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1 Basic Time Series Concepts

Suppose stochastic process Y;. We need to do inference on {yt}thl.
Let fy,(y¢) unconditional density of Y; and its mean is

Ewasz%n@mm

where Y; = i + ¢4, E(g) = 0,V (g;) = 02. Tt is easy to see E(Y;) = p.
Alternatively, there may be period so we can define Y; = 5t + ¢;. Here E(Y;) = St and V(V;) =
E((Yy — m)?) = [T (e — 1) fy (ye)dye = vor = 0

Definition 1. Auto-covariance: {Y;}}_,. Consider vector z; = . |- The joint distribution is

(Y4, Yi—1,---,Yi—j). Therefore the jth auto-covariance is

o0 o0
Vit = / e / (ye — ,Ut)(yt—j - /Jt—j)fYt,~~~,Yt,j (Y, - a%—j)dyt oyt
—0o0 —0o0

Serial correlation implies non-zero auto-covariances.
Definition 2. Stationarity:

e Covariance Stationarity means E(Y;) = p and E[(Yy — p)(Ys—; — )] =5 (it does not dependent
on time t. For scalars, vv; = v—; and for matriz Cj, it will be C; = CJ/-.

e Strict Stationarity: The entire joint distribution of (Yz,---,Yij,,-- Yij,,---,Yi—;,) depends
only on the intervals seperating the dates (ji,j2,*+ ,Jn)-

e Note that a process is strictly stationary with finite second moments, then it must be covariance-
stationary. Strict stationarity does not imply weak stationarity (Cauchy distribution). Weak does
not imply the strict stationarity. If the processes are Gaussian, then weak is equivalent to the
strict.

Definition 3. Ergodicity: Time series averages are going to converge to the unconditional moments
as T — oo. It means § = %ZtT:lyt—hu as T — 0.
1.1 Some Processes

e = is a white noise if E[e;] = 0 and E[e?] = 02 and Elgig;—;] = 0,Vj # 0.

e Moving average process is defined as y; = ¢; + 0e4_1 + p. This is called the first-order MA.

Ely] = Eled] + 0B[z01] + Bl =
V(y:) = El(yr — 1)’] = Elles + 0e¢-1)°] = Ele;2e16010 + 0%e7_1] = (1 + 6%)0”

Let auto-covariance

El(yr — 1) (y1—1 — 1)) = E[(e¢ + Og4—1) (g1—1 + Og4—2)] = 00>

First-order auto-correlation is

“w _m_ bo? 0

VoL 0 1+ 6202 1462

where v, = 0,7 > 1



e pth order moving average process
Yr =+ + 01601+ + Opeiyp

where E[y] = pand V(y) = El(yr — p)%] = Elet + O1er—1 + -+ Operp)> = 1+ >0, 012,02 and
Eleier—;] = 0 and E[e?_j] =02

The jth autocovariance is

Vi = El(ye — )y — w)] = Eller + 01601 + -+ Oper—p)(e—j + brer—j-1 + -+ Oper—j—p)

=0;0% 4+ 041010 + -+ 0,0,_0° j=1,---

-0 J>p

e 0o order moving average processes

o
Yt = p+ Z (DT

j=1
00
V(y) = Ellye — )] = O _v?)o”
j=0
where 1)} is square summable. If Y% |¢;| < oo, then it is ergodic for mean absolute summability.

e Autoregressive Processes: First order AR processes,

Y=c+ oY1 +e
where |¢| < 1 for covariance stationarity.

Define the lag operator L such that Ly; = y;—1. Then y,(1—¢L) = c¢+¢; where |¢| < 1. Therefore

_ c
ye=(1—-¢L) 1(C+5t):7+5t+¢5t71+¢25t72+"'

1-¢
C
Ely] = 1—¢
2
V(yt):02(1+¢2+¢4+¢6+“'):1%¢2

The first order autocovariance is

El(yr — 1) (ye—1 — )] = Eler + per—1 + ¢*cr—2 + -+ )(E1-1 + dpe1—2 + ¢*er3 + )
:¢0'2+¢3O'2+¢50'2+"'

_ 9o
=15
The jth autocovariance is fi‘(’; and the atuocorrelation is just % = ¢/
For AR(p) = c+ ¢1yi—1 + ¢p2ys—2 + - - - + dpys—p + €4, then
ye(1— ¢1L — ¢poL? — -+ — ¢pLP) = c + &
The p-th order polynomial L is
(1 — 12— po2® — -+ — ¢p2?) = (1 — A12)(1 — Ag2) --- (1 — \p2)

