Background
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9:34 AM

Fields
Basic theory of vector spaces works over any field.
QR,CF,

¢ We will mostly work over C or R

o Other fields if convenient

Algebraically Closed
F is called algebraically closed if every polynomial
p(x) € Flx| factors into linear terms.

plx)=clx —aq)..(x—ay,)

x €EF,n=degp

Fundamental Theorem of Algebra
C is algebraically closed

Determinants
IfA=|a; |nxn then det A is determined algorithmically.

detl, =1
Determinant is n-linear
Think of A = vy, vy, .., v, | v; € F*

det(vl,vz, Vg, > AW}, Vi1, ...,vn) =

> a det( vy, .o, Vim1, W), Vi1, o, V)

Determinant is antisymmetric
det(vy, v, Vimg, W Vig1, o, Vjm 1, Uy Vjp, ey V) = 0
= (exceptif 1+1=0)
det(vy, ., Vio1, V), Vig1) o) Vjo1, Viy Vi1, o) V) =
—det(vy, ..., v,)

Theorem 1
det(AB) = detA X detB

Theorem 2
detA =0 & Ais singular

Linear Transformation and Matrices

V is a vector space (over field )

L(V) is the set of all linear transformations from V to V
W another vector space over F

X (V,W) =linear transformation from V to W

If f(vy, ..., v,) is a basis for V
TeLW)

n

T U] = >‘ai)-, Vi
i=1

ITlg = |a;j| is the matrix x of T with respect to 8
ITelg = laijl(xy, .., ) = ITIglxlg

Alsoif S € LIV, W)

B =1v, ..., v, | bases for V

B' = {wy, ..., w,,} bases for W
m

Slv;) = >‘ai]-wi i<j<n

,i=t
|S|§ = Iaij I
Theorem

IfT € L(V) then det|T | is independent of the choice of basis.

So we can define detT := detIT Ig
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Sketch of Theorem 2
If A is singular (i.e. rank A < n)
Some column V| = > a;v;

detA = det(vi, Vip—1, >‘aivi,vi0+1, vn) = >'ai det(vy, ..., Viy—1, Viy Vigr1) = Vn) = 0

i#ig i#ig

If A is invertible,
1 =det] = det(AA™") = detA x detA™?!
~detA#0

Proof of Theorem
Let B = {vy, ..., vy} and B’ = iwy, ..., wy, } be two bases for V

Write

n
wj = >.‘1iﬂ’i
i=1
Q = lagl =115 = [Iwylg, 1wz, ., Wi

n n n n n
Ifx=)xw=) ) ayxv= >( >.aijxj)vt
j=1 j=1i=1 =1 j=1

Ixlg = lagllxlg, = Qlxlg
Look at Tx

ITxlg = ITlglxlg = IT15Qlxlp,
ITxlgr = Q M T15Qlxlp

detITIﬁf = detQ_llTI[gQ =detQ ! x detITlg X detQ = detITlg
QED

detlT1g does not depend on which basis is used.



Eigenvalues Example

930 AM Tis dlagz?al v(;/.r.t. bases f = tvy, ..., v, tif

mp=[o 2, .|
Eigenvalue (a.k.a. characteristic value) SoTv = 2
T € LIV) = set of all linear transformations fromV toV 0 I'vy = Aivi

A scalar A € Fis an eigenvalue for Tif3v # 0s.t. Tv = Av 80 4y, ..., Ay are eigenvalues

Ifu € {44, ..., 1,,} eigenspace for u

Eigenvector ker(T — uT) = spaniv;: 4; = ut

Any non-zero vector v s.t. Tv = Av is an eigenvector for (T, 1)

uF, At
Eigenspace
The space ker(T — AI') = {v: Tv = Av} is the eigenspace for (T, 1) Only eigenvalues are {44, ..., A, t
Theorem T = diagonal (1,2,1,2,1,3)
T € L(V), The following are equivalent kerT — I = span {vy,v3, vs}
1. Aisan eigenvalue for T ker(T — 2I) = spaniv,, vst
2. T — Al is singular ker(T — 3I) = spanivet
3. det(T—AI)=0
Example
Characteristic Polynomial T = |1 3|
The characteristic polynomial of T is 1 0 21
Prlx) = det(xl = T) T(y)=1(,)
Note 1is an eigenvalue, ker(T —[) = F ((1))
Pr(x) is a monic polynomial of degreen = dimV F — span or set of all multiples of
Monic: coefficient on highest degree is 1 3y _(6)=>(3
r(})=(5)=2(})
Spectrum 2isan elgenvalue3
The spectrum of T is ¢ (T), the set of all eigenvalues. ker(T —21) = F( 1)
Corollary u # 11,24
o(T) is the set of zeros of Pr(x) I 3
Corollary T—ul= ( 0 2 —,u)
o(T) has at most n = dim V eigenvalues. _
Corollary (l—u 3 ) 1—u 2=w1-p _(1 0)
Similar transformations have the same spectrum 0 2—pu 1 “l0 1
2—p
Direct Sums So it is invertible, so rank is 0, so no more eigenvalues.
Say V is the direct sum of V; and V, if V; NV, =10t and
Vi+V,=V.WriteV=V, +V,0orV=V,®V, Proof of Theorem
1. Ais an eigenvalue for T
Say V is the direct sum of V3, ..., V}, if o ker(T — AI) # 10
k < 2.T — Al is singular
LVv=)y & 3.dettT—A) =0
i=1
) Example
2. an()vi)=i0},far131s1c i
i%i T=1
Look at

Proposition _ _1x 1j_ .2

If10+ # V; subspaces of V such that plx) = dettxl =T) = |—1 xl =x+l
k F = R no eigenvalues

V=>Vi F=Cx?+1=(x+i)x—10)
= | | r-u=]7 ) =0

then TFAE (the following are equivalent) 1 =i =i

1. Sumisdirect:V =V, + -+ Vj T+ir=|" YY) =0

2. If0 # v; € V;, then {vy, ..., v } is linearly independent L.

3. Ifw; € V;and 2, w; = Othenw; =0, 1<i<k

4. Every v € V has a unique expression as In R, T is a rotation

+i are eigenvalues

v = >.WilWiEVi

Example
4 -1 -1
Corollary T=|-2 5 —1|
IV =V, 4V, + 4V 3 -3 6 . 1 .
Then if you take a basis for each V;, say v; , ..., v; ;. *
1 d; plx) =detlx] —T) = | 2 x—5 1
then the union {vyy, ..., V1q,, V21, -+, Vk1, ) Vkay t 1S @ basis for V. -3 3 x—6

=(x—4)((x—=5)x—6)—3)—1(2(x—6)+3)+1(6+3(x—5))
=(x—4)x?—11x+27) - (2x —9) + (3x — 9)
=x3—15x? + 71x — 108

=(x—-3)x—6)2
Eigenvalues are 3, 6
1 -1 -1 1 -1 -1, ,a
r-3i=|-2 2 -1|-o o -3|(a)=0
3 -3 3 0 0 0 0
-2 -1 -1 -2 -1 -1 a
r-6i=|-2 -1 -1|]-|0 o of( a )=o0
3 03 0 1 -1 0 —3a
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r

o R

)=3(1)

r(1)-o(1]

Only 2-dimensions of eigenvectors!

Proof of 3rd Corollary

T € L(V),S invertible

STS™'issimilarto T

Pgrs-1(x) = detlx] — STS™!) = det(S(xIS™1S — T)S™!) = det(x] — T) = Prx)

Proof of Proposition

My Proofs

1=>2

Suppose v; # 0 € V; and
k

> .a;v; =0 for some a; € Fnot all 0
i=0

Then, fora; # 0
a;v; = — > ‘ajv,-
j#i
a;v; € Vyand — >'ajvj € >V, but
j#1 j#i
vin D V=10,
j#1

a contradiction since a; # 0 and v; # 0.
23
k
> wi=0=>w;
i=1

w; are linearly dependent, but by 2 w; # 0 = wj; are linearly independent, sow; = 0 Vi

3=4

By definition of vector sums, for any v € V there exists at least one set of v; € V; such that
V=241

Now suppose there exists w; € V;, such that

V= >‘Ui: >‘Wi
i i
:,~O=>‘vi—wi
i
But v; — w; € V; thereforeby 3,v; —w; =0=>v; =w; V1 <i<k

41
Already have
k

V=)V
i=1
Suppose forsome 1 <j < k,Je # 0s.t.
e€V;in >.Vi,Selectwl- EVis.t.e= >'wi
3] i%j
Letwj =e€V;
Then
e=w;+ >_0=0+ >‘wi,
i*j i*j
This is not unique, a contradiction, so
vin ) V=10t
i*j
since 0 is certainly in both V; and 2. ; V;
QED

His Proof
3=1

vaeVin( ).Vj)
j#1
v=vy; €V
=)y vy ey
J#i
A —Ui+ >‘17j=0
J#i

By3,v;=0=v,
“vin ) V=104
j=i
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Proof of Corollary

Suppose
0= >.ai,-vij = >‘(>‘aijvi]-) = >‘vi where v; € V;
ij i Jj i

by3,v;,=01<i<k

{v;jtis a basis for v, soall a;; = 0
vy }i=1,j=1 is lin indep.

Clearly v; spans V

~ basis

| ]
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Diagonalization

September-16-11
9:29 AM

Proposition

LetT € L(v)

o(T) = {Aq, o, Agh

Wi = ker(T - ALI)
k

W= >)wecv
i=1
Then W =W, + W, + -+ W,

Diagonalizable

Alinear transformation T € L(V) is
diagonalizable if it has a basis § = {vy, ..., v, { s0O
that

¢ 0 0 .. O
=06 0
0 0 O Cn
is diagonal.
Note
Tvl-=civi

So v; is an eigenvector

T is diagonalizable < V has a basis containing
eigenvectors of T

o(T) =1cq, .o, cpt =144, o At

{cq, ..., b —might have repetitions

A € F ker(T — Al) = spaniv;:c; = A}
p € Flx| polynomial
p(c;) 0 0 .. 0
0 0 0 p(cn)
Nullity

nul(T) = dimkerT

Theorem
T € LWV),a(T)=144,..
TFAE
1. T is diagonalizable
k

s At

2. ) nul(T —A0) =n=dimV
i=1
k
3. prix) = | |(x — )%
i=1
where d; = nul(T — A;1)
Corollary

If T has n distinct eigenvalues, then T is
diagonalizable.

MATH 245 Page 5

Proof of Proposition
Suffices to show thatifw; e W; 1 < i<k and ¥ ,w; =0thenw; =0for1 <i <k
(By Proposition in previous lecture)

If w € W; then (T — A;1)w = 0 and

Tw = 4w, T?w = 22w,

Therefore for any polynomial p(x) = ag + a;x + ax? + -+ + a,x?
p(T) = a,l + a;T + a,T? + -+ a,TP

P

>‘aj/1{ ) w =pA)w

)
p(T)w = > aT/w = (
j=0

j=0
Fix i and show w; = 0:

Letp(x) = | |(x—Aj)

J#i

Letx = >;wj =0

Jj=1
ke k-
0=p(T)x=p(T)(>‘Wj)= D p(a)w; =( | |(/1i—l,-))wi
j=1 j=1 j#i
I |(Ai_lj)¢0,SOWi=0
j=i
~ w; = 0Vi,= Sum is direct
Example
0 00O
10 0 0O 2
T = 00 1 0 € L(C?)
0 0 0 2
p(x) = Clx|
p0) 0 0 0
| 0 p0) O 0
POI=106 "0 p1) o
0 0 0 p(2)
Let A(T) = spanil, T,T?,T3, ..} € L(V)
a 0 0 O
10 a 0 O
AT) = 00 b O,a,b,cE(C
0 0 0 ¢

Because given a, b, c 3p (of degree 2) s.t.p(0) = a,p(1) = b,p(2) =c
A(T) is isomorphic to C(10, 1, 2}), the algebra of functions in {0, 1, 2}

Question
Which T € L(V) are diagonalizable?

Example

T=7 Jhprto =241

No eigenvalues in R so it is not diagonalizable if V = R? but mV = C?,0(T) = {i, —i}
& 3Avy, v, Ty = ivy, Ty, = —iv,

.-.{vl,vz}isabasislTlﬁ:lé _Ol|
Example
01
T=[y ol
Pp(x) = detx] — T) = |’(§ ‘x1| — x2

o(T) =10}
ker(T) = ()

Need two linearly independent eigenvectors to diagonalize T - NOT POSSIBLE.

Proof

T has basis B ={vy, ..., vpt
Ci 0 0o .. 0

|T|ﬁ=‘? @9 0
0 0 0 Cn

1= 2

ker(T — 4;1) = span{v;: ¢; = 4;}



nul(T — 4;1) = [j:¢; = Al
k

So Y mul(T -4 =Rj:1<j<nll=n

i=1

2=1
Let W; = ker(T — A;1)
k

Wy =W, + -+ W,
).

i=1
k

k k
dim(>;Wi) = Y dimW; = » nul (T — ;1) =n,by (2)

i=1 i=1 i=1

Take a basis for each W;
- they are eigenvectors for the eigenvalues 4;
- put them together, get a basis for V consisting of eigenvectors = diagonalizable

1=3
cgc 0 0 .. O
raf0 @0 -0
0 0 0 .. ¢
X — ¢ 0 0 .. 0 k
prix) =det —T) = | O ¥ O 0 =| |o-204
0 0 o0 x—c, 1

where d; = [{j:¢; = A;}| = nul(T — 4;1)

3=2
k

k
>;nul(T =41 = >;di =deg(pr) =n
i=1

i=1

Proof of Corollary
nul(T —A;1) =1for1 <i <nsoby?2,Tis diagonalizable.
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Linear Recursion

September-19-11
10:09 AM

Computational Device
Suppose you are given T as in example * and you need to

compute T™

If D is the diagonal matrix of T

T=QDQ™*

T" = (QDQ™)" =QDQ'QDQ™"..QDQ™*
— QDnQ—l

Linear Recursion

In general, if we have xg, x4, ..., X, given,
Xp+1 = QoXg + A1 Xg—g + 0+ AnXg—n
linear recursion

Xk+1 Ay, a Ay .. ay X
( X \l 1 0 0 .. 0 ( Xi—1 \
\xk_1/ =( 0 1 0 .. O Xg—2
xk—n O 0 1 0 xk—n—l
X — ao —a1 _az e _an
-1 X 0 0
palx) =det(xl — A) = 0 -1 x 0
0 . -1 x
= N+l _ a,x™ — alxn—l — azxn—Z ——ay,

Now try to diagonalize A, and get a formula for x,,
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Example *
-3 3 -1 -2
-8 2 3 —4
-4 2 1 -2
0 —4 4 1
Using Matlab got
pr(x) = (x —1)%x(x + 1)
Soa(T) =11,0,—1}

0

ker(T —I) = span %(1)(

1
3

ker(T) = span %( ; )}

4
-2

ker(T + 1) = span %(_11)}

4

T =

1
1
1

)

-1

Change of basis matrix:
0 1 3 =2
11 1 1

1 1 2 -1

0
0 1
0
0

Example: Fibonacci Sequence

xo=0,x; =1

Xp = Xp_q1+Xp_p forn=2
x 0 1\ /Xn—

(xnzl) = (1 1)( ;nl)

Leea=(] 7)

() =47 ()

palx) = det( ) x__11)=x(x—1)—1=x2—x—1
1+Vi+4

T2

_1+V51-V5 1

T2 2t
(A)_{1+\/§1—\/§}_{ 1}

I T T T

= (7 L0 =, =)

ker(A —1I) = C (1)

| —

T 1 T 0 2 0
A+-I= 1 (_1)=(T_1_1):(T -7-1

1 1+; T T
ker(A+%I)=(C(_T1)
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=——

X = 2, x,, is the closest integer to %

n

An = Qg = — ) T
1+t2\t —1/\0 —
1 n .L.n+1 T
— 1 = 1
_1+12(r —1)<(_1)n _(_1)n+)
7'-n—l n
1 Tn (_1)11 .L.n+1_|_(_1)n+1
Tn—Z Tn—l
T 14172 n (—1)n+1 42 (—1)n*?
T+ — -
Frea -y
n+1 (-1)
xxn )=A" (O)= (T +t )
n+1 1 1 + 72
*



Triangular Forms

September-21-11
9:31 AM

Upper Triangular
A matrix T is upper triangular if
ajj = 0 lf] <i

Say T € L(V) is triangularizable if there is a basis 8 such
that ITlg is upper triangular.

Triangular Determinant
n

detT = | |aii
i=1
1. o(T) =1aqq,a32, .., Annt
2. pr(x) factors into linear terms.

Invariant Subspace
IfT € L(V), asubspace W € V is an invariant subspace
for TiIfTW c W

Wy, = spani vy, vy, .., 0t 0<k<n

Theorem
ForT € LIV),TFAE
1. T istriangularizable
2. Pr(x) factors into linear terms
3. T has a chain of invariant subspaces {0t = W, c
WicW,c--cW,=V
WithdimW, =k forl<k<n

Corollary

If Fis algebraically closed (such as C) then every
T € L(V) is triangularizable.
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Determinant of Upper Triangular
a b
=ad
For n > 2, take determinant of first column leaves a;; *determinant of upper triangular matrix with
n-1

So by induction, detT = ay1a;; ... app

Alternate Proof
n

laijl = >,(—1)Sigmml |aiali)
OESy i=1
Ifo € S, and for some i,0(1) = j < ithenajs; = 0= 1=, aj5;) =0

Only o = identity satisfies o(i) > i Vi because ifsay g(i) = 1 for 1 < i < iy butoli,) > i, then
somejhas olj) = i,, but j > iy
~ [aigiy =0

n

lagl = | |aa
i=1

Types of Invariant Subspaces

If T is upper triangular w.r.t. § = {vy, ..., v, }
Tv; = a,,v, eigenvector

« Wy = spaniv, tis invariant

W, = {0} is invariant for every T
W, =V is invariant for every T

Ty, = Q223 + aq2v1 € spanivy, vyt
Ty, =a11v1 € spanivy, vyt
« W, = span { vy, v,} is invariant for T

Wy = spani vy, vy, .., 0t 0<k<n

n j

Tvj = >‘aijvi = >‘al—jvl— € spanivy, ., vt =W, S Wy if j<k
i=1 i=1

T, EWe1<j<k

“ TWy € W

Suppose conversely that I have such a chain of invariant subspaces. Pick 0 # v; € W;
dim(W;)=1,so W; = spaniv;t

In W,, pick v, € W, independent of v; so {v;, v,} is a basis for W,, since dim W,= 2
End up with a basis f = ivy, ..., v, t such that Wy, = spanivy, .., vt 1<k <n

Find IT1g, Tv, € W since (TW; € W;)
~Tvy = a1
Tv, EW,
2 Tvy = ayvy + a1y
Ty, € Wi
K

TV)( € >‘aik17i

i=1
a1 Q12 Q13
0 axp azp

0 0 ass is triangular

So |T|ﬁ = |

Proof

Already proved 1= 2,1= 3,and 3= 1

Let's show 2 = 1 by induction on n.

n = 1:T = lal,x, is always upper triangular

n > 1: assume theorem forn — 1

Prix) =(x = ) x —213) ...(x = Ay)

A4 is an eigenvalue of T

So we can find an eigenvector v; # 0so Tvy = 4,14
Extend v, toabasis f; = ivy, wy, wa, ..., Wyt
Express T in this basis.

