λn(1− αnλn) > 0

pn = pn−1 + λn(∆xn + ∆un)

∆xn = βn(V − pn−1)∆tn

E[π̃|p1, · · · , pn−1, V ] = αn(V − pn−1)2 + δn

Therefore,

βn∆tn =
1− 2αnλn

2λn(1− αnλn)

max
x

(x− pn−1)x− λnx2
n + αn(V − pn−1 − λnx)2 + α2

nλ
2
nσ

2
n∆tn + δn

πn =
∑N

k=1(V − pk)∆xk plug optimum into above. We get

αn−1∆t =
1

4λn(1− αnλn)2

Therefore,
Σn−1 = V ar(V |p1, · · · , pn−1)

Signal in pn is ∆xn + ∆u which is β.n∆tn(V − pn−1) + ∆u. The new signal information is equivalent
to V + ∆µ̃

βn∆t

1Note: The S&P 500 index reinvests dividends in the stocks as paid but the SPDR pays dividends quarterly. Hence,
they are different. Trades on different exchanges remain on different exchange, i.e. long position will remain long and
short position will remain short.
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V ar(V |p1, · · · , pn) = Σn =
Σn−1

σ2
u

β2
n∆t

Σn−1 + σ2
u

β2
n∆tn

=
Σn−1σ

2
u

∆tnβ2
n + σ2

u

E[V |p1, · · · , pn−1,∆xn + ∆un] = pn−1 − βnΣn−1(V − pn−1)

λ =
βnΣn−1

Σn−1∆nβ2
n + σ2

u

Let’s take ∆t → 0. Therefore, βt → β∗t , αt → α∗t , λt → λ∗t , Σt → Σ∗t where t is the nth trade.
Therefore,

1− 2α∗tλ
∗
t = 0

λ∗t =
1

2α∗t

=⇒ λ∗t =
β∗t Σ∗t
σ2
u

αt−∆t − αt =
1

4λt(1− αtλt)
− αt =

(1− 2αtλt)βt∆t

2

=⇒ αt − αt−∆t

∆t
=

2αtλt − 1

2
βt = 0, xt = 0, αt = α∗, λt = λ∗ =

1

2α∗

Σt − Σt−∆t

∆t
=

−β2
t Σ2

t−∆t

β2
t ∆tΣt−∆t + σ2

u

Σ∗t
′ = −β

2
t ΣI

t

σ2
u

= − σ2
u

4α2

Hypothesize p∗t → V . That is

Σ∗ =

√
Tσu

2
√

Σ0
, λ =

√
Σ0

σu
√
T
,Σ∗t =

Σ0(T − t)
2
√

Σ0
, β∗t =

σu
√
T

(T − t)
√

Σ0

Suppose λt were to increase, then informed will have a bigger price impact later so should trade
more aggressively now, i.e., not equilibrium. Then λt cannot decrease.

In a single period,
max(V − p0 − λx− (N − 1)β(V − p0))X

The informed trade smoothly βt∆t(V − pt), uninformed trade “rough”. The path is a brownian
motion (it is continuous but not differentiable). Moreover the price path forms a generalized brownian
bridge. The Kyle model provides how fast the information gets into price and the liquidity 1/λ (“price
response to trade”). The Kyle model suggests that total buys at the offer minus the total sales at bid
in a 5 minute period can be used in a regression to show the change of price ∆pt.

∆pt = λ(sign of net trade) |net trade|1/2 + ε

where λ is a function of σu and Σ0 but λ should not be too predictable. 2

The Kyle model is a good model to see how people are trading intraday from open to close.

2The informed traders might be Gaussian mixture or the time T is unknown.
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1.3 Glosten/Milgrom

Start at 0 end at T , V is revealed. The continuous prices. Trade in unit quantities. Imagine there are
bid&ask spread prices set by specialist earning zero profits. Suppose for every stock, there is only one
specialist (competition from limit orders).

The informed is E[V |Ft] and uninformed Mt private valuation othorgonal to V given public infor-
mation Ht ⊂ Ft. At time t0, there is an arrival Zt = ItE[V |Ft] + (1 − It)Mt where It. is 1 informed
arrive and 0 uninformed arrive. Let’s suppose the arrival rate is a poisson distribution, λI for the
informed and λu is for the uninformed. The payoff here is

E[(At − V )IZt>At + (Vt −Bt)IZt<Bt |Ht], quoter profit

There is a specialist earning both side of the profit

E[(At − V )IZt>At |Ht] = 0

E[(V −Bt)IZt<Bt |Ht] = 0

The above is equivalent to
E[(At − V )|Zt > At,Ht]P (Zt > At) = 0

E[(V −Bt)|Zt < Bt,Ht]P (Zt < Bt) = 0

Then we can get the no-regret quotes

At = E[V |Zt > At,Ht]

Bt = E[V |Zt < Bt,Ht]

The net inventory for the specialist is

E

[
N∑
n

(IPurchaseAn − ISaleBn) +
N∑
n

(ISale − IPurchase)V

]

Why is this not equal to the E[V ] (unconditional expectation of V)? Because of winner’s curse or
adverse selection. Here At −Bt is called adverse selection spread.