A bz . b
_10
ITig, =" T,
0
x—/11 —b12 _bln
0
= —T)= = (x — I _—T;
Prlx) =detlxl, — T) det( X Xy —T, |) (x — A xh 4 il
0

= (x — A1)Pr, (x)

Prix) = (x = A4)Pr, (x) = (x = 1) x — A3) ... (x — Ay)
S Pp(x) =(x —A3) . lx — 4y)
So Pr, (x) factors into linear terms. By the induction hypothesis, W = span t w,, ..., w,  has another
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azz

basis 8’ = {v,, ..., v, } sothatIT;lg =

0

So 8 =1v4,v;,, ..., vy tis a basis for Vand
A Q12 e Qip |
0 azz - Qon
ITlg =|, O a3n
lo o . an 1

n

So IT g is upper triangular B

Azn

azn

an,

n

is upper triangular.



Cayley-Hamilton Theorem E"a”‘g'e 4
September-23-11 T= |1 0 |
9:56 AM pr(x) = x? + 1 does not factor over R so it is not triangularizable over R
It does factor over C so it is triangularizable over C
i 0 -

. T~ 1) ~ l
Cayley-Hamilton Theorem |0 —ll stmtar
T € LIV),thenpr(T) =0 s -1 0 10,
pT(TJ_T +I—|0 _1|+|0 1|_O
Computational Aside

IfT=|’g g|,blockuppertriangular. Exampée -
2
T2:|/2) AB + BD| T=|—1 -3 —4|
T3=|A3 A’B + 2ABD + BD? 0 xlz 1_3 _5
0 D? pT(x)=| 1 x+3 4 |=(x—2)((x+3)(x—1)+4)—1((—3)(x—1)—5):x3
X 0 -1 x-1
Tk = |A *k| x3 splits into linear terms so T is triangularizable
0 D d o(T) = {0} - look for kernel
plx) =ay+ayx+ -+ agx
piT) 2 3 5 13 4 ,x
_ [0k 0 |+| a;A *|+ |—1 -3 —4|=|o 1 1|(y)
0 aolpy! " 10+a;D 0 1 1 00 0 'z
+|adAd * |:|p(A) *l 1
0 agD? 0 pD) kerT=]R( 11)
1 0 0
Takenewbasisvlz( 1 ),vz—(l),v3—(0)
-1 0 1
3 1 0 0
v, o (-3)=3( 1 )+e(1)+4(0)
1 -1 0 1
5 1 0 0
v3'—>(—4)=5(1)—9(1)+6(0)
1 -1 0 1
0 3 5
Tﬂ1—|0 —6 —4|
06 49 6
T1—|4 . |.pr, (x) = x?
kerT1=]R(_32)
New bases
1 0 0
wi=v=(1 ).wz—( 3 ),w3=(0)
-1 =2 1
2 3 5 0 -1
ro =1 3 Cal((3)=(C1) =
0 1 1 2 1
5 1 0 0
Tws=(-4)=5(1)-3(3)+0(0)
-1 -2 1
0 -1 5
Tﬁ=|0 0 —3|
0 0 O
IT1g is upper triangular, diagonal entries all 0 since roots of pr(x) = x3are0,0,0
0 0 3
IT2I3=|O 0 0|
0 0 0
0 0 0
IT3I,;=|O 0 0|
0 0 0
T3 =0=pp(T)

Proof of Cayley-Hamilton Theorem
First assume pr(x) splits into linear factors.

Apply triangular theorem, find basis to triangularize T.
So wlog, T is triangular
prix) =x =) x — A3) .. (x = A)

Proceed by induction on n.
n=1
T=14L,prx) =x—=2A,pp(T) =T =41 =141 = 1241 =0

Assume fork <n
A tiz o tin

. _10
Write T = ‘ : T

0
From the proof of triangularizability

pr, = X =) x — 1) . (x — Ay)
By the induction hypothesis pr, (T;) = 0
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pr = (x — A1) Pr, (x)
Pr(T) = (T = P (T) =
=0

Ay *

0 0 0 A
0 Tl_*)Ll[|PT1(|0 T1|):|0 Tl—)Ll[HpTl(() v ;|:|8 gl

So by induction p7(T) = 0. For algebraically closed fields.

In general, pr(x) does not split on F[x] but there is always a bigger field G 2 F so that pr(x) splits
on G[x]

T = |tij| =€ M,(F)

Can think of T as an element of M,,(G). py(x) splits in G[x] -~ p7(T) =0

But the calculation of pr(T) happens over F since all the coefficients a; € F[x]

Sopr(x) = agl + a,T + -+ a,T™, this is all in M,,(F)

~pr(T) =0in M,(F)



Ideals Principal Ideal
Check that (p,) is an ideal
1. po,pr € (pg), A € F then
Poq + Po” =Polq +7) Epy
Look at Flx| - the ring of polynomials with coefficients in IF Mpoq) = poAq) € p,
~ (pg) is a vector space

September-26-11
9:31 AM

Ideal
An ideal in F[x] is a non-empty subset ] € F[x] which is 2. Ifpoq € (po), 7 € F[x] then

1) asubspace (poq)r = polqr) € p,

2) ifp € Jand q € F[x] thenpq € ]

Proof

Principal Ideal Let] be an ideal of F[x]. If ] = {0}, then ] = (0).
A principal ideal is an ideal of the form Otherwise let p, be a monic polynomial in ] of minimal degree.
(po) = 1poq:q € FixIt po=x%+ay_ x4+ +a
Theorem Let q be any non-zero element of J. Use the division algorithm to divide p, into q.

q = Dpoq, +1,deglr) < deg(py), but py was the element of smallest degree.
~ by minimality, r = 0, so ¢ = pyq.

] = py)

*monic generator is unique

Every ideal in F[x] is principal

Lemma
T eLw)

J = {p € Fix1:p(T) = 0} is a non-zero ideal in Fix| Proof of Lemma

Corollary pr € J,s0 ] # 10t (by Cayley-Hamilton)

p(T) =0t =
ip:p(T) t=lmg) Ifp,q €],1 € F[x]

(p+g)NT)=p(T)+q(T)=0
UpIT)=Ap(T) =0
~subspace

Minimal Polynomial
The unique monic polynomial my(x) generating {p: p(T) = 0} is
the minimal polynomial of T

p €],q € F[x] then

Theorem (pg)T) =p(T)g(T) =0 M
T € L(V)
Then my(x) has the same roots as py(x), namely o (T), except Example
for multiplicity. Furthermore, it also has the same irreducible 0100
polynomial factors. T = 00 0 O

“\o 0o o0 1

00 0O
prix) = x*, mplx) = x?

T = diag(1,1,2,2,2,3)
prix) = (x — 1)3x —2)3(x — 3)
mp(x) = (x —1)(x — 2)(x = 3)

110
T—(O 1 1)
0 01
prix) =(x—1)3
my|pr somplx) = (x — 1)4,d € t1,2,3¢
010
T—I=(O 0 1)

00
00 1
(T—I)2=(0 0 0)
00 0
(T—1®=0
smp=pr=&—-1)>3

Proof of Theorem

my|pr sorootstmy) € roots\py) = o(T)

If Ais an eigenvalue of T 3v # 0 eigenvector Tv = Av
Ty = 2%v, vk > k

= p(T)v =p)v

So 0 =myp(T)hv =me( D)y, ~» mp(d) =0
Sorootsimy) 2 o(T)

~ rootstmy) = roots(py) = o(T)

Remark
Over a non-algebraically closed field F this proof does not show the stronger fact
that the same irreducible factors will be in both p; and my

Possible Problem

T € LIR*)

prix) = (x? +1)2

mr| pr,mp # 1
amp=x?+4+1,0r (x?+1)?

If we can calculate T € £(C*) then my can be

x4+ 1, % + 12, (x% + Dx — i), or (X2 + D)x + i)
Calculate m¢(T) using a real basis

Take p(x) = (x% + 1)(x — i)

0=p(T)=(T2+INTy) =(T?>+ 1T —i(T>+1)=0+1i0
T?+1=0

MATH 245 Page 13
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Better Proof of Theorem

The minimal polynomial my(x) of T € LIV) has degree of d if {1, T, T?, ..., T% '} is linearly
independent, but{l,T,T?,.., T%is linearly dependent. m(x) is given the unique way to
express T% as 2.0} a;T*

d-1
Td = > ‘aiTi
i=0
d-1 d-1
Td+k - >‘aiTi+k - >‘biTi
i=0 i=0
&% AT) =spani 1, T,T?, ..., t = spani I, T,T?, .., T% 1}
o d = dim(4)

This unique way to express m; does not depend on a larger field.
« my(x) is unchanged if we enlarge the base field so that pr(x) splits.



Diag. & Nilpotent

September-28-11
9:45 AM

Theorem

T € L(V) and pr(x) splits then

T is diagonalizable

=

my(x) has only simple roots.

iemp(x) = —A)x—21,) .. (x —A)
where (T) = {1, 45,.., 44}

Lemma
A, B e L)
nul(AB) < nul(A4) + nul(B)

Nilpotent Matrices

T € L(V) is nilpotent of order kif ¥ = 0 and T*~1 # 0

MATH 245 Page 15

Proof of Theorem

oy

T =diag(cq,Cy, .-, Cp)

a(T) = {1, Ay e, A}

Rearrange bases so

T =diag(Ay, o, A1, Az, ey Aoy vy Ay v Ag)
mr(x) has A4,.., Ay as roots

(T —=2.D(T = 2,1) ..(T = A1)
diag(0,...,0,25,.., A5, e, A, o, Ag) *
diag(A1, .., 21,0,..,0, e, A, .., Ag) *
diag(Ay, ..., A, 43,.., 45, ...,0,..,0) = diag(0,..,0) =0
smp(x) =@ —241) ..(x—4)

2nd Proof of =

nul(T — &) = {¢j:¢; = A}

k k

Z‘nul(T - A = Z‘HCjiCj = /11'” = ch}l =n
i=1

i=1

ker IkI(T — D 2 Z ker(T — A,1) = V
i=1

=

Proof of Lemma

ker(AB) 2 ker B

chose a basis vy, ..., v}, for ker B, b = nul(B)

Extend to a basis for ker(AB): vy,..,Vp, Vps1,-+» Vpac
spanivyyq, ., Vpact N spanivy, ..., vy} = {0}

So B | span{ vp1, ..., Vpyc} is injective (1-1)

B maps sp{vp41, -, Upsc) into ker A

~nul A = dimkerA = dimspan{vyq, ..., Vpic}

nul AB =b + ¢ =nul(B) + ¢ < nul(B) + nul(A)

|

Back to Theorem
By hypothesis
k

n =nul(m;(T)) < Z‘ nul(T — 4;1)
i=1
but know that }:¥_, ker(T — A;I) is a direct sum, so
k

Z nul(T — 1) = dim (Z Ker(T — Ail))) <n

i=1

Example of Nilpotent
_|1 1 2_10 0
r= |—1 —1|'T - |0 0
{0} c kerT c kerT? = R?
_ 1
kerT = ]R(_l)
Chose a new basis
(1 (0
1= (_1),172 - (1)
TU1 = O, TUZ = (_11) =V
ﬂ = {vl,gz}l
e =1y
Example
0 1 0

T=|001
0 0 0



0 0 1
T2—|0 0 0|

0 0 0
T3 =0

T¢=0=>T"=0,pr(x) = x"
{0} c kerT c kerT c kerT? = R3

1
kerT = ]R(O)
0
1 0
ker T? = span { (0),(1)%
0 0

0 1 0
mﬁ=|o 0 1|
0 0 O
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: Better Example
Jordan Nilpotent e o,

September-30-11 6 —-8 —4 1
9:41 AM A=l 3 7 4
1 -5 3 2
A3 =0
Jordan Nilpotent 2 1
The Jordan nilpotent of order k is - 1] (1
0100 kerd=spa 11110
_ 010 0 2
Je = 0 1 2.1 2
0 xk kerA2=sp% 1||1H0H
i.e. Thereis a basis ey, e, ..., e and 1’0 0

Jre,=e_12<i<k -

1
2.1 2 0
e =0

et == ) G|l |l
We can get a lot of nilpotent matrices by taking o 2 1Y
direct sums of Jordan nilpotents (Canonical
form) : 0
n<n, < <n Letv4:‘0|
]nl @]nzea"'@]nk 1 4
Complement Letv; = Av, = | 11 € ker 4%, v; € ker A
If subspace W; S V then a complement of W, in _2
Vis asubspace W, € Vs.t. Wy n W, = {0} and 44
Wi+ W, =V. 22
ieV=w+w, Letv, = Av; = ‘22 € kerA

0
Extension

Suppose Wy, W, €Y €V Find a vector v; s.t. kerA = spivy, v, t,v; = ‘0‘
2

W, nW, ={0}butW, + W, cY
CanfindW; D Wyst.Y = W, + Wy 000 0
. lo o 1 of_ 0 1.0
Note: Nimpotence Alg=10 0 0 1 —|0|69|0 0 1|—]1 D Js
If T is nimpotent of order k, then m(x) = x* 00 0 0 000
and pr(x) = x™, n =dimV
Complement Example

Theorem Suppose V = R3
T € L(V) is nilpotent < there is a basis in 1 0
which T is strictly block upper triangular W, = span %el = |0|,ez = |1H

0 0

1
then W, = sp{ |0 | % is a complement but W, = sp % |2| % is also a complement
1 3

%

*
*

1

In general W," = span {

Find a Complement

To find a complement, choose a basis for W;, say vy, ..., v, t extend to a basis of V
AV, o, Vi, Vi 1y s Ut let Wy = span vy, q, ..., vyt

Then W, is a complement of W;

Proof of Extension

Same proof:

Chose basis for W;, W, combine and extend to basis for Y. Remove W, basis and have remainder is
span of W;

Proof of Nimpotence note

T¥and T*"1 %0

qlx) = x*

=2q(T)=0+q €] =ipx):p(T) =0f = (myg) =impx)rx)t
Somy| x* «» mp(x) = x4 forsomed < k

ButT#¥ 1 # 0sod =k - myp(x) = x¥

Y
>
O * * pr(x) has the same roots - 0 is the only root of pr
lO K b deq (pr) = n - prlx) = x"
O L Y} Proof of Theorem
=
.. X Look at
Vo =10tV =KkerT,..,V; = ker T, v, Vi = kerTk =V
0 W0f=VycVycCV=V

If I choose a basis vy, ..., v, for V; and extend to basis vy, ..., U, Vp, 41, -+, Un
And S0 0N to Vy, .., Uy, Uy 41s s Vngs oos Vimg_ g #1)0 0 Vnge

2

T is block upper triangular with diagonal blocks = 0.
«&Strictly block upper triangular
Conversely, if T4 is strictly block upper triangular then T is nilpotent
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Suppose T =Jp, @ Jn, © - D Jn,
N <N, < . Sy
kerJ, = Fe;
kerJ2 = spiey, e,}
kerJi = spiey, .., e;t

oy _yiifisn
il Un) = {nifi >n
nul(]nl @ Ga]nk) = k

2

null(fn, @ @ Jn,)

Example

T=] @]1 @]2 69]5 69]7
nul (T) = 5,nul(T?) = 8,nul(T3) = 10, nul(T*) = 12,nul(T®) = 14,nul(T®) = 15,nul(T”) = 16
=dimV

nul (TY) — nul(T1) = linjin; = it = linjin; = if| + in;in; > if

= lnpny =it + [npmy 2 i+ 1 = Hnginy = i +nul(TH1) — nul(TY)
s njiny =il = 2nul (T) — nul (THY) —nul (TE1)
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Nilpotent Jordan Canonical Form

October-03-11
9:37 AM

Theorem

T € L(V) nilpotent of order k, then T is similar to a direct
sum of Jordan nilpotents.

T~Jn, @ Jn, @ DB Jn,

k=n=2n, > 2ng

Moreover,

Bng = jt = 2nul(T/) — nul(T7*1) — nul(T771)
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Proof of Theorem

(taken from Herstein, Intro to Alg)
Inductiononn = dimV
n=1T=101=];

Now assume it holds for dimV < n
Tk =0+ Tk?
Ju; €EVs.t.TF 1y #0

Claim
{uy, Tug, T?uy, ..., T¥ 1w, }is linearly independent.
k-1
If 0= > ‘aiTiul , a; not all zero, then 3i s.t.a; = 0 Vi < ig,a;; # 0
i=0
[ee]
0 =Tkt ( D aThy ) =a;, T uy + a; 1 T¥uy o= 0y, Ty

i=0
TF1y, #0=a;, =0
~ linearly independent

LetU = spi uy, Tuy, ..., TF"1uy)
dimU =k, TUCU

A=T |U
{(Tiul) =THy 0<i<k-1
(TF1y) =0
A~

Need to find subspace W s.t.
1) UnW =10t
2) U+w=v
3) TWEW
2V=U+W
>T~T| ©T|

U w

o k k
o=t =] ) @(r] )
B=(T |W) is nilpotent of order < k

By induction, B~J,,, @ Jp, @ - D Jn,
S T~Jk @ Jn, @ D Jng

Take a maximal subspace W satisfying
1) UnW =10t
2) TWESW
So U 4 W is direct
Claim: IfTve U+ W,soTv=u+wu € U,w € Wthenu = ).?;11 aiTiul

k-1
Letu = >‘aiTiu1
i=0
Tv=u+w

= 0=TFUTy) = Ty + TH Yy

evU €W becauseTU € U, TW W
UNW =10t~ Ty =0,T*lw=0
0=Tk1loyu, =2a,=0

ClaimU+W =V
Suppose otherwise. Pickv ¢ U + W
Lookatv ¢ U+ W,Tv,T?v,..,TF ln,T"v =0 e U+ W
2y, =TweU+W,butTv, EU+W
Tvy =u; +wy ,up EU,w, €W
k-1 k-2
Uy = > 'al-T"ul = T( > ‘ai+1Tiu1 ) =Tus
i=1 i=0
Letv, =vi —uz U+ W
Tv, =Tvy —Tuz = Uy +Wy) —u, =wr, EW
LetW' = spaniW,v,t o W
TW' = spaniTW,Tv,t c W c W'
w'nU =10t
(otherwiseav, +weW =u€elU=2a=u—-weU+W=>a=0=>W=0U=0

So W is not maximal w.r.t 1), 3) a contradiction.SoU+W =V ~V=U+W
This completes the proof. B

2nd Proof

More constructive

LetN; =kerT'0<i<k
{0t=NgcNcNyc-—-c N, =V

Choose a complement Wy, to Nj,_q: Ny + W, =V
Choose a basis wy, ..., wy, for Wy

Wy, Ty wees T*=1w; all non-zero

As first proof, they are linearly independent
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spanin,...,Tk_lw]-} ~Jr
Claim
Twy, Twy, ..., Ty, are linearly independent, and spiTwy, ..., Ty, t N Ng_, = 10t

Proof
,

Suppose > a;Tw; =v € N,

i=1
T r

ATH2 ) qTw; =TK 2y =0 = T’H( >.aiwi)

i=1 i=1
r

% ) aw; € Nioy N Wy =10}

i=1
iw;tlin.indep. > a; = 0
~ATw;t lin. independent, spiTwy, .., Twy, | N N, =10t

Ni_p + spiTwy, ..., Twy, } € Ng_4
Find Wy_y s.t. Ny, + spaniTwy, .., Twy, | + Wiy = Ny
Choose a basis for Wy_11wy, 41, ..., Wy, |

Claim
Suppose N; = N;_; + U}, j = 2. U; has basis uy, ..., up,
then iTuy, ..., Tuy, t is linearly independent and spiTuy, .., Tup t N Nj_, =10t

Proof
m

If >.aiTui =vEN_, =T/ ( > ;T ) =T/I2y=0=Tk! ( > auy )
i=1

= » au; € Nj_y NU; =10t
~aq;=0v=0

Then I can extend {Tuy, ..., Ti;, | to a complement of N;_, inside N;_; by adding new basis vectors

Vrpj#10 o Vrpyq

This process builds the Jordan form. Get dim V — dim(Nj_ ) blocks of length k
Our formula was

2nul(T*) — nul(T**1) — nul(T*1) = 2n — n — dim(Ny_;) = dim V — dim(N,_,)
N= N+

dim U; = dim N; — dim N;_; = # of Jordan blocks of size = j

nul(T/) — nul(TI71) = |in; = ji|

nul(T/4) — nul(T/) = kn; > jH

2nul(T/) — nul(T7+Y) —nul(T/71) = Bn; = jiHI



The Algebra of Nilpotent Transformation

October-05-11
10:05 AM

Homomorphism
A homomorphism between two algebras A and B over
aring Kisamap F: A — B with the following
properties:
VkeK,x,y€A

1) Fixk) =kF(x)

2) Fx+y)=FWx)+Fly)

3) Flxy) =Fx)Fly)

Modulo Polynomials

If m € F[x], (m) ideal of all multiples of m.

Say p = g mod(m) ifp —q € (m) =m|(p — q)

Make Flx1/(m) into a ring. Elements are equivalence
classes.

Ipl =1q = p mod (m)}

Ipl£lql=1Ipxql

Ipligl = Ipql

Check that this is well-defined.

If p, = p, mod(m), q, = q, mod(m)

(pytq1) —(p22qz) =(py —p2) + (g1 —q2) € (M)
PEta=Eptq

P292 —P1q1 = (P2 — P1)q2 + p1lqz — q1) € (M)

P2q2 = P11

Algebra
An algebra is a set A which is
1) Avector space over a field F
2) Has an associative multiplication
3) Distributive law
alx *y)=axxay,
Ax +y)=2Ax + 1y,

a,x,y€A
AEF

Algebra of Nilpotent Transformation

T eLW)

A(T) =spiI,T, T4 T3, ..t =ip(T) : p € FIx|}
There is a map from

Flx1 = A(T), &: p - p(T)

This is a homomorphism. i.e.

a,B €F,p,q € Flxl

(ap + Bq) » (ap + g)\T) = ap(T) + Bq(T)
(pq) = (pg)(T) = p(T)q(T)

Lemma

IfT% =0+ T% 1, p € Flx| then
1) p(T)isinvertible < p(0) # 0
2) plT) =0 x%p
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Equivalence Class
0 1
0 1 |
0 1 1
0 1pxk
plx) =ag+ a;x + -+ apx™
p(T) =aol + 1T + a;T? + - + a,, T™

I
.
L

(%) & . 0 .. Ap_1
] e
Qo 0 0
aQy 4 Ag-1
= Ay I
Qo
If q is some polynomial g(x) = by + byx + -+ + by, x™
p(T) =q(T)
<aq=bfor0<i<k-1
= xk|(plx) —qlx))

< p = qgmod(x¥)

Algebra of Nilpotent Transformation Explanation
T¢=0=#T4?!

map is linear, preserves product

Show p(T) = ®(p) = Plq) = q(T) @ p—qe (x?) =xIp-q

m € Flx|

Flx1/(m) is a "quotient ring" of polynomials modulo m.
p=qemlp—q

W: Flx| - Flx1/(x%) is a homomorphism

Showed if p; = p;, 41 = g2 (mod x®) then ap; + fq1 = ap; + Bq, and p1q; = poq, (mod (x¢))

~ maps are well defined

ker ® = (x%) = ker ¥

Flx] »® A(T)

Flxl -¥ Flx]/(x%)

Flxl -»® A(T)

Can defined @~ by @~ (Ipl) = p(T)

Well defined p; = p, (mod x?) then x%|p, — p,
(p1 — p2)x) = x%r(x)

PilT) —po(T) =T (T) =0

= pi(T) = py(T)

~ @~ is well defined

Claim: @~ is 1-1 and onto
P (lp) =0 p(T) =0

Proof
2) prlx) = x4
p(T) =0 x%
Write plx) = ag + ayx + azx? + - + ayxk,
pl0) = a,

D

If pl0) = ay = 0 then plx) = xq(x)
~p(T)=Tq(T)
T is not invertible . p(T) is not invertible

Ifpl0) =ay#0
plx) = ap(1 + xqlx))
p(T) = ayll +TqlT))

Proof 1:
T upper triangular, 0 on diagonal

ay -
p(T) = | |
Qo

~o(p(T)) =1agt # 0 = invertible

Proof 2:
Letf = apt (1 —Tql(T) + (Tq(TJ)2 ey (_1)deq(T)d)
1
PUTIB = ao (1 +T(q(T))) — (I = Tq(T) + (Tq(T))% =+ (—1)4T4q(T)4)
0
=1-Tq(T)+ (Tq(T))Z — e+ (=1)Tq(T)% + Tq(T) — (Tq(T))Z L
+ (=17 GT)HT = [+ (—d)4THq(T) = |



P~ is1-1
@~ is onto, @~ Upl) = p(T) € A(T)

IfO~(Ip) =@~ (lg) ® d~(lp—ql) =0=xtp—-qeo Ip—ql =0 Ipl = [q]
&~ is an isomorphism
(It is a bijection, homomorphism, and ®~ is a homomorphism)

|
Did thisforT = J; = I
L

General case
T=Jn, @Jn, D DBJn,

n=n; =N, = =ng

0 1
0 ol e
r= .o €B| 0 1|€9| | @ 101 @ 101
! o 1 | ol o
L |
0 axa
plx) = ag + ar;x + ax; + - + agx*
Ay a; Az .. Qqp
I A a4y | a, a; a,
T :I - | an a ap 4
Pt I | ® 0 169|0 a|€9laol®la0|
L Qo @ | [ 0

A gxa
p(T) > ply), p(T) € AT),pYa)AUy)
A{y) » AT)
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Jordan Forms

October-07-11 Proof of Corollary
10:09 AM prix) =x — )" & pr_yx) =x" & T — Al isnilpotent
Jordan Block Goal
A 1 . The goal is to prove that if p;(x) splits into linear terms pr(x) =
AJordan block is a matrix J(4, k) = Al + ] = | ' A. 1 ‘ 115, (x — A;)¢ then V splits as a direct sum
1 V=V, +V,+ -4V, whereV; = ker(T — 1;1)¢

Jordan Form

A Jordan form is a direct sum of Jordan blocks Then Tis similar to

T~(T|v1)EB(Tlvz)@'“@(“vk)=T1€BT2€B“'®T1¢

From the nilpotent case, we get e:
(1; = 1)/, = {0}

Corollary .
IfT € L(V) and prix) = (x — )" then my(x) = (x — 1)@ where ker(T — A)?~! ¢ So(T; —41)7 =0
ker(T — A1) = ker(T — AI)4*! and T is similar to (Tj = A1)~J(4,m;1) D - D J(A,m,)
T~JALn) BJA4n,) @ - DJ4ng),d=ny <ny < <
Moreover, ) ] ) Proof of Lemma
Ru; = ifl = 2nul(T — A" — nul(T — A" — nul(T — 2"1) x € Nj, then (T — AI)Jx =0
AT = TAthen (T — M) Ax = AT —Al)x =0
Lemma , ‘ = Ax € ker(T — AI)J
IfT € LIV), A € Fthen N; = ker(T — AI)’ and R; = range(T — Al)* are invariant
subspaces for T (and for any A s.t. AT = TA) Ify € Ran(T — AI),y = (T — Al)x

Ay = AT — M) x = (T — AI)J(Ax) € ran(T — AI)/

Ja ker]q = spley, ..., e}
ranjy = spien_i, en—it1, s €it
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Jordan Form Theorem

October-12-11
9:32 AM

Lemma

T € L(V) s.t. (T — AI)% = 0 thenif p € F[x],
p(T) is invertible

o

p(1) =0

Lemma

TeLlV)Aea(T)

Let N; = ker(T — AI)}

R =ran(T —AI)L,i>0

Suppose{0} =Ny &S N; € - &S N; =Nyyq

Then Nd+j = Nd V] >1
andV=Ry;DR; D DRy =Rgy;Vj=1
andV:Nd‘i‘Rd

Lemma
T e LWV)

ker(T — AI)31 ¢ ker(T — AI)% = ker(T — AI)%*1

Then my(x) = (x — 2)%n(x) wheren(1) # 0

Theorem
T € L(V)
Assume pr(x) splits into linear factors

S
prix) = I |(x — A&

i=1
N

Letmy(x) = | |G —2)%

i=1
V; = ker(T — A;1)%
ThenV =V, +V, + -+

Corollary
If pr(x) splits
V=V -4V
T,=T| €L

Vi
then (T; — A;1)% =0
T~T1®T, ® DT
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Proof of Lemma

T — Al is nilpotent
T—M~]y, @@ Jn,
T~J(A,n) D DJAng)

Expand p around x = 4

plx) = ap(=pA)) + ag(x — 2) + az(x — )% + - + ay(x — )"

p(T) =pWI+a (T -+ ...+ a, (T =AD" =pV)I + (T — Aq(T)
(T — AI)q(T) is strictly upper triangular

Invertible & p(1) # 0

Example
01000 O
/001000\
0 000 O0 O

T_|000210|
\000020/
0 000 O0 3

N; = splei}, Ry = spley, e;, €4, 65,66}

N, = spleq, e}, R, = spl e, ey, e5,66t
N3 = spi ey, ez,€3} Rs = spl e, e5,e6}
= Sp{ €1,€3,€e3 }! R3 = Sp{ €3,€s, 66}

Ny

Proof of Lemma

Ng4+1 = Ng, Proceed by induction

Assume Ny, j = Ngij1

take v € Ny j41

(T - /11)1} € Nd+j = Nd+j—1

AT =AD" T -y =0= (T — A v = v € Ny j
dim(N;) + dim(R;) = n

~ Ny € Nipq1 © Ry D Ry

SoR44j=RgVj=1

Claim

Nd N Rd = {0}

Takev € Ry~ 3x €V s.t.v = (T — A)%x
vENg ~0=(T—A)% = (T — A%
SXE de = Nd

Sov=(T—-AN%x=0

Nd an =10}
SOdimNd +Rd = dlmNd +dlde =n
o Nd +Rd =V

Proof of Lemma

Factor my(x) = (x — 1)én(x) where n(1) # 0
Let N; = ker(T — AI)¢

From Lemma, n(T)ly,, is invertible on L(V)

Claim:e > d

Take v € Ny \ Ng_q =~ (T — A% v # 0
2n(THT = AN £ 0

2n(THT =A% #£0

& e =dbecause 0 = myp(T) = n(T)(T — AI)¢

Claime =d

Since 0 = mp(T)v = (T — A)én(T)v
= np(T)v € N, = N4 (sincee = d)
=S (T—-AN)%*n(T)v=0

= (T — AD%(T) =0

mr| (x —1)%n(x)ore=d

Proof of Theorem

Let R, = ran(T — A, 1)%, Know V = V; + R;
Claim: V; € Ry fori = 2

|(x _Ai)dil(/h) = - li)di *#0
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V; and R; are invariant for T and hence invariant for (T — 1;1)%
(T — A% | isinvertible

Vi
Takev € V;,i =2 2. Writev=n+71,n€ N;,r ER,
0= (T - D% =(T —AD%n+ (T —AD% r=0+0
(Because of direct sum, both terms are 0)
Since (T — 4;D)ly, isinvertible n =0~ v=r €R,

Now we can prove the theorem by inductionon n = dimV
n="1T=|Al
A, = A, Vy =V Done

Assume result form < n
V=V,+R,T=T +T =T S
1 1 |V1 |R1 1D

(T, =A% =0

Sactsin R{,dimR; <n

T~ |7(;1 g|onV=1\/1+R1

pr(x) = PTl(x)Ps(x)

pr,(x) = (x —21)%, e, = dimV;

ps(x) = (x — 2)%(x — 23)% ... (x — A4)®%
By induction Hypothesis

R =V, 4+ V544V

~ ker(S — A;1)% = ker(T — ;1)% S R;



Applications of Jordan Forms

October-14-11
9:43 AM

Jordan Form Theorem
FF algebraically closed (or py(x) splits into linear terms)
S

T € LW),prix) = | |ex—2,%
i=1

Then T is similar to

S @k ©

>, > JAymy )

i=1 j=1

where n;; > niki,L;{i:l n;=e

Moreover, for eachi, [in;; = rtl = 2nul(T — A;,1)" —
nul(T — 4,1 — nul(T — 4,1)7

Note

Jordan blocks can be used to answer similarity-invariant

questions.
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Proof of Jordan Form Theorem
Already been done
V=V,4+V,+ -+ V, whereV; = ker(T — ;1)

Each V; is invariant for T, and T; = Tly,, then (T; — 4;1) = 0

ki ©
2T~ ) JAungg),
j=1
Cardinality of # {n;;, = r{ was done

>‘Tli’j = dlmVl =é€;

Example
Which A € M3(C) satisfy A3 = I?

IfA®=1and A~BB = SAS ' then B3 = SA3§ 1 =§§"1 =1

Look for similarity classes of solutions
5]

Say A~ Y JUy,k;)

@D
A3~ J k)

Lookat J(A, k)3 = (W1 + Ji )3 = 31+ 323 + 342 +J3

NeedA> =1and34?2=0ork=1
1 .1
~1€{1,e™,e " Mslandk =1
So A is diagonalizable A~diag(A,,15,15), A3 =1
Count similar classes:
All A; same 3
2 same 1 other 3 X 2
3 different 1
=10

Example

Find all A with p4(x) = (x —4)*(x + 1)% and m, (x) = (x — 4)3(x + 1)?

= dimV =7 = degp,

nul (A — 41)* = nul(A — 4)3

nullA +1)3 = nul(A + 1)?

Size of largest Jordan block is 3 (from m,(x))
=>A4A~j4,3)DJ]4,1)DJ(-1,2)DJ(-1,1)

Example
Find all A with p,(x) = (x + 2)*(x — 1)3
and my ., = (x +2)%(x — 1)

dimV =4+3 =7 =degp,

aglAd) ={-2,1}

nul ((A+21)7) =nul((4+21)?) =4
nulld —1)7 =nul((A-1)') =3

A~J(=2,2) @ J(=2,k,) D J(=2,k3)
24kythy =4
®J1,1)B /1,1 HJ1,1)

Two chosesk, =2ork, =k; =1
Gives

-2 1 -2 1
|0 _Zlealo _2|®I3

or
-2 1

| o _2| D121 1-21D I3

The similarity classes of these are the solutions

Example

Which matrices have square roots?
n e

Suppose A~ > JQ4 k)

i=1
Then A%~ 2.9 J(1;, k;)?
2

11 . ,
A
olB) = 122LIFA # 0 then (B — 221 = |0 24 1

(k=1)
(B_Az“k-1:|0 0 0 @ 1|

Jordan form for B is J (A2, k) '

Conversely, if A # 0 J(A?, k) has a square root.

A

5|’1:2 10 °|s—1=|’1:2 22 1 . 0|:|



51 |s
2

2=0

00 1 0
Je=1 I

0010000
lo o o1 000 0100 o 1 0
I0000100|~0010@|001|
0000010 oo o 1|*¥F 0 ¢
000000 1 0000
00000O0TO00O
Ifk > 2

]1%~]|5| @]lgl

2 2

So if A is a square, the nilpotent part of A must come in pairs of size differing by 0 or 1

Plus we can have as many J; s as we want

Soeg A~J(1,7) @ J(2,9) @ J(0,5) & J(0,4) B J(0,3) P J(0,3) D J10,2) & J(0,1) D J(0,1)
Is a square
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The Algebra A(T)

October-17-11
9:30 AM

Generalized Eigenspace
Vi = ker(T - )].i)ei

Idempotent
AmapE is idempotentiff E2 = E
Projections are idempotent

Proposition
S

T € L), pr(x) splits, prix) = | |x — 2%
i=1
Let V; = ker(T — 1;)¢
Then the idempotents E; in L(V) given by
N

Ei(v) = E; ( > 'v,-) =v,,1<i < sbelongto A(T)

j=1

Chinese Remainder Theorem
my,my, ..., mg € N relatively prime
(ged(mg,m;) = 1 for i # j)

Then x = a; (mod m;) has a unique solution
S

xX=a (mod | | mi) for every choice of a;
i=1

Z->Z/MmMZ->ZLZ/mZDL/mZ® - DZL/mZL

n - n(mod m)

~ (nmod(my),n mod (my), ..., n mod (my))

CRT says
Z/mL - Z/mZDL/m,Z P - P Z/m L
is a bijection.

Chinese Remainder Theorem for Polynomials
Ifm;(x) € Flxl,1 <i<s,ged(m;,m;)=1i+j
then if p; € F[x], the equation p = p, mod(m;) has
a unique solution modulo m = mym, ...my

Theorem
S

T € LW),prsplitsmy = | [ — 2%
i=1
Then A(T) = A(T|Vl) GBA(T|VZ) ®-a(r] )
A(T) & Flxl/(m,)
A(T|Vl) @A(T |V2) ® "'A(T|VS)
o Flx|/(my) @ - @ Flxl/(my)
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The Algebra A(T) Description
T € L(V)

A(T) = spanil,T,T?,.., T* 1, ..}

prlx) =x™+ -

Cayley-Hamilton Theorem: p+(T) = 0
n-1

T"=— > a;T' € spaniT,T,..., T""'}

i=0
n-1

T = — % Tk € spll, ., T} = spil, .., T}
i=0

by induction.