Pt = IZt>AtAt + IZt<BtBt = IZt>AtE[V |Zt > At,Ht] + IZt<BtE[V |Zt < Bt,Ht] = E[V |Ht+]

where Ht+ is the transaction after time t (this is a martingale). Given enough trades, the price will
converge.

Let’s do a simple example when V = {0, 1}. Suppose inform know V . Greater likelihood of informed
arrives the higher the spread. As more informed knows, the larger the spread.

Let’s also suppose the uninformed (arrival is α) buy with a probability 1/2 and sell with a probability
1/2. Let P (V = 1) = p. Then

A = P (V = 1|Buy; p) =
P (Buy|V = 1, p)p

P (Buy|p)
=

(
α+ (1− α)1

2

)
p

αp+ (1− α)1
2

B = P (V = 1|Sell; p) =
P (Sell|V = 1, p)p

P (Sell|p)
=

1
2(1− α)p

α(1− p) + (1− α)1
2

Let p+ be the probability after a trade. In addition, Pt = A if a buy; B if a sell. P+

1−P+
either A

1−A or

B
1−B is P

1−P

(
1+α
1−α

)Q
where Q = 1 if buy at A and 0 if sell at B.

pN
1− pN

=
p0

1− p0
(1 + α)Q1+···+QN

ln
pN

1− pN
= (Q1 + · · ·+Qn) ln

1 + α

1− α
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If V = 1, E[Q|V = 1] = α and E[Q|V = 0] = −α.
The valuation is

E
[
I(A− 1)I{V=1} + (1− I)I{M>A}(A− V )

]
where M ∼ G and I =

{
0 Informed

1 Uninformed
. We know that expected losses to informed is equal to

expected profits from uninformed, i.e.,

α(A− 1)P + (1− α)(1−G(A))(A− P ) = 0

For the informed, she makes I(1 − A)I{V=1} + I(B − 0)I{V=0}. As the market maker, she has
I(A−1)I{V=1}+ I(0−B)I{V=0}+ (1− I)(A−V )I{M>A}+ (1− I)(V −B)I{M<B}. For the uninformed,
they believe (1− I)I{M>A}(M −A) + (1− I)I{M<B}(B −M)3. Therefore, the sum is

(1− I)I{M>A}(M − V ) + (1− I)I{M<B}(V −M)

The expectations conditional on M& I,

(1− I)I{M>A}(M − P ) + (1− I)I{M<B}(P −M)

no spread can transact at P

WNI = (1− I)I{M>P}(M − P ) + (1− I)I{M<P}(P −M)

WNI −W I = (1− I)
(
(M − P )I{P<M<A} + (P −M)I{B<M<P}

)
≥ 0

Welfare loss is from failure to trade when B < M < A. In the event M > A, uninformed transact so
no welfare loss.

1.4 HFT Snipping

Let hs be the half spread and as be the adverse selection half spread (where mt is the midpoint).

P Tt = mt + hSQt

P Tt+1 = mt+1 + hSQt

mt+1 = mt + aSQt + εt+1

where Qt =

{
1 Buy

−1 Sell
. Then we can get

∆Pt+1 = aSQt + hS(Qt+1 −Qt) + εt

Using fitch tape. we can look at the spread and trade but the data is not signed. We can infer Qt = 1
if Pt > Pt−1 or if Pt = Pt−1 > Pt−2 and so on.

∆Pt = αsign(qt) + βqt + γ(sign(qt)− sign(qt−1)) + δ(qt − qt−1) + εt

where qt is the signed volume 4

For marketable buy hitting offer At − mt+5 and for marketable sell hitting bid mt+5 − Bt. The
transaction price is at t+ 5, P Tt+5 in GM we have E[P Tt+5|P Tt ] = P Tt . Realized the spread in GM world
is 0. With no asymmetric information, it is average quoted spread. Why do we think there is a negative
realized spread? Either pay penny per share to cross the spread or half negative liquidity provision
profits of half a penny.