Infactmy(T) = 0, myp|prdegmr =d <n

d-1
T¢== ) KT
i=0

Same argument shows A(T) = sp{ I, T, ..., T4} dim A(T) = d = degmy

p.q €F[x] p(T) =q(T) & (p —q)(T) =0 & mr|(p — q) © p = gmodimyr)

Flx| = A(T):p » p(T) is a homomorphism; It is linear and multiplicative.
Flx| = Flx|/(m7):p » [p] is a homomorphism
Flx|/(my) - A(T): Ipl = p(T) is an isomorphism.

Proof 1 of Proposition
S

Letmp(x) = | |t = 2%

i=1
V; = ker(T — ;)" )
So for a polynomial p(T) to satisfy p(T)v = 0 Vv; € V; need (x — 4;) ' |p

Letq;0) = | [(x—2,)"
j#i
Then q;(T)v; =0Vv; €V}, j # i
Look at q;(T)ly,. Tly, = 41 + N;, N; nilpotent

d.
q:(T) |Vi =q; (T|Vi) =q;(A4) = | I(Ai —4)7#0
J#i
By Lemma, g;(T )y, is invertible. Moreover, the inverse is a polynomial of T

(recall,N =T — A1 nilpotent q;(N) = ay(I + Nr(N)) = q;(N)~?!

1
= a—(I — Nr(N) + N?r(N)? — - ) terminates N¢ = 0)

(]
So there is a polynomial r; € Flx| s.t. ¢;(T) = q;(T)ry(T)ly, = Ily,

Lete;(x) = q;(x)r;(x)
LetE; = ¢;(T) € A(T)
'l]j € V},] * i, Ei'l]j = TL(T)QL(T)V] =0

Ewvy =
S

Ei( >v]) =

j=1
Efv=Ev=v,>E}=E

Proof 2 of Proposition
Consider qy, ..., qs, q; defined as before

ged(qy,qz, . q) =1 ) Ey =1

By the Euclidian Algorithm 37; € F[x] s.t. X.3_; qir; = 1
Lete; = q;1;,and E; = ¢;(T)

Eiv = Ei(vl + -+ Vs) = ri(T)qi(T)(Vl + -+ Us) = El"l?,: € Vi (ql(T)U] = 0,] * l)

n

n
v=Iv =(>-Ei)v= >-Eivi
i=1 =1
s +
Direct sumV = > V; - unique decomposition
i=1
14 =Eivi' i= 1,2,...,5
~ E? = E; has range V; and kernel =iV

Example of CRT
m=6m; =2,m;=3



Z ‘7/67. | (2/22,7/37)

0 0] (00
11 @
2 21 02
3 3B 1o
4 4 o1
55

(1,2)

Proof 3 of Proposition
S

By Proof 2 we gete; = q;1; € Flx| s.t. > -ei(x) =1

i=1
Letm;(x) = (x — 2;)%,ged(m;, m;) = 1Vi # j
Letm = my(x)m,(x) ... ms(x) = mp(x)
Now e; = 0 mod(m;),j # i
N

1= >‘ej =¢; (mod m;)
j=1

. _40modm)j+#i

€ 2%1 (mod m;)i =jr

To solve {p = p; (mod,,,) i < i < st
S

Letp = >‘piei(x), p=pix)-1+ >‘pj(x) -0 = p; (mod m;)
i=1 j#i

p=qmodm)i<i<s

eomlp—-qg)l<i<semlp—q) ©p=q(@modm)
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Jordan Form Application Example use of Jordan Form

October-19-11 TeLlV)mr= I |(x — A4
9:25 AM
P .t- @

roposition A(T) = Flxl/(mp) = Y Flxl/((x— )%
T € L(V), pr splits /imr > /( i )
Then T can be expressed uniquely as T = D + N where D is V; = ker(T — A;1)%
diagonalizable and N is nilpotent and DN = ND. V=V iV, 4+ +V

. T,=T| ,mp=(x—2)%

Cyclic Vectors ' |Vi = T A
T € L(V) has a cyclic vector x if spix, Tx, T2x, ..., } =V T~T1 @, & BT
T is cyclic if it has a cyclic vector. p(T)~p(T1) @ p(T2) ® - D p(T5)

but p(T;) = q(T;) if f p = q (mod (x — A;)%)
T hasa cyclic vector iff my = pr
Express p(x) as a Taylor around A;

Theorem plx) = ag + ar(x — 4;) + az(x — 4))% + -
T € L(V) TFAE O

1) Tis cyclic Ti~ >,’1i1 +]nij

2) mr =pr 310 o0

3) T has a single Jordan block for each eigenvalue 03 1 0

] =

Remark g 8 g ;
1 & 2 is always true, does not require pr(x) to split. plx) =1+2x2 +x3

p(3) = 1+29 +27 = 46
p'(x) = 4x + 3x2

p'(3) =12+ 27 = 39
p"(x) =4+ 6x,p"(3) =22

pPx) =6
71(3) (3)

ple) = p(3) +p'3)0x = 3) + o =302 + B - 32
=49439(x —3)+11(x —3)2+ (x —3)3

46 39 11 1

“lo 46 39 11

PD=10 0 46 39

0 0 0 49

Proof of Proposition

SQ s. ki‘
T~ >,Ti~ > >.’1i1 +ny
i=1

i=1j=1

i
D = > AE; , E; idempotent ran(E;) = V;, ker(E;) = > V;

s
i=1 j#i

Disapolynomialin T, D = X L,E; = (X 4;€;)(T)
~TD = DT
D is diagonalizable
s ki
N=T-D~ > >,]nij is nilpotent
i=1j=1
Nis alsoin A(T)

Uniqueness

Suppose T = D, + Ny, D, diag, Nq nilpotent D;N; = Ny D,
Dy commutes with D; + Ny = T . D; commutes with A(T)
~ D; commutes with D, N

Similarly, N; commutes with D,N

D; commutes with E;. If v; € V;, v; = E;jv;

Dlvi = DIEivi = EiDlvi € ran Ei =7

So V; is invariant for D; (and N;)

D, =D, |V1 @ D, |V2 ®- @D |VS
D =Nl |V1 ® 2,1 |VZ DDAl |vs

Each D, |y, is diagonalizable so (D; — 4;1)ly, is diagonalizable
~ Dy — D is diagonalizable ~diag(uy, uy, ..., is)
D1 + N1 =T=D + N
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-'-Di_DzN_Nl

2n
(N = NP = > (-1)) (zlﬁ)Nfo"‘f =0
j=0
(Because N, Nlj commute, first =)
(Second =)j=znN;=0,j<n=2n—j=n- len_j =
0 = (D; — D)*"~diag(u?"&u3", .., u2") . p?" =0=>u;=0=>D, =D
“Ny=T-D;=N
]

Cyclic Vectors

Ifmr(x) =x% +ag_)x* 1+ +ag
0=T%+ay_T**+ -+ a;T +ayl
T4 = —ay_T* 1 — . —a;T —apl

~ T € spix, Tx, ..., T4 x}

So spix, Tx, ... } = spix, Tx, ..., T% 'x}, where d = degmy(x)
dimspix, Tx, .., T4 x} < d
A necessary condition for T to be cyclicis degmr = n,i.e.my = pr

Note that my = pr < there is a single Jordan block for each eigenvalue.
mr(x)
n

= | |(x — ;)% ,where d; is the size of the largest Jordan block for A;

i=0
s @

T~ > (Al +Jg,)

i=1
A Jordan block with basis {ey, ..., ex } has a cyclic vector e;,
Let v; € V; be a cyclic vector for Tly,
Letv=v; + vy + -+ v
Claim: v is cyclic for T
E; € A(T) Sov; = E;v € A(T)v = spiv, Ty, ... }

ATEy € ATV =V, S AT =V = ) V= ATy



Linear Recursion Revisited

October-21-11

9:31 AM

Linear Recursion Formulae
Given xg, X4, ..., X—1 and the linear recursion xj.,, + ay_1Xg4n—1 + Ap_2Xgan_2 + ...+ aox, =0
Find a formula for x;,

LetA =

Xk
Xi+1

Xk+n—-1

Fk(x) =

0 1 0
0 0 1
0 0 0
—Qy —
Xo
— gk Mt
Xn-1
x -1 0
0 x -1
0 0 X
a, a;

Factor p,(x) = I I(x — ;)%

Case 1: n distinct roots .- n is diagonalizable

i=1

A~diag(Aq, Ay, ..., 1)

Letv; =

Avi=(

Express

xk

( -1 ) = Ak ( x1 ) = A¥(byvy + - + byvy) = by AV, + byAkv, 4+ - 4 by Ak,

Xk+n—1

1
A% = AUl' =

\iyms/

Ai
2 \
Pl =4

i
At

So vy, ..., v, is the basis that diagonalizes A.

Xo

Xn-1
Xo

Xn—1

/

\_ao — Ay = A g AT
—ag —aydy — = An g AP = AT —pa(h) = A7

So|x, = byA¥ + -+ + b, AK]

The set of possible sequences we get is the linear span of (1,Ai,/1f,ll3,

Note

If p € C[x] has repeated roots, say p(x) = (x — 1)2q(x)
Thenp'(x) = 2(x — Dg(x) + (x — 2)?q'(x) = (x — Dr(x)

Ifpx) = (x—2A)qx),qA) #0
p'(x) =qx) + (x—21)q'(x)
p'(A) =qx)#0

So p, p’ have a common factor (x — 1) iff A is a root of p of multiplicity > 2
=~ p has simple roots & ged(p,p’) = 1

Case 2

Repeated roots:

pax) = |S|(x—/1i)di

i=1

Ahasa cyclicvector e,

) = blvl + -+ ann
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)

=x"+a,_x" 1+ a, ,x" %+ +a,

(bl/l’l‘ + by Ak + o+ bnlﬁ)



0 0

0o 1 0 0 0 (o\‘ ()
o o 1 o llo : 0
2 — —
A=lo o o 1 [|:|TAol=1
LA A
* *

-~ only one Jordan block for each eigenvalue
s &

A~ ) i)

i=1
Pick v; o € ker(4 — 4;1){4) but not in ker(A — A;1)%~1
Letvi,j = (A — Ail)jvilo, 1 S] < di -1
{vi0) ) Vig,—1} is a basis for Jordan block 4;1 + 4,
So{v;,j:1<i<s,0<j<s}isabasisforV

X0
Write = Z bijvi}-
Xn—1
Whatis A*v;;?
210 0 8 0
0110 : |1
M+]g = 00 1 1:171',0:(')'”11—0
0 0 0 2 1 :
0
A1 0 0fF X de1
011 0] _ e N (R ket N (K gt i
00 2 1| =WT —Z‘(i)’l 1«11—_2(1-)/1 Ja
00 0 A B} =0 1=0
k k-1 k+1-d;
At L)
_ k k+1-d;
e P
0 Ak
Akvi’O = Akvilo + klk_lvi'l + -+ (d E 1)lk+1_di
Akvi’j = Akvi'j + kﬂ.k_lvilj+1 + -+ (I;)Ak_?vi‘di_l

Xo

(5 )=
[

Xo
R
Xk+n—1

xe = ) by (v + kA D 4 ) =) M (o + cuak + pk® + ot kBT =) 2equ(k), degq; < dy
i ij i

) = Z‘ biAkvi,j = Z‘ bi(lkvi_j + klk_lvi,j+1 +on)

Xn-1

General Solution
ok
xe= ) 2qi(k)
i
has n unknowns q;(x) = ¢; o + c; 1A + -+ + ¢ (g- ) A% !

Know x,, ..., x,,_1 solve for ¢;

?olutiorzl sp3ace)is spanned by
1,,A7, 43, ...
(0,2;,22%,343,...)

i L
(0,4;,247122,347123 )
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Markov Chains Label the states £ =11, 2, ..., n}. The probability of moving from state j to state I is

Pij 2 0.S0 2i_1pij =1V
October-24-11

11:25 AM P11 P1n
LetA = Ipyl . = p?l p?n Column sums are 1
Discrete State Space Dri Pmn
A discrete state space X is a finite set of possible states. What is the limitin%{?ehaviour as time — oo?
A discrete process provides probabilities for transition Initial state py = ( ) Attime 1 p; = Apo, pn+1 = Apn Vn 21

an
Interested in lim A™p,
n—-oo

between states at discrete time intervals.

A process is stationary if the transition probabilities are

time independent. Example
A microorganism has 3 possible reproductive states: Male, Female, and Neuter.
A discrete stationary process is called a Markov process. Male one day —» M 2/3 time, N 1/3 time next day
Female one day — F 1/2 time, N 1/2 time next day
Regular Markov Process Neuter oneday - M 1/6,F1/2,N1/3
A Markov process is regular if there is an N so (AN)U- >
0 Vi, j E 0 1|
i.e. It is possible over time to move from any state to any 3 6 Mo
11
other. A=|o0 7 3l Initially po = | fo |, pn = A™po
o
Lemma 11 1J
A=(al-]-)EL(V)n 3 22 3 1
3 0 3]
Let p(A) = max > la;j| (max of row sum) 1 1 1l 1 1 1
<isn N
j=1 AT|1|: 0 = —|1|=|1|IngeneralAt|1|=|1|
Then (4) <1A: 11 < p(A)} v % % 1" 1
Theorem . 6 2 3 . T
_ . o . so 1 is always an eigenvalue since g(4" ) = o(4)
A= (aij) is a transition matrix. -
Then1 € gld) € D =1{A: 1Al < 1t 11 11\%
Moreover, if A is regular then ¢(4) € {1tUD =11t U palx) =(x—1) (xz - Ex - ﬁ)’ o(A) = |1,———| - Diagonalizable
{AAl < 1tandnultA— 1) =nul(A-1)? =1 1 0 0
| - |
Euclidean Norm |0 1+ \I_g 0 | 10 0
— A=S‘1I 2 ISAsn—>00, am=so o o|s=1
Al = | ) > a? I 1- J21 000
~li=1j=1 IO 0 3|
Usual Euclidean norm on R™ L = L? is the idempotent in A (A) with range span(v where Av = vand v is a
probability vector.
Claim
lAB]l, < AN, 1IBII, I—l 0 1 |
Proof 3 1 ? 2 0 -1,1
2 kertA-1) [0 —-= = '—>|0 1 —1||2|=0
IABII3 z2 2 00 0 2
n n n 2 n o n n n L 1 1 2J
= Db ) <o > D[ ek )( ) p2) 302073
i=1j=1 k=1 i=1j=1 k=1 1=1 . 1 . 0.2
By Cauchy-Schwarz inequality Normalize |2 | to get the probability vector v = |0.4|
n n n n 2 0 4’
— ( > > aizk)( > > blzj ) = 14121BII3 Have vectors v, v,, v3 a basis s.t.
s e v v
i=1k=1 j=11=1 1 +J_§ 1 _\I_§
Av =, Av, = vy, Avy = V3
Corollary Ifpo = ayv + ayv, + a417 *
If A is a regular transition matrix, then A™ converges to Po 1 272 373 n n
L = vu® where Av = v, v has entries >;; v; = 1 and 1+ \/_% 1— J_%
ut=(1,1,..,1) anA"p0=a1v+( ) v2+( ) V3 = 4V
This is the idempotent in A (A) with range ker(4 — I). 4 4
Moreover, if w is any probability vector then 1
TEEEOA"W=V u:|1|,ATu:uanduTA=uT
1
u'po=mg +fo+no =1
m, =0
uTp, = uT(A"py) = (WTA™)py =u"py = Land p, = | fn 2 0 | because a;; > 0

n, =0
So py, is a probability vector.
aw =py = lim Apg, 1=ullav)=a;, 2a;,=1

Therefore in the limitas n —» o0 is 20% M, 40% F, 40%N

Proof of Lemma
Suppose 1 € g(A),Av = Av,v # 0
v

1
v= | : | Pick iy such that [v; | = ly;IVl1 <i<n
UTL

[Av, | =

n n
< D Jaiylly| S( _Iaiojl)lviol < p(A)lv;,|
j=1 =1

n
> QigjVj
Jj=1 J

~ 121 < plA)

J
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Proof of Theorem

u’ =1(1,1,...,1) then u"A = u” because column sums are all 1. So ATu = u, or
1€0(AT) =0a(A)

p(AT) = maxi1,1,..,1t =1 ~ 6(4) = 6(AT) € D by Lemma

Proved first part, now prove that (1, ..., 1)7T is the only eigenvector for 1 or -1
Ais regular so 3N such that AN = (cij)cij >0

Observe that AN*! has strictly positive entries.
Uy
Uz

Suppose 1Al = 1,ATu = Au, u= *0

Un

Repeat argument in Lemma for (AV)T and (4AV*1)T
AN = (g5 )T has row sums = 1

Pick ig s.t. [u;y| = lu;l Vi
n n n

>,Cii0ui| <5 ) il <5 ( > ciiy ) [uig| =4 lug,
i=1 i=1 i=1

1: Since 2Nu = (AY)Tu

2: Since ¢;;, > 0 do not need absolute values about them.

3: An equality iff ;) = u;Vi

4: (AV)T has row sums 1

This is an equality therefore if u;, > 0 then u; > 0 Vi.

3 must be made equal so u; = u;, Vi so 2 is also an equality.

cu=u, = e[t}

clu=ATu=u=1=1
Soog(4) € {1tuD
nul(A—1)=nul(AT—1) =1
=~ Single Jordan block for 1

luzy | = 1AV g, | =

S
AU + ) @ ) JUi k), 1241 < 1
i=1

e +Ji = STUAS

S
(STHAS™ = U+ )™ @ ) Jy k)™,

i=1
Foridl <1

JA K™ = Qi+ Ji™ = 7% + () e+ () A2 44
(/-{m mam-1 ( m )Am+1—k

m

k-1 ) Am+1_k]llc(_1

= k—1

)—>Oasm—>oo

Ut gom=(1 ™ = (k—1))
m=1: (1) > (1) '

m 2 2:(T) I+ 0% 2 m >

On the other hand

ISTIAS)™I, = NSTLA™SI, < ST, IA™ 1, 1S
A™ is a transition matrix so

n
>‘bij=12bij20
i=1

b? < b;

=

n
SollA™iZ = )
j=1i=1
53]

”u O™+ D J kg )'"” = IISTTASI < ValSl IS~y

n n
bi< ) D by=n
J

j=1i=1

®
”u +™m+ ) ‘](Ai,ki)m” >mifnulld—1)2 >2
snullA—1)2 =1

Proof of Corollary
The last argument shows that
s

(STASM = (@ ) JU k)™ > (1) B0

i=1
This is the idempotent in A(T) with range ker(T —I)
Am=ST"S 15 S((1)@O0)s =L

L is the idempotentin A(A) with range ker(4 —I)
SokerL = spanjker(4 — 1;)%,1 < i < s}

Letv € ker(A —1)
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1

Knowu = ( 1 ) is an eigenvector for A7, eigenvalue 1

SouTA = u. Lookat A™ (%u)
1 1 1
u’ (Am—u) =A™ -u=u"-u=-=1
L n n n
u is a probability vector (w prob. vector & w; = 0,utw = Yw; = 1)

1
T(am_,)—
u (A nu) 1 .
(Am)ijZO:(AmEu)iZOVi
Eventually (A™);; > 0 = (Am%u) >0

1 1
Lgu = lim A™ ;u = cv, probability vector

m—oo
ranL =Kker(A—1)=1v
Normalizevsothatu'v=1=.c=1
1
A™|—
(u)-v
V1 V1
17=A17=Amv=(bi]-)( : ):( : )
UTL Un
Formlarge m;; > 0,v; = 0
n

SV = >‘b”vi >0
j=1

L € A(A)
LA = lim A™A = lim A™"1 =1
m-—oo m-—oo
AL = lim A™*1],
m-—oo
Write
L=1a,&a,&...&a,1,a; € R"
L=AL = |Aa;&Aa,& ... &Aay, |
~Aa; = @, 50 a; = ;v

Similarly,
i
B3 n
L=|P2[,BER
Br
BiA
L=1La=|PiA

%A
n
“ A= or ATB =

ﬁl =diu,u=(})

So each row of L has all entries the same.

%1 VT V1 .. U
2] Vy VU .. Uy
Ifv=|.|=L=c|. . . |
VU Up VUp .. U
Lis a transition matrix . ¢ = 1
Vi Vi .. Vg 121
Vy Vy .. Uy 2
L= 5 . =11 o1
Up Vp .. Uy U
Wy
w2 s
w = | " | probability vector
Wn
lim A™w = Lw = (wuD)w = vww) = v
m-—o0
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Markov Chain Examp]e Example: Hardy-Weinberg Law
A certain gene has a dominant form G and a recessive form g. Each individual has either GG, Gg, or

gg. At time 0, the probability distribution of these types is (pg, qo, 70)-
Assume:

1) The distribution is the same for both sexes

2) This gene does not affect reproductive capability

October-28-11
9:30 AM

po of time, father is GG. Probabilities for offspring in terms of mother's type:
GG Gg gg

1
11 = o]
|2
ll
Lofljl
0 0 0

q, of time, father is Gg. Probability of offspring is
GG Gg g8

11 0
PR
|1 1 1|
|2 2 2|
11
lo = -l
4 2
1p of time, father is gg. Probability of offspring is
0 00
|1 1|
|1 5 0
o Ll
0 - 1
2
Total probability:
L 330 000 +2 1oy +2 0
1 3 0 12 2 | 1 [Pot+ 340 2P0t 240 |
111 1 -0 1 1 1 1 1
Polo > 1 +qo|5 2 5I+ro 2 =I;qo+ro 3P0 +340+3570 po+;qu=M
2 101 L 1 1 1
000 Lo 2 EJ Oz 1 L o 7%t 370 qu‘f'?‘oJ
1 1
Letao = po +5q0, Bo =590+ 70

1
lao 7@ O]

PR

M=|B0 E aol
Iy !
Lo =g 5ol

To find the new probability distribution for the next generation, apply this to the probability
distribution of females.

1 1
lao a0 O] | ao(Po"'ECIo) | X
| | Po 1 ag
Iﬁo 7 “ol g°| = [Bopo +t500 T %o | = ZaOZﬁO
0
1 1 0
Lo Eﬁo Bol L ﬁo(i%"’ro) 1
ab
Get a new transition matrix for a new generation (by applying the above with |2a,p, |, substituted
Bé
Po
for |QO|.
To
1 , 1
ay =py +EQ1 =ag +§2aoﬁo = aglag + fo) = ag
1
ﬁ1=T1+EQ1=ﬂg+aﬁ=ﬁo
So the new transition matrix
1
| o 7% 0] Jag 7% 0]
R
|ﬁ1 E aq | = |,80 5 Qg |
| || |
lo 2p pl Lo 2 I
0 8 Bl Lo B B
» system is Markov.
In 2nd generation, new probabilities:
1
o sap O] 5. 2 5 5

P2 | 1 |, %o ag + asBo aglay + o) ag P1
|QZ| =18, 2 aol 2%2'80 = |adBo + aoBo| = |@oBolag + 1+ Bo) [ = [2aoBs | = |‘11|
L I Bs aoBZ + B3 Bs B8 "

1
Lo 280 5ol

Stabilizes after 1 generation.
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Inner Product Space Conjugate in 2nd Variable
2=

October-28-11
ctober <uav+fpw>=<av+pwu>=a<vu>+f<wu>=a<v,u>+ f<wu>

9:55 AM
=a<uv>+f<uw>

Inner Product Conjugate linear in second variable.
An inner product on a vector space Vover F = Cor Risa Sesquilinear form (1/2 linear)
function (x,%):V XV - Fs.t.

1. (av + Bw,u) = atv,w) + Biw,u) Examples

Linear in first variable n
2. (w,w) = w,» D) V=Ch<x) ) >= ) xy
3. (v, >0ifv+0 i=1
Positive Definite 2
2) V=R"<(x),y;) >= > x;y; \dot product)
2= i=1
— 2 iy Y1y =
(w, av + fw) = atu, v) + B, w) 3) V=C3 < (xz)'(}’2) > =Xy, — X1V, — X2)1 + 3%,)
Check properties:
Norm 1. Linearin 1st variable
The norm on (V, {,)) is lIlvil = Vv, v} 2. Syn}metri;
U ) G ) 2 12012 = 365 — 251 + 310,12 = 12y — 5112, — X5 + 216,12
Theorem 2 2 2
=1x1 — %1% + 21x,1° = 0

vueV,aeF And equals 0 iff x;, x, = 0, So positive definite.

D lavll = laliiv 4) V = (10,11 (Continuous functions from [0,1] to [0,1])

2) wh=20,wil=0v=0 1

3) Cauchy-Schwarz inequality <f,g>= , flx)glx)dx

0

Kw, v)| < llull - ||v||
Equality < u, v collinear
4) Triangle inequality
llu + vil < llull + vl 1
Equality = u, v collinear 3. <ff>= , If Go)l2dx
0

1. Linearin 1st variable
2. Symmetric

If f #0,f(xy) # 0 by continuity If (x)I| =& >0 on(xy —1,%y +7)
Xo+T
A ifeode =z | s%dx>0

Xo-T

Proof of Theorem
1,2 easy
3. wlogv # 0.
O<lu+avi?=<u+4avu+av>=<uu>+a<v,u>+a<u,v>+lal?<v,v>
Takea =t <u,v>t€eR
=<uu>+tI<u,v > 2+ tI<u,v >12% + 2I< u, v > 1212

. . . 1
Quadratic; minimized ift = —
m

I<u,v>12vi? i I<u,v >1?

I<u,v>12%+ Z = llu .
Il Il

0 <llu+avli? = llull? ——
vl

Ll<u, v >12 < luli2ivii?
<u,v>
lvi2
4. Ix+ Yyl =<x+y,x+y>=<xx>+<x,y>+<y,x >+<y,y >
= lIxlI? + 2Re(< x,y >) + Iyl% < lixl1? + 20xlyll + lylZ = Ulxll + lyll)?
equality < x,y collinear and < x,y >=>0

2
v|| = wisamultiple of v

Equality = 0 = ||u —

Example

n

|>‘xiyl-| s(),|xl—|2)( )llyilz)
i=1

Example

|’01f(x)g(x)dx| < ( ]01|ftx;|2dx)( ,Ollg(x)|2dx)
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Orthogonality

October-31-11
9:35 AM

Orthogonal
Say u is orthogonal tov (u L v) if(u,v) =0

Orthonormal

A set{e;}ie; is orthonormal if
_j0i#Ej
fewe;) _{1i=j

IfMcV,letMt={veV:(vy,m)=0vVme M}

Remarks
1. fulv,thenllu+vl?=<u+vu+v>=
llull? + 2Re < u,v > +llvlI* = llull? + llvl|?
Pythagorean Law
2. M*is asubspace
IfuveMt,aq,fECMEM
{au + fv,m) = afu,m) + f{v,m) =0

Lemma
Let{ey, ..., e, } be an orthonormal (0.n.) set, and
X € span {eq, ...,en} then

x = Z‘(x ele; = Zaiei

i=1

Ifye Zﬁlel,then (x,y) = Z‘alﬁl

i=1 i=1

and lIx|l =

Note
If{eq, ..., e, } are orthonormal, and v € V, then
n

v— Z‘ (v,ep)e; L spleq, ..., ent

i=1

Gram-Schmidt Process
Start with a set of vectors {vy, vy, ..., Uy }
Build an o.n. set with the same span.
1. Throw outv; if v; € sp{vy,...,vj_1}
So wlog {vy, ..., vy, } is independent
2. Lete; =—

[yl
Uy — (172, 61)81

Letey = ————————
llv, — (vy, ex)eqll

3. Ifeq, ... ek 1 are defined and o.n. Let

=Yk N, e)e;
||Vk g O

e =

spaniey, ..., e} = spanivy, ..., vi }

Lemma
If {e; } are orthonormal, then they are linearly
independent.

Lemma

Every finite dimensional subspace M € V has an
orthonormal basis.
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Proof of Lemma

Write x = Z‘ a;ie;

i=1

n
(x,¢) = <2 aiei,e,> Lal (e e) =

n n =1 n n
x,y) = (Z‘alel! Z‘Bje]> Z‘ Z‘alﬁ] el'e] = Z‘ a;fi
i=1j=1 i=
Example
H = C|0,1| with
1

<ﬂm=qumqu

Let e, (x) = e?™"* n € dZ
1 1

(en, em) = ’ e 2TinX g 2mimx (5 — ’ e2mi(n-m)x j,
0 0

1, =m

1 , 1
——e?miln-mix | =1-1=0, n#m
2mi(n —m) 0

So {e,,n € Z} is orthonormal
Ifc € Cl0,1] geta series

L (f en)en = Lﬂn)eem"

n=-—oo

Fourier Series

Proof of Lemma
n

Ifo = Zaiei

i=1
n

D ae

i=1

n

then 0 = |[0]] =

= |¢1i|2
i=1
a; = ovi

Proof of Lemma

Take a basis {vy, ..., v} } for M and apply the Gram-Schmidt

Process to get an orthonormal basis.

Proof of Theorem(Projection)
1.
ran P = spley,...,ep} =M
kerP ={v: (v,e;) =0 for1<i<n}=ley,.. e, }*
= (spley, .,en D)t = M*
n

IfweMw= Zaiei
i=1

Pw = Z(W, ele; = iaiei =w

i=1
P*v = P(Pv) = Pv
~Projection onto M

2.

veV,PvEM
(v—Pv,e)=0forl1<i<n
~v—PveEMt

v=Pv+(v—Pv)

lvll? = IIPvII? + llv — PvlI? (Pythagorean)
Supposem € M

v—m=(Pv—m)+ (v—Pv)

~ v =mll?> = 1Py —mlli? + llv — Pvli* = |lv — Pvl|?
equality & m = Pv

~ Pv is the unique closest point

~ Pv is the only projection onto M because Pv =the closest point

onMm
I — P is written P* and P+ is the projection onto M+



"t 1 UV 10 UL ULLIY UL LIVOLOL puULLIL

Every finite dimensional subspace M € V has an ~ Pv is the only projection onto M because Pv =the closest point
orthonormal basis. onMm

I — P is written P* and P+ is the projection onto M+

Projection
V inner product space. P € L(V) is a projection if Proof of Corollary
P = P? (idempotent) s.t. ker P L ran P If S is finite, not problem

Let M = sple,:n € S}

Theorem (Projection) Py = Z(” e e
- ren/tn

Let M be a finite dimensional subspace of V with

orthonormal basis {e, ..., e, }. Define P € L(V) by nes ,
& and [IvlI> > lIPvII* = Zl(v, en)l?
Pv = L(U, e;le; nes
i=1
Then: If S is infinite for each finite F € S let My = spie,,n € F}
1) P is the projection of Vonto M Pr ,projction onto Mg
(i.e.ran P = M,ker P = M+, P = P?) 5 X : X
2) vev,Ivl?=1Pvll® + llv - Pull® Then [Iv11* 2 Pl = ) [, e,)]
3) Pwvis the unique closest point in M closest to v ner
. _ AlZ 2 sup Y Kwel® = ) I, el
Corollary - Bessel's Inequality FESfinite fcp nes
If Vis an inner product space and {e,: n € S} is At most |[vlI* coefficients (v, e,) have (v, e,)| > 1
orthonormal then Otherwise 3finite N > [|vl|?> and |F| = N s.t. [(v,e,)| =1, n € F
D lw,enl? < Iwli? vvev = ) lw,e)? =N > lIvll?
nes ner 1
At most 4% ||v||? coefficients with [{v, e,)| > 7k
Corollary 1
fECl0n], {e?mnx.n € 7} orthonormal Fe = {n: v, en)| = z_k}
1 . [ Fe
Soifa, = ’ f(x)e?minxdy llvli? = Z‘I(v, e)? = 4—1,2
0

Fi

. L k(4,112
' o |Fl < 4
then Z lapl? < ’ If (x)1%dx [Fl < 4%1lvll
h=—o00 0
Sotn:(v,e,) # 0} = U{k: v, e )| = 27k}
k=0
Is countable

List them nq, ny, ns, ...

0 k
D lwen)* = Jim > |{v,ep,)]
i=1 i=1

Zl(v, en)|? < Ilvll?

nes
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Canonical Forms in Inner Product Spaces

November-02-11
9:33 AM

Theorem

If Vis a complex inner product space, dimV < oo, T € L(V).
Then there is an orthonormal basis f = {ey, ..., e, { such that
IT g is upper triangular.

Adjoint

V inner product space, T € L(V)

The adjoint of T is the linear map T* such that
(T*v,w) =, Tw)Vv,w €V

Fix an orthonormal basis ¢ = {ey, ..., e,}
|T|§ = ltijlnxn

tij =(Tej, e;)

Then IT"[¢ = ltﬁlnxn

Proposition
IfS, T € L(V) then
1) ") =S
2) (aS+PT) =aS*+pT*
3) I'=1
4) (ST)* =T*S*

Hermitian (Self-Adjoint)
T € L(V) is Hermitian or self-adjointif T = T*

IFT = |t | =T* = Ity
Then tji = ti]' and tii = tii eR

If we check that ITIz = IT"Ig thenithas ITIz = IT"I; on every
basis.

Reason:
T=T"<(Tu,v)=W,Tv)Vu,veV
This is basis independent.

Theorem
IfT € L(V),V finite and a C inner product space,and T =T",
then there is an orthonormal basis ¢ such that

d, 0 0
ITlg=(0 ™ 0| isdiagonal withd; € R
0 0 d,

Soa(T) € Randker(T — A;1) L ker(T — ;1) if A; # 4; € o(T)

Corollary
If V is a finite R —inner product space.T € L(V) s.t.T =T"
then there is an orthonormal basis & such that

d, 0 0
ITl; =10 0 [ is diagonal
0 0 d,
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Proof of Theorem

Since C is algebraically closed, pr(x) splits into linear terms. Hence there is a basis

vy, ..., vt such that T is upper triangular with respect to {v;

Apply Gram-Schmidt process to {vy, ..., v, f to an orthonormal basis te, ..., e,

Tvy = t11v1
Sincee; = ——,Te; = ty1€4
oyl

Tov; = tare; + ty264
vy — vy, e1)e; +
€ =T T AV T AxV;
llv, — vy, eqleqll

Te, = a;Tvy + a,Tv, € spivy, vyt

T upper A with respect to {vy, ..., v, { means My = spivy, vy, ..., Vi | is invariant for T

But spaniey, ..., ext = spanivy, ..., vy t
k

i Tek € Mk (i.e.Tek = > ‘bikei )
i=1
So IT1g is upper triangular.

What is T*?

Fix an orthonormal basis ¢ = tey, ..., e,t

|T|§ = |tij lnxn
n

Te; = )ltij,ei = (Tej, ;) =ty
i=1

(T*ej,ei) = (ej,Tei) = (Tei,ej) = tji
SolIT" 1 = It |
Conjugate transpose of T

So we can define a linear transformation
T* € L(V) with IT" Iz = |tj]
Need to check that the identity holds for all vectors v,w € T

n n
Take v = > age;, w= > Bjej
i=1 j=1
Calculate
n n n n n n
(T*v,w) = (T* >'aiei, >'Bjej> = > >'aiﬁj(T*el—,ej) = > >'ai,8j(Tej,ei)
i=1 j=1 i=1j=1 i=1j=1

n

n n
= ) a;bi{Tej, ;) = <T ) Biej, ) ‘aiei> =(Tw,v) = (v, Tw)
j=1

i=1

n

i=1j=1
So T* is a well defined linear map.

Proof of Proposition

1.

Fix an orthonormal basis ¢
|S|{ = |Sij|

|S*|§ = |S]'i|

1S*"1g = Isi;l = 1S1¢

2.

laSle = |as;|

aS) g = lasj| = alsj;| = alS”I;
|T|§ = |tij|

|aS+,8TI§ = |(XSij +ﬂtlllf

3.
1 0 0
o o o|-r
0 0 1
4.
S=lsijl .o T=leyl
S* = |sjil, T = |t;l
n
ST = >,Siktkj
k=1 nxn
n
A ST =| D Sptii
k=1
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n

T*S* = | ) tusp|=(ST)" m

k=1

Proof of Theorem
Since V is a C-vector space there is an orthonormal basis ¢ such that ITI¢ is upper

triangular.
tiy v ba tig 0
ITle = =T lg=[: -~ : |
thn th1  lan

Ifi<j,tij:OIfi:j,tii:tiiER

t;y; 0 O
“ITlg=10 =~ 0 |,tiiER

0 0 ty,

o(T) =it;:1<i<ni SR
ker(T — A;1) = spiej: tj; = A;} are pairwise orthogonal. m

Proof of Corollary

Fix an orthonormal basis 3, T = |ti/'|ﬁ = Itj-lﬁ

Think of T as acting on C"*

n
T =T so by Theorem pr(x) = | |(x —2;) and 4; € R
i=1
So pr splits in Rix|
~T is triangularizable over R 3¢ s.¢. T | is upper triangular
Apply Gram-Schmidt to basis to get an orthonormal basis ¢ and IT ¢ is upper Triangular
and self adjoint, so the same argument shows IT I¢ is diagonal. m



Unitary Maps

November-04-11

Unitary and Orthogonal Maps

V, W C- inner product spaces.