3There exists a model involving using non-trade as an embedding information. Easley and O’Hara addresses this issue.
4Hasbrouck JF 91 using VAR approaches to address this problem
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Let V =

{
0

1
and P = 1

2 . Then α(A− 1) + (1−α)1
2(A− 1

2) = 0 and A = 0.5 + 0.5α. Let N be the

HFT. They either snipe or make a market. When event is announced, then the HFT learn. the first of
the event and go to the market. With the probability 1

N , then HFT i finds at first if HFT i is market
maker and cancels the quote; HFT i is sniping hit the quote. The profit from sniping is the profit from
making the market, sniping an offer side α 1

N
1
2(1 − A). The market maker 1

2α
1
N 0 + α(N−1)

N
1
2(A − 1) +

(1−α)1
2(A− 1

2). If this market market is not HFT, then (1−α)1
2(A− 1

2) +α1
2(A− 1). The high speed

trader can undercut the low speed.
In equilibrium, the expected profit from snipping equals to the expected profit from quote. In other

words,

α
1

2

1

N
(1−A) = (1− α)

1

2
(A− 1

2
) + α

1

2

N − 1

N
(A− 1)

(1− α)
1

2
(A− 1

2
) + α

1

2
(A− 1) = 0, A =

1

2
+

1

2
α

Therefore, the profit of snipping is

α
1

2

1

N
(
1

2
− 1

2
α)

1.5 Is Electronic Limit Order Book Unavoidable

Let’s define the step function R′(q),

R(q) =

∫ q

0
R′(t)

For q positive, paid by buyer (i.e. recurred by quotes); for q negative, R(q) < 0,−R(q) amount recurred
by trader (paid buy quotes).

Let q̃ randomly arriving order buy if it is bigger than 0, and sell if it is smaller than 0. The realized
profit of the book is

R(q̃)− V q̃ =

∫ q̃

0
R′(q)− V dq =

∫ ∞
0

Iq̃>q(R
′(q)− V )dq

where V is payoff per share. The expected profit

E[R(q̃)− V q̃] =

∫ ∞
0

E[Iq̃>q(R
′(q)− E[V |q̃ > q])dq =

∫ ∞
0

P (q̃ > q)(R′(q)− E[V |q̃ > q]dq

Zero profit condition so R′(q) = E[V |q̃ > q] (upper tail condition)
Suppose the marginal valuation is M(ω, q). Some trader with this valuation chooses q(ω) optimally

observing R′(q). Assume

E[V |M(ω, q) = m] => E[V |M(ω, q) = m̂],m > m̂

E[V |q̃ > q] = E[V |M(ω, q) > R′(q)]

where ω is a type of characteristic, e.g.ω = S + ziY .
Let’s suppose m(z, q) = z − q and E[V |z] = αz. Then we have

E[V |q̃ > q] = E[V |M(ω, q) > R′(q)] = E[V |ω − q > R′(q)]

= E[V |ω > q +R′(q)] = E[E[V |ω]|ω > q +R′(q)]

R′(q) = αE[ω|ω > q +R′(q)]

Let ω ∼ 1
2λe
−λ|t|, where E[ω|ω > t] = 1

λ + t. Then we get

R′(q) = α(
1

λ
+ q +R′(q)) =⇒ R′(q) =

α

λ(1− α)
+

α

1− α
q

The average price is R(q)/q.

E[V |q̃ = q] = E[V |ω = q +R′(q)] = α(q +R′(q)) =
α2

λ(1− α)
+

α

1− α
q
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Remark

The limit order book is easy to compute the equilibrium. We can write the following

Iq̃>q = IinfIV >R′(q) + (1− Iinf )Iũ>q

where Iinf =

{
1 informed

0 uninformed
and ũ is the noise trade. The expected profit to quoters is

∫ ∞
0

E[(R′(q)− E[V |q̃ > q])dq

The profit of market maker at the point of trade is

E[αIV >R′(q)(R
′(q)− V ) + (1− α)Iũ>q(R

′(q)− V )]

= αP (V > R′(q))(R′(q)− E[V |V > R′(q)]) + (1− α)P (ũ > q)(R′(q)− E[V ])

We can get both sums as
i(p) = αE[IV >p(p− V )]

u(p) = (1− α)(p− E[V ])

The equilibrium of R′(q) is i(R′(q)) + u(R′(q))P (ũ > p) = 0,∀q. For this to be a valid equilibrium,
R′(q) must be non-decreasing. If there are N quoters, there is a mixing equilibrium and this converges
to R′(q)− E[V |q̃ > q] zero profit equal as N →∞.

Suppose there are three quoters coming to the market all quoting at p1 = E[V |q̃ > Q1]. The
expected profit per share at least for # is p1 = E[V |q̃ > q] and for #2 is p1 = E[V |q̃ > q1 + q2].
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