U € L(V,W) is called unitary iff it is invertible and preserves inner
product: (Uvy, Uvy )y = (v, v5)y

If V, W are R-inner product spaces, call such a map orthogonal.

Theorem
IfdimV =dimW < o, U € LIV,W), TFAE
1) Uis unitary

2)
a. U preserves inner product
b. Uisisometric (preserves norm)
3)
a. U sends every orthonormal basis of V to an orthonormal
basis for W
b. U sends some orthonormal basis of V to an orthonormal
basis of W
Remark

IfV =C=spie,t, W = C? = spify, fot
T(aey) = af; preserves inner product but not onto so not invertible.

Proposition

U € L(V,W)is unitary
U*U =1, and UU* = Iy &
U-t=yur

Unitarily Equivalent
Say two transformations S € L(V) and T € L(W) are unitarily
equivalent iff 3 unitary U € LIV, W) s.t. T = USU™! = USU*

Corollary
If T is self-adjoint (T = T*) then T = D (T unitarily equivalent to D)
where D is diagonalizable with real entries.

Just a restatement of theorem that T is diagonalizable with respect to
an orthonormal basis ifj, ..., fyt say Tf; = d;f;, d; € R

Say T = |t;j| in ey, ..., e, } orthonormal basis. Let Ue; = fi1 <i<n
Then U is unitary (takes one orthonormal basis to another) and
(U*TU)e; = U'Tf; = U*d;f; = d;e;

U*=U"LYsoU*fi=¢)

~ D =U'TU =diag\dy, d,, ...,dy)
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Proof of Theorem
1 = 2a By definition

2a=>2b
NUvII? = (Uv, Uv) = (v,v) = llvll?

2b=2a
Assignment 5 #5a

12 12

1
WUvy,05) = 2 Ulvy + 0,017 = vy — vy l12 + illvy + (v, 112 — illvy — iv,112)
2a=3a
Iftey, ..., eyt is an orthonormal basis for V, Let f; = Ue;
{fi fj) = (Ue;, Uj) = (e, €;) = 6;; - if;tis orthonormal
Since dim W = dimV, if;} is an orthonormal basis.

3a = 3b Obvious

3b=>a

Letiey, ..., e, be an orthonormal basis such that f; = Ue; is an orthonormal

basis for W.
U takes a basis for V to a basis for W ..U is invertible

Letv; = >‘aiei,v2 = >‘/3]-e]-
n
(v, V) = >_al-/3i
i=1
Uv1=>‘aifi, Uv2=>_[3jf,-

Uy, Uvy) = <>‘aifi,>‘ﬁjfj> =) aifi =y, v,)

So it preserves inner product. - U is unitary m

Proof of Proposition

3nd and 2rd statements are clearly equivalent.

=

Letvy, vy, €V, w; = Uy

vy, U'wsy) = (Uvy, wy) = (Uvy, Uvy) = (vy, 1) = (v, U wy)
(w, U'wy, — U twy) =0Vy, €V

W Uwy, = U twy,Yw, eUV =Vie U =U1

&=

U is invertible and

(Uvy, Uvy) = (U*Uvq,v,) = (v, v,) preserves(,) m



Normal Maps

November-07-11
9:40 AM

Definition
N € L(V)isnormal if N*N = NN*

Theorem
T € L(V)isnormal &
There is an orthonormal basis which diagonalizes T.

Corollary

If T is normal and
S

a(T) =iy, .., Astthenmptx) = | |ex—2)
i=1
and V; = ker(T — A;I) are pairwise orthogonal

Corollary

If U is unitary, then

oY) S T=11:11 =1t

and U is diagonalizable w.r.t. some o.n. basis.

Corollary

If Nisnormal 6(N) = {4y, ..., Astand V; = ker(N — ;1)
The idempotent E; € A(N) onto V; is the orthonormal
projection of V onto V;. Moreover N = »_; L,E;

Corollary
If p is a polynomial, N normal write N = >;J_; A;E;, E; as above
S

Thenp(N) = » p(A)E;

i=1

Rank 1 Matrices

SupposeT € L(V,W) andrank(T) =1

LetK =kerT €V

n=dimV =nul(T)+rank (T) =dimK + 1
~dimK=n-1

Pickaunitvectore € V,e L K.Letw = Te (+# 0 since e # K)
V=K®@®K'=K®Fe
IfveV,v=k+le, keK,A€F

Tv =T(k + Ae) = ATe = lw
ay
. a;
Think ofe = | .
an
Soe € L(F,V)byel(l) = e
e* =lay, ay, ...,anl € L(V,F)isal X nmatrix

asan X 1 matrix

V1
Ifvev, v=|: |
Vn
v n
* %]
e*'v =lag, ay, .., ayl = > a;v; = (v,e)
i=1
UTL
e*lk+21e) =0+ el =2
wy Wi, W@y .. WiQy,
wy Woly Waly .. W«
We*:| Slag, Qg e, ol = 2: 1 2: 2 . 2; n
Wp Wity WpQy ... Wpd,

we* € LIF,W) - LWV,F) = LWV, W)
(we* )k + Ae) = Aw =T(k + de)
T =we* =Tee"
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Example of Normal Maps
1. T=T"arenormal (TT =TT)
2. Unitaries are normal (U*U =1 = UU")
3. IfDis diagonal w.r.t an orthonormal basis
D =diagld,,d,, .., ), D" = (dy,dy, ..., dy)
D*D = DD* = diag(ld,1%,1d,1?, ..., 1d,1?)

Proof of Theorem

< Example 3

= If T is normal then [ITxIl = IT* x|l Vx € V because:

ITxN1?2 = (Tx,Tx) = {x,T*Tx) = {x, TT*x) = (T*x, T*x) = IT*xII

Choose an orthonormal basis tey, ..., e, | so that T |z is upper A

tin tiz - tn tipy 0 .. 0
e T e e b
0 [ tin tin o tan

ITe 1% = Ity e;11% = 1t141%
n

n
2 2
ITeylI? = T eyl = lity ey + tigey + -+ tigenl> = ) [ty;]” = Ity 12 + ) [t
j=1 j=2
“tj=0for2<j<n

. 2
Repeat [ITe, |l = Ity,| = 1T e,ll = \/L}Lzltzjl

~t;=03<j<n
~ T is diagonalm

Proof of Corollary

Since T is diagonalizable wrt some basis, mr(x) = 1 1(x — A;) has only simple roots.
Say te;}j-, orthonormal, Te; = d;e;

Vj = ker(T - )L]I) = Sp{ei: di = Aj}

= Vj are pairwise L

Proof of Corollary

U normal .- diagonalizable

Say Ue; = d;e;, te;} orthonormal
el = llegll = 1

We;ll = 1d;11le;ll = Id;]

Proof of Corollary
E; is the projection onto V;

The range of E; is V; and
ker(E) = ) V; =V

j#i
Vi = spiey:dy = A;t
>V] = spleg:dy # At = Vi
j#i

NEi = ElN = AiEi
S

S
SoN=N(>_Ei)= D AE;
i i=1

i=1
Example
Orthogonal projection on to Fe
Te =eso
a;
T =ee* = | : |Ia1 v Al = |aa]
an



Polar Decomposition

November-09-11
9:30 AM

Complex
z€Cz=re?®, r=1lzlle?| =1

Positive

T € L(V),V C —vector space is positive if T = T* and ¢(T) <€ |0, o)
WriteT = 0

Proposition
IfT € L(V) thenT*T =0

Square Root

T*T can be diagonalized with orthonormal basis § = {eq, ey, ..., e, }
IT*Tle = diag(dy,dy, ..., dy), d; =0

J/d; the square root of d;

|Alg = diag(Vdy,Vdy, ..., \[dy) and A2 = T*T

i.e. A is the square root of T*T call this |T| (absolute value of T)

Fact (Homework)
The square root of T*T is unique

Want towrite T = UIT|

Partial Isometry
A partial isometry isamap U € L(V, W) such that Ulyg, ;2 is
isometric (preserves norm)

Examples

U:C?> > C*byUlx,y) = (x,,0)

U*:C® > C? by Ulx,y,z) = (x,y) —notunitary
U unitary is a partial isometry

Proposition
U € L(V,W) TFAE
1. U is apartial isometry
2. U*Uis a projection (onto (ker U)1)
3. UU™ is a projection (onto ran U)
4. U=U0U"U

Theorem (Polar Decomposition)
If T € L(V,W) then there is a unique partial isometry U with
ker U = ker T such that T = UIT| (IT| = VT°T)

S-Numbers
The s-numbers of T € L(V, W) are the eigenvalues of IT| (including
multiplicity) in decreasing order.

Geometry of how T acts

IT| = diag(sy, Sy, ..., Sp) wrtieq, e, t

If considering the action on a unit sphere, T stretches it onto an
ellipsoid (axis length defined by s-numbers). U is a partial rotation
in space.
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Proof of Proposition
(T*T)* =TT =TT

IfT"Tx = Ax, lIxll = 1
A=Ax,x) =(T*Tx,x) =(Tx,Tx) = ITxII*> = 0
~T*T=0

Proof of Proposition

1=2

kerU 2 kerU*U

x € kerU*U = 0 = (U*Ux, x) = (Ux, Ux) = |Ux|?
~ x € ker U,kerU S kerU*U

~kerU = kerU*U

If x L ker U then ||UxIl = llx]|
(x,x) = llxll?> = NUxI1? = (Ux, Ux) = (U*Ux, x)

ran (U*U) L ker U since y € ker U:
(U*Ux,y) = (Ux,Uy) =(Ux,0) =0

x,y € (kerU)*
(U*Ux,y) = (Ux,Uy) = (x,y) (because of isomorphic)
U*Ux € (kerU)*

Take orthonormal basis {e, ..., e} for (ker U)*
(U Ue; e;) = (e, €)) = 6y

U*Uei = >;(U*Uel-,ej)ei = e

+» U*Ux = x for x € (kerU)*

« U*U is the projection onto (ker U)*

2=1,ifx € (kerU)*
NUxI? = (Ux, Ux) = (U*Ux, x) = {x,x) = llxIl?

1=3
Claim:
If U is a partial isometry so is U*

Claim
kerU* = (ran U)*

Proof of Claim

Ify LranU,then0 = (y,Ux) Vx €V
0 =(U"y,x), Takex = U*y

0 =(U*y,U*y) = IU*ylI?

Ify ekerU*,xevVv
(y,Ux) =(U"y,x) =0
~ylranU

~kerU* LranU m

OntheranU

U*(Ux) = Pli_er Ux

y € ran U replace x by U*Ux becomes x — U*Ux € ker U
0=Ux—-UU"Ux = Ux =UU"Ux (2=4)
y=Ux,x=U"Ux,U'y =U"Ux =x

y = Ux, x=U"Ux
U'y=x

Uyl = lixll = NUxIl = liyll
U™ is a partial isometry

=

UU* = U™ U" is a projection

4= 72

U=U0U0"U

2 U'U =U"UUU = (UU)?

Self adjoint, idempotent .- projection

Proof of Polar Decomposition Theorem

Diagonalize IT| = diag(s4,S3, .-, Sn), §$1=28,=225,20

n



Claim

ITxIl = ITIxll Vx €V

Proof

NT1xN? = (ITlx, 1TIx) = (IT1%x, x) = (T*Tx,x) = {Tx, Tx) = |ITx||?
|

ker |T| = ker T = sple;:s; = 0t

ran |T| = sple;:s; > 04 = (kerT)*
Define Uonran |T| by U(IT|x) = Tx
U is isometric on ran IT| by

Claim
Define Ulgerr = 0

k k
U(>;aiei)=u(>;ai€z).>;aiei €ranT

i=1 i=1
U is a partial isometry T = U|T|

Remark
tey, .., ex } orthonormal basis for (ker T)*. Let f; = Ue;, 1 <i <k

f; are orthonormal in W
k

IT| = > sie;e; , eje; is projection to Ce;

=1
T=UITI = >-Si(fie§*),rank 1 projection sends e; &= f;
. i=1
U= fiei
i=1
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Least Square Approximation

November-11-11 Exampl_e . .
9:30 AM X1 X, y ax
An experiment is run to test whether the output, y is a linear function of the input 7 3 1.6 1.86
variables: x4, ..., X, [ I I
Run the experiment m times (m > n) to get a bunch of data. , 9 2 | 21 | 1.94
' [ [ ' 5 5 2.0 2.02
X1 X Xn Yn L | ) I
| ' ' ' ' 4 6 2.2 2.10
| *11 | X12 | | X1n |1 » ; - -
3 1 0.8 0.73
| ' [ [ ' 3 2 1.1 0.98
Xmi | e | [ | Ym . .
Looking for ay, ..., a, € R or Cso that XX = |19879 3;| XY = |§gg
n .

: , «yy—1 _ ( 0.0143 —0.0176
D4y~ yiforl<i<m W07 = (00176 00324 )
j=1 _10.161
J a= |

2 0.243
m n
minimizeg,, q, Z‘ Vi — Zajxij
Al i=1 y=1
X11 Xj1 Y1
X Xj
LetX, = | 2|, X; = 2l 1<j<n, Y= yf
X1m xjm Ym
Problem becomes
n
minimizeg, . q, [[¥ = ) aX; ‘ = dist(¥, spaniXy, ... Xa}) = ||Y = Poyy 7|
2
Jj=1 2

n

We must choose a4, ..., a, so that Zanf = Psp{x,-}y
Jj=1

n
These are the scalars such that <Y - 'anj ,XL-> =0, 1<i<n
j=1

n n n
<y -~ Zanj,Xi>:(Y,Xi) - . 4lX X) = XY = ) aXix;
j=1 j=1 j=1
n
D axix
j=1
Xi XiY n
LetX = | Xy, ..., X, |, then X*Y = X.Z Y= XZ.Y = Lansz
: : j=1
X5 Xy
n
_Za]-XilX,-_
j=1
ii XiXy . XiX,
XX =|"2[1X1 X2 .. Xpl=| : :
% XiX, .. XiX,
n
D axix;
j=1
al n‘
a X5 X:
21 =| 2.9%2%i | = xoxa = x°y
H j=1
an
n
,LanﬁXj,
j=1

If Xy, ..., X;, are linearly independent then X has rank n.

Claim

rank(X*X) = rank X

Proof

rank(X) = dim(domain) — nul(X) = n — nul(X)
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rank(X*X) =n —nul X*X

If x € ker X then X*Xx = X*0 = 0,50 x € ker X*X

Ifx e kerX*X, 0 = (X*Xx,x) = (Xx, Xx) = |IXx|l?, sox € kerX
[

~ If X4, ..., Xy, is linearly independent then X*X is invertible. d

X*Xa=X"Y
ca= X X)Xy
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Sesquilinear Forms

November-11-11
10:09 AM

Sesquilinear Form

V C vector space.

A function F: V X V — C is a sesquilinear form if it is linear in the first
variable and conjugate linear in the second variable.

Flayv; + ayv,,w) = a1 F(ogw) + a, F(vy, w)

Fv,a,wy + aaw,) = a1 F(v,wy) + a,Flv,wy)

Definitions

Say F is Hermitian if F(w,v) = Flv,w)

F is non-negative if F is Hermitian and F(v,v) > 0
Fispositiveif F > 0 and F(v,v) > 0 forv # 0

Theorem
If F:V X V — Cis sesquilinear form, then there is a unique Tr € L(V)
such that F(v,w) = (Tpv,w) forv,w € V

Moreover, the map F = Ty is a linear isomorphism from the vector
space of sesquilinear forms onto L(V)

Principal Axis Theorem
If F(x,y) is a Hermitian sesquilinear form then 3 an orthonormal
basistey,...,e,tand d; € Rs.t.

F(>.aiei'> ,[”iei) = l§1,diaiﬁi

e; are principal axes.

Symmetric Quadratic Form
A symmetric quadratic form on R" is

n n

qxq, ., xn) = > > XX, where a;; = a;; ER
i=1j=1

Any quadratic form in R

q(x) = >‘>.bi]-xl—x]-
b

i+ bji . .
Replace b;j by a;; = > now it is symmetric.
Diagonalization
Again, this quadratic form can be diagonalized
A= |aij| = A*

J o.n. basis ey, ..., e, of R™ consisting of eigenvalues

Ae;=die;, 1<i<n, d;€R
C1i
Cor
€= 21 , U=la & énl=|cyl .,  Uorthogonal
Cni
U*AU = diag(d,, ...,d,) =D
X1, X1 X;. X
q(xl,...,xn):<A| : || : |>=<UDU* : || : |>
Xn' Xn Xn  Xn
X X
oo
Xn X

X1

(x,eq)

(x,ep)

n n
qixq, ., X)) = >‘dj( >‘cijxi)
j=1 i=1
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Proof

Fix an orthonormal basis £ = {ey, ..., e, for V. F sesquilinear form.

Need (Tej, e;) = Flej,e;), 1<i,j<n

LetITls = Itijlnxn where t;; = (Tej, ¢;)

T is the unique map on L(V) such that(Tej, e;) = F(ej,e;), 1<i,j<n
n n

Letv= ) aie;, w= ) be
l‘=1n n i=1 n n n n
(Tv,w) = > >_ajbi(Tej,ei) = > >'a]-biF(e]-, e) = > 'biF( > 'ajej,ei)
i=1j=1 i=1j=1 i=1 j=1

:F(>.aje/'>,biei):F(17,W)

Show T is uniquely determined by F, F + T is linear.
Tr=0F=0~1to1

Onto if T € L(V),define F(v,w) = (Tv,w) is sesquilinear
So F » T,onto

Proof of Principal Axis Theorem
F(x,y) = (Ax,y) = (x,A"y)

F(x,y) = Fly,x) = (Ay,x) = (x, Ay)

~ A = A" is Hermitian

A is diagonalizable w.r.t orthonormal basis
& =1eq, .., ent

|Aly = diag (dy, ..., dy), d; ER

F(>_aieiv>,ﬁiei)= <A>,f1i€i;>ﬁiei> = <>,diaiei;>,/3iei> = >_diaibi



Conics

November-14-11
10:07 AM

Ellipse
Take two points F;, F,, with separation 2c. Picka > ¢
EllipseisiP = (x,y) : IP — F;| + |P — F,1 = 2at

2 2

X Yy
a? ' b?
bZ = a2 — 2,

=1

2 =a?+b?

Hyperbola
Take two points Fy, F, with separation 2¢
Hyperbolaisi(x,y) : IPFi| — IPF,| = 2a t

F; = (=c,0), F, =(c,0)
xZ 2

S -5=1

a? b?

c2=a?+b?

Parabola

Focus and line. The set of points equidistant to focus and line.
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Formula of an Ellipse
Translate so F; = (—c,0), F, = (c,0)
oyl + o,y + 1 — e,y = 2at =, y):Vx + )2 + y2 +V(x — ¢)2 + y2 = 2a}

Vix+c¢)2+y2=2a—+VIx—c)?+y?
x+c)2+y?=4a®—4avix —c)2+y2+ (x —c)? + y?
4av(x — ¢)? + y% = 4a? — 4cx

2,2

c?x
x2—2cx+c*x—c)?+y?=a®—2cx + e
2_ 2
a’>-c
202 _ g2 2

Z X tyi=at—c

2 2
x
2

a? a? — c?

General Conic
ax?+bxy+cy’+dx+tey+f=0

ax? + bxy + cy? is the quadratic form

a -
— 2
e

2
(A(y),(y))=ax2+bxy+cyz

Diagonalize w.r.t. orthonormal basis:

a a
Eigenvectors v; = (ﬁi)' vy = (/32)
Avy = Ly
Avy = 1,0,

)=D, A=upU

So

ax? +bxy +cy? = {4 (). (3)) = vou* (5). (5)) = (pur (5).v" (3))
_ (D(a1x+ﬁ1y)‘(a1x+ﬂly

= lax + B1y)? + Aytayx + Boy)?
ax+ By a2x+ﬁ1y)) 1\ay By 202 B2y

AqA, = detD = detA
A1, > 0 ellipse
A4, = 0 parabola
A1 < 0 hyperbola

. dy_ (% (%2
Write (e)—d (B1)+e (ﬁz)
dx + ey =d'(ayx + Bry) + e'layx + Bry)

The equation
ax?+bxy+cy?+dx+dy+f=0
becomes
Mlagx + Biy)? + lax + Boy)? + d'layx + Bry) + e'layx + Bry)i+ f =0

dr 2 er 2 dlZ eIZ
e+ py+or) +2(ex+ oyt —) = (5545 F)=F
1| aax + Bry 22, 2| a2x + By el, 22, " 22, f f

2 r 2

2d’ 2e
Mlagx + By)? + A4 E(alx + B1y) + i + layx + Bry)% + ay R (ayx + Boy) + a

Translate to eliminate constants
d e

21,22,

Rotate by U to get

X%+ y* = f'

X2 y?

—+==1
a’ B3



Duality Dual Space Basis
Suppose ¢ € V*

November-16-11 Letplyy)) =6, 1<i<n
n

10:00 AM
Dual Space =) s ev
If V is a vector space over F then the dual space of V is Jj=1

n
V* = LIV, F). Elements of V* are called linear functionals.
Ylv;) ) Bidi\vy) = B;
j=1

Fixabasis f = tvy, ..., v;, ..., vpt for V . . . . .
n Alinear map is determined by what it does to a basis, so ¢ = ¢

Define §; € V* by 6j( > av; ) =aq; N
i=1 Proof of Proposition

o210 L#j _ o I expressed every ¢ € V* as a linear combination of 8y, ..., §, which are linearly independent.

Gwo =i, Z= 6
Kronecker Delta n

0= ) .aitSi
Proposition =1
dimV* = dimV and 16, ..., 8, t is a basis for V*
(Called the dual basis of {vy, ..., U, 1) 0= ( ) aif; ) W) =g

i=1

Sa,=a,==a,=0
Note So Jy, ..., 6, are linearly independent span V* .. is a basis.
Ve =L, F) dimV*=n=dimV m

Ifv €V definev € V" byvlg) == o), p €V*
Proof of Theorem
Fix a basis vy, ..., v, for V

Construct the dual basis 6, ..., 8, for V*
Construct the dual dual basis ¢, ..., &, for V**

viag + by) = (ap + b)) = apWw) + bypw) = avlg) + bv(yY)

Thus there is a natural linear map
i:V->V*¥byilv)=v

This is linear.
Ul(6]) = Bj(viJ = 511

gil8;) = 65
So v; and e; agree on a basis . v; = ¢;

Theorem

The natural map i: V — V** is an isomorphism. ”

So i( av; ) = } a;&j is1-1and onto m
j=1 j=1

Remark
This fails dramatically for infinite dimensional vectors spaces.

Example
Let cop = isequences (x4, X, X3, ... ) x; = 0 except for finitely oftent
e; =10,...,0,1,0,...) is a basis for ¢y

® €Cs,  @le)a, Q= >,‘¥i5i
coo = S = 1all sequences (ay,ay, ... )}

dim S = 2%
S* is humongous.

Isomorphism
Since we have an isomorphism i: V — V** we say

V** =V and identify i(v) with v.

V is reflexive
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Duality on Inner Product Spaces

November-18-11
9:31 AM

Theorem
Let V be an inner product space. Then for each ¢ € V*
thereisauniquew € Vst ov) =(w,w)Vv eV

The map which sends ¢ + w is a conjugate linear map of
V*onto V.

Corollary
V inner product space, we convert V* to an inner product
space by

(.t pa)= .

i=1

If o € V* then liglly« = sup low)I
Ivlis1
veV

Notation

(>.“iei' >.ﬁ}'6]') = iﬁiﬁj(él,aiei)

Definition

Let V be a finite dimensional vector space.
IfSCVietSt=1p €EV*:pls) =0Vs € St
This is the annihilator of S

Proposition
S € V then
1. Stisasubspace of V*
2. St =span(s)
3. dimS* +dimS*t =dimV

Relationship between perps.

H inner product space

H* conjugate linear isometricv... to H

@ EH*, Ay € Hs.t.p(x) =(x,y), ¢ — y conjugate
linear

M c H,M' = H(=)M =1{y:(x,y) = 0 Vx € M}

Mt =M° =1gp:p(x) =0Vx € Mt

MATH 245 Page 52

Proof
Let¢ =1eq, ..., e, t be an orthonormal basis for V. Let 8, ..., §,, be the dual basis for V*
IfpeViletole) =6,1<i<n

n n

Sop = >_ﬁi6i because ( >_ﬂjé‘j ) (e;) = pB;
i=1 j=1
Wantw € Vst.(e;,w)=p;, 1<i<n

n
(ei, > _.Biei> =pi
i=1
So define T:V* —» V by
n n
T( >ﬁi5i) = >ﬁi€i
i=1 i=1
n
Top=w= > Biei

=1

i=
(w,w) = <>‘0!i€i. >‘ﬁiei> = >‘aiﬁi =)

T is not linear-it is conjugate linear. T is 1-1 and onto m

Proof of Corollary
Clearly this makes VV* an inner product space
n

Let(p = >.ﬁ]5] ev:
j=1

n

oty = | ) 151°

Lj=1

n
Ifvev, v= >.aiei
i=1

lpw)l = |( }laiei,)ﬁjaj“ = |;.aiﬁi| < /Tomz ITW = iy liglly-
i=1

So get:

sup low)l < sup Iwlli@lly = liglly-

vEV llvli<1

lIvlis1

To get equality, take
Y Bie; Y BB

- l—lﬁl L' )= L—lﬁlﬁl - > Ibilz - II(pIIV*

NATAL NOAT A N

Proof of Proposition

1.

0est

Ifp,p€St, seS, af€EF

(ap + BY)(s) = ap(s) + BP(s) =0

2.

S+ is a subspace of V** = V which contains S because s € S, ¢ € S*
i(s)~slg) =¢@ls) =0

So S+ 2 span(s)

Suppose v & span(S)

Take a basis for S, say vy, ..., v, (dimS = k) and extend too a basis vy, ..., Vg, V, Vg 42, -

Note, used v in the basis.

Let 6y, ..., 6, be the dual basis of V*
Srs1wy) =0, 1<i<k= 6, €St
Sr+1(v) =1 #0, ~vgstt

So St c span S - equal

3.

Claim:

St = spaniSiyq, o, Onty

So spaniyy, ..., 0pt S St
n

Let(p = >_ﬁi5i € SJ'

j=1
0=0;) =B = ¢ € spibyi1, ., 6nt,
dimS =k, dimSt=n—k,n+n—-k=n

jzk+1 §ly)=0forl<i<k=5 €St

i<i<k

»Un



Transpose

November-21-11
9:39 AM

Transpose Map

IfT € L(V,W) define the transpose of T to be the map T* € LIW*,V*) by
(Ttp)w) = @(Tv)

Tto =¢@oT€LWV,F)

Claim
Tt is a linear map

Claim

"transpose" is a linear map
(aS + BT)E = aSt + BT

Theorem
T € LWV, W), Tt € LIW*,V*)
1. If B =1vy, ..., vt basisforV, B’ =18y, ..., 6, t for V>
C = 1wy, ..., wyt basis for W, C' = igq, ..., gt for W*

IFITIG = lt;;| ,then = |t;]
mxn nxm
2. T v Ttisalinear isomorphism of LIV, W) onto LIW*,V*)
ran Tt = (ker T)* and ker Tt = (ran T)*
4. rank T* = rank T

w
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Proof of Claim
TtHap + )W) = (ap + fY)ITv) = ap(Tv) + fP(Tv) = (aTtp + BT Y)(w)

Proof of Claim

QpEW VEV

(aS + BT) @) w) = P((aS + BT)w)) = YlaSv + BTv) = ap(Sv) + fY(Tv)
= alSte)v) + BT YY) w) = (aSt + BT )N @) ()

Proof of Theorem
1

3

(ITtIg’)” = a;; where (T'g )(v;) = ( > aijk)(vi) = a;j
19) ‘

k=1
n

(TtSj)(Vi) = Sj(TUi) = Sj( > .tkiwk) = tji
, k=1
AT = 1l = UT1§)
The matrix of the transpose is the transpose of the matrix.

2

Eij = Ibgl where b =1if k =1i,j = land b = 0 otherwise

Ejj is abasis for LIV, W). E; = w;6;

Efj = Ej; sends a basis for LIW*,V*) to a basis for L(V, W). -~ 1-1 and onto.

3
pEkerT!eW* S 0=TlpeV*
S 0=TloWwVv eV = ¢p(Tv) © ¢ € (ranT)*

~vE€KkerT =kerT® = (ran T%)*
skerT)r = (ran THH = ran Tt

4
rank T = dimran Tt = dim(kerT)* = dimV — dimkerT = ran T

Since
M c V, basis for M, extend for V. Dual space 84, ..., 8,
Mt = sp(gsq, ., Ot = dimML =n —dim M



Quotient Spaces Proof of Well Definition

Ifvy =v,thenv, —v, =meM

sty —tvy,=tmeM

~tyy Sty

So tv is independent of choice of representative.
Ifvi=v,wy=wysayw, —w, =n€M

v, tw,=vi+m+w;+n=Ww;+wy)+(m+n), m+n)emM
SV W, =V wy

Sov +w = (v +w) is well defined.

November-21-11
10:02 AM

Quotient Space

V vector space, M subspace of V

Sayv, =v,iff v; —v, €M

%is the set of equivalence classesv = v + M

Make % into a vector space by Proof of Proposition
tv=tlw+M)=tv+M [1is linear, surjective by definition.
v+w=Ww+w) kerll ={v:v#0t={viveMt=M

% is called the quotient space of V by M. Proof of Theorem

LetIl: V - %be the quotient map, then I1¢: (%) -V
ThemapIl: V - %by [I(v) = v is called the quotient map. ker It = (ran I)* = {0}
=~ Tt is injective

Proposm‘c/)n ran It = (kerl)* = M+
Mel (V‘M) is surjective and ker Il = M. So ¢ maps (%)* 1-1 and onto M. . Linear isomorphism
The connection is given by :
Theorem - ., Take ¢ € (%)* Mp=polleV*
If M is a subspace of VV then M* = 7L (isomorphic to) and (ﬁ) =Mt (polim) =(0)=0VmeM
e () 2
v v Yoo
V' g () o M0 w3 =z) =M

R(@ + M') = R well defined because of
PLP2€0,  p1—@ =P EM*
= + =
(] |M (25} |M Y |M ?1 |M
~R1-1

If ¢ € V" the restriction map Rg = @I, is a linear map of V* onto M*
kerR ={p: @|y = 0} = M+
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Convex Sets
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Convexity
A subset C of Ror Cis convexif Vcy,¢c, ECVO<t < 1,(1—t)c; +tc, €EC

Hyperplane

His ahyperplaneif 3p € V*, ¢ # 0 suchthat H ={v : Re ¢(v) = at
Ahalfspace is a set of form H* ={v : Re p(v) = at

Note: H and H* are convex.

Proposition
1. The intersection of convex sets is convex.

2. If S € V,conv(S) is the smallest convex set containing S
T

-
% DtisiiTENS, €S20 )t = 1%

i=1 i=1
Theorem (Carathéodory)

If Vis a real vector space of dimensionn, S € V then every pointin conv(S) is a
convex combination of n + 1 pointsin S

Remark
1. IfVisacomplex vector space of dimensions n, then it is a real vector space of
dimension 2n. So 2n + 1 points are needed.
2. InR™take S =10,eq, €, ..., €, t the point

Lo+ ; L ¢ € 5 requires n + 1 point
——) . 1'n+ 1ei requires n points.
i=
Corollary

If S € V is compact, dimV = n < oo then conv(S) is compact.

Remark: From Calculus
A set C € R" is sequentially compact if every sequence ic, : n = 1t of points in C
has a convergent subsequence limy_,o, ¢, = ¢,c € C

Heine-Bore Theorem
C € R"is compact & Cis closed and bounded

Extreme Value theorem

If C compact, f: € = R is continuous then f attains its maximum and minimum
values.
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Proof of Proposition

1.
C;,i € I are convex setsin V
c=| ¢, e cec, 0s=t<1

i€l
€1,C EC;=> (1 —t)ey +tcy, €C; Vi
5 Cq,C0,EC

2.
conv(S) exists - it is the intersection of all convex sets containing S
Claim

T

> tis; € convlS), s; € conv(S)
i=1
Suppose

k

ti
vy = .>‘()."_ . )si € conv(S)
i=1 Jj=1
Truefork =1
If true for k then

Viy1 = (Lic:lti)v +( fres )s € conv(S)
k+1 L?:ll t[ k Li'(:ll ti k+1
Convex combinations of 2 points of conv(S)
T
By induction v, = ) tis; € convlS)
i=1

r r' r r
If ) ts, Dtsj,  ttf20,  Dt=1= )¢t
i=1 j=1 i=1 j=1
r T,
For0<u<1, (1—u)>.tl-s,-+u ),t{S{:
i=1 i=1

So the convex combination of two convex combination of two convex
combinations of points in S is a convex combinations of points in S

-
% > tsirr=z1,t;20, ) ti=ls € S% is the smallest convext set 2 S
i=1

i=

Proof of Theorem
-

Take a point v € conv(S). Can write v = ) tisi, S;€S5,t;=20, ) =1
i=1

Claim

If r = n + 2, we can find another convex combination equal to v using fewer of

the is;t's.

wlog, t; > 0 (ift;, = 0 throw s; out of the set)

The setis; —s,,S3 — Sy, ..., Sp—q1 — Spthasr — 1 > n + 1 elements = linearly

dependent.
~ Ja; € R, not all zero such that
r-1 r-1 -1
0= D als;—s.) = ) a;s; +a,s, wherea, =— ) a;
. i=1

i=1
T

=
So ) a;=0and0 = >‘aisl-
i=1 i=1 .
Let] =1i:aq; <O0f, Let6=minf—l =

€]

t:
=—_ for some iz €]
) ay|

T r r
v = >,ti5i+5 >‘aisi = )l(ti+5iai)si

i=1 i=1 ¢ i=1
i€j: ti+5ai2ti+ﬁai=ti—ti=0

i

ity +8a;, =t —t;, =0
le] ti+6ai2ti20
r T T
Dlti+da)= D t;+68 ) a;=1+80=1

i=1 i=1 i=1

This new combination does not need s;, because the coefficientis 0. So we
have reduced r tor — 1.

Proof of Corollary
Every v € conv(S) is the convex combination of n + 1 pointsin S

n+1
S™1 = {(51,52, ., Spy1):S; € St, Appg =\, o tpyq) 1 6,20, > = 1%
i=1
S X Ay © VX R S compact
n+1
[iS™ X Dpys > Vipr,  FUSL S, s Span bty ey bngr)) = ) Jisi
i=1

fis continuous
The continuous image of a compact set is compact (by EVT)
conv(S) = f(S™1 X A1) is compact



Convexity . P
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Theorem c, H ={x:Relp(x)) = Relplcy))t

Let V be a finite dimensional inner produce space (F = R or C).

C € V closed convexset,p € V,p & C

Then there is a unique point ¢y € C closet to p.

Let p(x) = (x,p — ¢p)

Then Re ¢(p) > Re ¢lcy) = Re plc) Vc € C

i.e.C Six:Re @(x) < Re ¢lcy)t, thisis called a half space
Proof

Separation Theorem Define f:C — Rby f(c) = llp — cll?

V finite dimensional vector space over R or C fis continuous, f(c) > 0

C €V closed convexset,p € V,p & C Pick ¢; € C the closest pointlies in € N By, _¢, ;(p), which is closed and bounded.
So fachieves its minimum value by the extreme value theorem.

Then 3¢ € V* such that So there is at least one closest point ¢

Re @(p) > sup Re ¢(c)

cec Uniqueness

Suppose ¢y, ¢; € C are both closest
Ilp—coll=llp—cyll =8 < llp —cliVc € C
If C is a closed subset of V then C is the intersection of all closed half co+ ¢

Corollary
o+

c
spaces which contain it. But then € C and if ¢y # ¢ then ||p— 2 1||<5,byge0metry
Alternatively
cotey® pP—C P=CP—C P—C
”P— 2 2|| _( 2 + 2 ' 2 + 22)1 .
p—-c P—C p—¢C p—c P—Ciy P —C
= P22 v 2me B P20 4 P2 < 2o 2 [P ES Y 4 502 = 57

Inequality is Cauchy-Schwartz and must hold with equality

—C — C
DPTO PT  S o butt =1 =

So the closest pointis unique.,

plx) =(x,p — ¢y

@p—co) =1lIp—coll> >0

@p—cy) =plp)—elcy)

~ Re @(p) = Re plcy) + llp — coll? > Re plcy)

Claim

Re ¢plc) < Re plcy) Ve EC

If not, 3¢, € C s.t.

Re ¢(c;) = Re ¢lcy) + ¢, >0

Re ¢p —c,) = Re p(p) — Re ¢(c,) = Re p(p) — Re plcy) + e = Re p(p —cy) — ¢
=lp—coll®> —¢

Lookat £(¢) = [lp — ({1 — t)cy + tez )l
=((1=-8@-co+t(p—cy, (1 =t)(p—cy) +tlp—cy))
=(1—=1t)2%llp — ¢yl + 2 Re(tl1 — t X p — cp, p — o)) + t21lp — ¢, 112
=(1-2t—t)lp — coll> + 2(t — t?)Re p(p — ;) + t2llp — ¢, II?
=(1—t)%lp — ol = 2(t — t?)e + t2lp — c, 112

fI(t) = =2tllp — coll> — (2 — 4t)e + 2tlp — ¢, 112
f'(0) = —2¢, decreasing
Sofort > 0, small, f(t) < f(0) so ¢, is not the smallest point. m

Proof of Separation Theorem

Pick a basis {vy, ..., v, t for V. Impose an inner product:
n

<>,“i”i , > ,ﬁivi) = > ,aiﬁi
i=1
Use previous Theorem to get ¢ € V* such that
Re @(p) > Re ¢lcy) = sup Re ¢(c)
ceC

Proof of Corollary
Let 1A, be the set of all closed half spaces such that H 2 C
Clearly C S 11H,
Butifp € C,3p € V" s.t.
Re ¢(p) > supRe plc) =C
cec

H =1ix:Re ¢ < Lthalf space
CQH,p&H.-‘-pel IHO, ]
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F=R,C

Norm

Anorm on a vector space V over F is a function II-ll: V - 10, o) such that
1) Il =0, llvll = 0 & v = 0 (positive definite)
2) litvll = Itllivil vVt € F, (homogeneous)
3) llv+wll < livll + liwll, (triangle inequality)

Unit Ball

B, or B1(0) =i{v: vl < 1%

Proposition
(V, 1I-1l) normed vector space then B, is convex, 0 € By, balanced
(if v € B, tv € B, VItl = 1). Hence It| < 1 by convexity.

Example
If V,W are normed vector spaces, then L(V, W) can be normed by
T = sup ITvlly,

Iwlys1

1)
ITvll = 0= 1TIN=0
ITN=0=>1Tvl=0Vv=>Tv=0Vv=>T=0

2)
ItT1 = sup ltTvily, = sup IEINTvIy = 1EHTI
IIwlly<1 Ivlly<1

3)

S, TeLlV,W)

IS+ Tl = sup IS+ Tvlly < sup lSvily, + Ty,
Iwlly<1 Iwlly<1

< sup lISvil + sup ITvIl = IS + Tl

IIvlis1 Ivlis1

Special Cases
1) W=F, LIV,F) =V*dualnormon V"
llpll = sup lp(w)]
IIlis1
2) W=V, L(V) algebra
ISTI < sup IS(Tv)II < sup USwIl =TI sup IISwII

llvlis1 lIwliIITI liwlis1
=TI - 1S
3) TeLW,W)veV

vl =||T vl (”Z—”)” = Il ||T(ﬁ)|| <ITH - |v)|

Lemma

V finite dimensional normal space.

LetT: (F™,lI-ll,) = V be a linear isomorphism
Then T is uniformly continuous

Theorem

V finite dimensional normal vector space
T:F™ — V linear isomorphism

Then 3 constants 0 < ¢ < € < oo such that
clivil < IITvll < ClivliiVv €V

Equivalent
Say two norms -l and II-1l, are equivalent if 30 < ¢;, ¢, such that
alivilg < vl < cplivil,

—Illv v — v
c, b a o b

Corollary

If Vis a finite dimensional normed vector space then any two norms on

V are equivalent.

Convergence
Say a sequence v, € V converges to v, if lim,_,llv, — voll =0

Corollary says that convergence in a finite dimensional normal space is

independent of choice of the norm.

So (V, 1I-llz) and (V, 111l ) have the same closed sets, hence the same
open sets.

B, is a closed balanced convex set containing 0 on the interior.
Ifllv,l £ 1L, v, 2 vy =2 iyl £1

(e>0,anllv, —voll < t = Nl S vyl + llvg —vpll <1+ eLlete > 0

II-1I is continuous in the norm
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Examples
1
vl = vV{v,v)

V = C™ usual inner product
By is unit ball in Euclidean norm

2

V=Ccv=\(ay..a,)

il = maxila;l,i < i < nt

Satisfies 1, 2

v +wll = llay + by, ..., an + byll, = max(la; + b;It < max(la;l + 1b;1)
< max(la;l) + maxt1b;1) = e + Wl

B = I-L1I" =1{(a;): la;l < 14
By = D" = ila;): la;l < 11

3
I3, V=C"orR"
n

iy = ) Jal
i=1
Satisfies 1, 2
n

n
I +wily = Y la; + bl < ) lagl + bl = Iwlly + lIwlly
i=1 i=1

4
P, 1<p<ow,V=F"
1

n P
vl =( >.|ai|l')
i=1
Satisfies 1, 2
Satisfies 3 but hard to prove
-1
Ex:p = 2 .
iy = (Viagl +Via,!)
2

Does not satisfy 3

I

Proof of Proposition

Balanced follows from 2

Convex follows from 3, 2

il <1,Iwll<1,0<t<1

ltv+ (1 —twll < litvll + 1g—wll < 1tl X1+ 11 —tIx1=1

Proof of Lemma
Letey, ..., e, be the standard basis of F™.
Let v; = Te; this is a basis for V

n
w=lay,..,a,) = ) e;
i=1

n n h n
< Dllali = ) lalivll < | D lag12 | ) livgli2
i=1 i=1 Si=1 -li=1
n
0TI = sup ITwll < | ) llv;li2 =L
Iwliis1 1y

S ITwy = Twall = IT(wy — wo)ll < ITHHIw, — woll < L llwg — w,ll
This is a Lipschitz function.

Ife>0,let§ =%, lwy —wall <8 = [[Twy —Tw, || <L = ¢

~ T is uniformly continuous m

n
NTwil = ”) a;v;
i=1

Proof of Theorem

Lemma shows € = IITll < o

LetS = iw € F™: llwll, = 11, unit space

Tis1-1,sTs #0Vx €S

T is continuous, S is compact so by Extreme Value Theorem the minimum values is
attained:

inflIT - wil = ITwpll = c # 0

WES



VIS L, Vy = Vo = IVl < L 111,315+ UVA SO

(e>0,3nllv, —voll <t = Nyl < Hlvpll + llvg —vpll S 1+ eLete - 0 T is continuous, S is compact so by Extreme Value Theorem the minimum values is
II-1l is continuous in the norm attained:

irégllT “wil = IITwll =c # 0

w
{v:livll = 1tis closed so tv: llvll < 1 = B;(0) is open. By Homogeniety cliwll, < ITwll < Cliwll,

Proof of Corollary

LetT: F"* - V isometric

Use Theorem, get 0 < ¢4, Cy, €3, C,
ciliwlly < IITwllg < Cyliwll,
c,lwlly < ITwll, < C,Iwll,

C2 G
= ITwllg < ¢ lwlly < ITwlly < Cyllwll, <—=ITvll,
1 €1
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V normed vector space
V* = L(V,F) has the dual norm
llpll = sup lpv)l

Iwli<1
V** has a norm, iV -V v(p) = iw)lg) = @)

Iwlly~ = sup lw(@)l = sup lpWw)l < sup lglly-llvily = lvily,
pEV* llplis1 llplis1
llpli<1

Theorem
The natural injection i: V — V** is isometric.
Le li(w)lly~ = lvlly

Corollary
Ifv €V, then 3¢ € V* with llpll < 1and ¢(v) = lIvll

Quotient Norm

If M is a subspace of a finite dimensional subspace V, put the
quotient norm on % by

v=1Wly=v+M=1iw:w =vmod Mt =tw:w —v € Mt}

llvlly = inf llv + mll = inflllwll: w € vt = dist(v, M)
M meM

Proposition
The quotient norm is a norm.

Question

s V0 _ *. _ vy o
IfM SV showed M* = -, M =1p € V:gly =04 (5;) =M*
These are linear isomorphisms.
Are they isometric when V is normed?

Lemma
IfT € L(V, W) is an isometric isomorphism, then Tt € LIW*,V*)
is also in isometric isomorphism.

Theorem
V finite dimensional normed space, M € V subspace. Then the
linear isomorphisms

—) and (—)* = M* are isometric.

Corollary
IfM CV,f € M*thendgp € V*s.t.gly = f and llgll = IIfIl
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Proof of Theorem

Have llvlly+ < llvlly = sup By € By

Suppose v € V, llvll > 1. By the separation theorem 3¢ € V" such that

Re ¢(v) > sup Re p(x) = S(lsllg) Re ¢(Ax) = sup sup Re A@(x) = sup lo(x)l = lipll
XEBy

XEBy XEBy 1A1=1 XEBy
1A1=1
Lety i Iyl =1 IY(w)l = Re Plv) > ol 1
ety =——, =1, v)I = Reyplv) > —=
lill lill
Sollvll= sup Ivi)l = Ilvyp)l >1
gliyrs1

Thus vl >1=1vil > 1

« By 2 By = By = By= = Iwllye = llvlly,
because llvll = infit = 0:v EtByt =infit > 0: v € tBy=}

Proof of Corollary

vl = llwll = sup lv(p)l = sup leWw)l = lpy(v)l, attained by EVT
IpI<1 IpI<1
Choose 14l = 1 such that Ap,(v) = lg,w)l = vl

Take ¢ = ¢,

Proof of Quotient Norm
1) vl =0,lvi=0edist vy, M) =0 veEMeov=0
2) lIkew)ll = litwll = dist(tv, M) = Itldistv, M) = Itllvll
3) lw+wlll= infllv+w+mll = inf IIwv+m)+ w+my)ll
meM M

1Mz

< inf llv +myll + llw + myll = llvll + llwll
miEM
myeM

v
So u hasanorm m

Proof of Lemma

T:V - Wis1-1,ontoand lITvIl = llvll Vv €V

~T(By) = By.Nowletp € W*

T¢Iy = sup T p)(v)l = sup lp(Tv)l = sup lpw)l = ll@lly-
veBy vEBy WEBy

So Tt is isometric

kerT! = (ranT)t =Wt =101~ 1-1

ran Tt = (kerT)t =10, - =V* . onto m

Proof of Theorem

Recall the quotient map I1: V — %, m(v) = v, Ilis onto,kerll = M
N 1

14 14

t.| * t 1_ (= _ t_ L gL

n (M) —>V,* kerI1¢ = (ran I) —(M) ={0f, ranlf=(kerl)t =M
So I1¢ maps (%) 1— 1 and onto M* .. linear isomorphism

*

Takefe(%), Nif=¢=folle M

Ifll y » = sup If(w)l= sup |[f(Iw))|= sup lpWwll= sup Ilpw+ M)l
(@) v vev vev vev
M dist(v,M)<1 dist(v,M)<1 meM
Iwil<1 dist(v,M)<1

If dist(v,M) < 1thenam € Msollv+mll <1lsov €E€B,+ M

Conversely, if v € By + M thendist (v,M) <1

Ifll y == sup lpw+ M)l = sup lp(v+m)l = sup loWw)l = lpll
(M) veEV

liviis1 lIviis1
mMmeM meM
dist(v,M)<1

So It is an isometric isomorphism of (%) onto M+
Apply that to M+ € V*

Ve
(m) = (M)t € V** which is isomorphicto M € V

So we have an isometric isomorphism

* Ok k% v*

]1(%) —>Mbynewlemma]t:M*—>(m) =m.

Proof of Corollary

feM = 7L

Jp eV s.t.fop=9+M

So ¢ |M = £, 0fll = ligll = wler}dflllqu +yll

Since dim V < oo, this inf is attainable from EVT
= llp +Yyll, @ + g is the desired extensions m

W+yo)| =¢l +oo| =f+0=f

is isometric isomorphism
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Matrix Norm

V normed finite dimensional.

A norm on L(V) usually should have an additional property
4) USTI < USHNTN

Trace Norm

T € L(V).V finite dimensional inner product space.

Polar decomposition

T =UD

D =VT'T = diag(sy, Sy, ...

S-numbers of T, s; = 5;(T)
n

,Sn), 1285225, 20

Ty = ) s;(T)
i=1

D ITN; = 0,if ITH=0=>s;=0Vi=D=0=>T=0
2) s;(tT) = ts;(T) since tT = U(tD)

Lemmal
If{e; 1, 1f; 1} are orthonormal bases for V, then
n

D KTe;, fi)l <IITH,
i=1

Corollary
IS + Tlly < USHy + 0TIy
Hence II-1l; is a norm

Lemma 2

T e L), 1<j<n

si(T) = mnk}r]}]fsj_lllT — Flle, = dist(T, F;_, ) matrix of rank
<j-1

Corollary

IfA,T € L(V), then
Sj(AT) < NAllosi(T),
Sj(TA) < 1Allos;(T)

Corollary?

A, T € L(V) then

AT, < WAl T, < Al NTI,
NTAN, < NTH11AN

Therefore II-1l; is a matrix norm

Remark
Same argument shows that
AT, < AT, ITAIll, < IT,11Al 6

Theorem
The dual of (L(V), lIll,) is (L(V), 1I-lly) via a paring
@r(A) = Tr(AT)

Remark 1
II-111 is unitarily invariant
IfT € LIV), U,V unitary then IUTVII; = IITlly

Remark 2

Ky Fan Norms
k

ITlgpe = ) 5i(T)
i=1
is a unitarily invariant matrix norm

Theorem (Ky Fan)

Every unitarily invariant matrix norm on M, is a convex
combination of the Ky Fan norms.
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Examples
1) 0TI = sup ITvil < oo by EVT
Ilis1
Restrict to an inner product space (V,, })

2) IITI =1Tlle, = sup Tl
Ivll=1

Polar decomposition T, VT*T = D unique positive square root

D is diagonalizable. 3 orthonormal basis tuy, ..., u,
Du; =s;u;1<i<n, S 285,225,220

U partial isometry, U:ran D = ran T isometrically, T = UD

Let v; = Uu; tv;ls; > 0t is orthonormal
n

T = ) _siviuz‘

i=1

ITN, = sup ITvIl = sup NUDvIl = sup lIDvIl = sup
Iwii=1 Ilvlli=1 IIvli=1 V=) au;
dlail?2=1
n
= sup ) sta;12 =s; sup } la;12 = s;
dlagl?=1 l.=1‘ dlaglz=1~"" "

3) IITll, fix an orthonormal basis te;, ...,e,t = &

T = |T|§ = |tij|
n
2
>‘|ti]-|

=1

Define IT1l, =

Makes M, into an inner product space
n

ISI=1s;l,  USLITD = ) sty

ij=1

> Siaiui”

n
IT g = 1, IST* g = | > .siktjk| has >,5iktik on diagonal (i,i)
k=1

k=1
~AUSLITD = tr(ST*)

ISTIZ = ; ;| ;.siktkj| < ;;( ;_lsikﬂ)( ;lltmz)

i=1j=1 k=1

=( ; ;,Isiklz)( ;,;_Itljlz)z NSUZNTNZ

i=1k=1 j=11=1

i=1j=1 k=1

If U,V are unitary

=1

WUTVI3 =UTV,UTV) = tr((UTV)WTV)*) = trlUTVV*T*U*) = tr(UTT*U*)

= tr(U*UTT*) = tr(TT*) = IITI13

So WUTVIl, = ||T|| (unitarily invariant norm) (sois 1Tl )

In particular, this definition does not depend on choice of o.n. basis.

If fi, ..., fu o.n. basis . Let Ue; = f;,
lagj| = IT1; = UITIeU* = Ul |U*

n
) ,laijlz = WUTU I = ITI? =

n
2
> el
dij=1

=1

T = UD polar decomposition, Uu; = v;, 1 < i<k, s, > 0,54, =0
extend v, ..., Uy to orthonormal basis. Define Vu; = v;,1 < i < n Unitary

T=UD=VD
n
Tl = NUDI, = 1IDIl, = ) 5P where |ID1y; = diag(sy, sy, ..., Sy)
li=1
Proof of Lemma 1
T=UD
Choose an orthonormal basis {u; {{ which diagonalizesD.  Du; =su;, 1<i<n
o _kif s =0
= : <i<
Letv; = Uy, 1<i< nif s, >0
k
T= ) slvuy))
j=1
n n k
})(Tei.fin = }| }_sj(ei.uj)(v]—.ﬁ-)|
i=1 i=1 j=1

n
)

k n n n
< s D Nenuliw, )l <cs. Y s l)J(u,,einz /)J(vj,finz =)

j=1 i=1 j=1 -li=1 i=1
=1ITlly

Proof of Corollary
S+T=UE, E=I1S4+TI=v(S+T)(S+T)

n

j=1

k
sillgllilyll = ) s

j=1



n
S+T= ) SS +Thvug, {u; i1, {v; 1T orthonormal

=1
n n

n n
IS+Tly= ) sp= ) (S+Thu,v) < | D (Suy, vi)| + | ) .(Tui,vi)| <iemma I1SIy + T,

i=1 i=1 i=1 i=1
So A < holds hence II:1l; isanorm m
Proof of Lemma 2
n j-1
Write T = > silvug), Let F; = > silviui) € Fjy
i=1 (i=1)
n
LetT — F; = > ‘si(viu?) = U diagi0,0, ...,0,sj, ..., sp
i=j

IT = Ell =T = Fll | = maxs(T — F;) = s;, dist(T, Fj_1) <'s;

Supposerank(F) <j—1,nullF)=2n—(j—-1)=n+1—j
dim(spiuy, ...,ept) +nullF) =2 j+n—-(j—-1)=n+1
~ dim(spiuy, ...,uj} NnkerF)=>1
j
Pick x € spiu,, ...,uj} NnkerF,lxll =1, x = > au; € ker F

i=1
j n
AT = FIl = T = F)xll = ITxIl = ” D (sja )1;,-” = | ) sHalt=s; I) a2 = s;lixl|
i=1 -li=1

=5
Proof of Corollary
S;\AT) = dist(AT,Fj_;) < At — Af;ll_ = IIA(T = F;)Il < VANl IIT = Fll_ = 1Allg,s;(T)
Other side is similar.

Proof of Corollary?
n n

ATI, = ) S;AT) < ) Al (T) = IAlITIl
i-1 i=1
Other side is similar

Proof of Theorem
Choose orthonormal basis § = iey, ..., e, matrix units Ej; basis for LIV), 1 <i,j<n
@ €LV, Lett;; = (E;j), LetT = Itﬁ|§
SoiflAls = |a;;l, A € LIV)
n n n n n
trliAT) = D IATIy = > DIAIITIi = ) D ayty;
i=1 i=1j=1 i=1j=1
A=>‘aijEij, (p(A)=>.aij(plEU)=>.aijtij

SoplA) =Tr(AT) = @(A)
llpll = sup lplA)l = sup |Tr(AT)|
1Al o<1

1Al o<1
n
= sup | D (ATee)| Spemma1 SUp MATI; Sz SUP NAIITHG = Tl
ANl o<1 i:1' Al o<1 lAllgo<1
T=UD, LetA=U* lAllm,=1

@p(T) =TrW*UD) = Tr(D) = Tr(diag(sy, Sy, ...,S,)) = Tl
allopll = TN, = gl = 1T,

Proof of Remark 1

WUTVIy S NWUNNT NIV g = T Iy
Ty = NU*WTVIV* Iy < WU N NUTV I, = WUTV I,
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