The roots ()\j) to be outside the unit circle for covariance stationarity.
Variance of AR(p) is

E[(ye—1)] = $11E(ye—1— 1) (r— 1) d2[ E(ye—o—p) (ye— 1)+ - -+ Sp E[(ye—p—1) (g — 1)+ Elee (yr—11)]
4



where 19 = ¢171 4+ d2y2 + -+ + Gy + 07
Multiply through y; — p = ¢1(ye—1 — ) + -+ - + dp(yr—p — i) + &4 with y,—1 — p and take E[]. Then

Y1 = Q170 + P21+ PpYp—1

Yo = P1Vp + P2Yp—2 + -+ + PpY0

divide above by vy then we can solve the system of equations so

pj = ¢1pj + Gapj 2+ -+ Gppjp,J > P
This processes is called Yule-Walker.
e ARMA(p,q) is defined

Yy =c+ Prys1+ -+ Gpys—p + et + 161+ -+ 0481

ARMA(1,1) without a constant term. (1 — ¢1L) = (1 + 61L). notice if 6, = —¢1, lag
polynomial cancels.

Definition 4. Autocovariance generating function is defined as when y; is absolutely summable, then

gy(2)= > %7

j=—o00

for complex scalar z.
The Fourier Transform of a time series {x;} is v(w) =Y o0 e "Wy, as a complex function of w.
t t=—00 t
Here w is the frequency. The inverse Fourier transformation is

1 s

= — e“tr,dw
2 J_,

Tt

Hence we can define the Fourier transform of the autocovariance as

oo
Sw)y= Y ey
j=—o00
— Yo(cos(w) + i sin(w)) S
o0
+ Z cos(wyj)vy;j + isin(wy)y; cos(z) = cos(—x),sin(z) = —sin(—x)
j=1
o0
=70 + 2 Z’yj cos(wj)
j=1
For auto-correlation,
S(w) - —iwj
flw) = - > Py
Y oL
j=—o0
where p; = % The inverse is
1 [T ..
pi=o | @)
When j = 0,
1 ™
1=— d
o | flw)dw

f(w)

Here % looks like a density function. This is called spectrum density function.
5



For MA(1),
gy(2) = 00?271 + (1 4 60220 + 0o?2?
=020z + (1 +6%) +0z)
=0?(1+02)(1+ 6271
For M A(q),
gy(2) = (1 + 012+ 022% + -+ 0,291+ 0127+ 00272 + - + 0,27 9)

For AR(1),

0.2

W)= = e )

Definition 5. Invertibility: ; is recoverable from y; history. Then
yr = p+ (L +0L)e
If 18] < 1 we can multiply by (1 +6L)~!.
(1—0L+0’L*+ - )y —p) =&
MA process is invertible.
gy(2) = c*(1+02) (1 +6271)
Consider Yy, (Y; — p) = (14 0L)&, then

g5(2) = F2(1+02)1 4021
=6202)(07 2+ D) (027 H (072 + 1)

Let 0 = 671, 0% = 6262, vy, §; are the same autocovariances and same mean but y; not invertible so
cannot inverse €.

1.2 How should we define market efficiency?

There should have no predictability of returns. Let p; = log Sy and piyr1 = pr + €441 + 1. Stock return
will be 7441 = Pey1 — e = €141 + 1 so there is no serial correlation. Early research fail to reject the
p = 0. One way to look at it is to check

T4l = W+ pTre + E¢41

run a regression

>
I
WE

T
(resr = 7)(re =)/ Y _(re = 7)°
t=1

t=1

Under the null hypothesis, p = 0. Test statistic. p/+/62/T ~ N(0,1) asymptotically. Under the
alternative, p > 0.

We will do Monte Carlo under the null or alternative with sample size T. Then a histogram can be
generated for the test statistic.

(check paper Poterba, Summers) Suppose p; = p; + py where u; is serially correlated and pj is a
random walk. Here ry = py — pi—1 = pf — p;_1 + ¢ — pte—1 and u; = euy—1 + v¢ where vy is iid. There
will be serial correlation in returns but r = pf — pj_; + (p — 1)us—1 + v;. Suppose p = 0.98. They set
a variance ratio as

24 12
VO w2V i)
k=1 ;!



2 Forecasting

Suppose we want to forecast based on Y;4+1 and z; = data. Let yj,,, be forecast. We have quadratic
loss function, E[Y;11 — Yy_‘i_Lt]Q. On Hamilton, it proves E[Y;+1|Y;] is the minimum mean square error.
The linear projection is Y%, — xja. Forecast error is y;41 — xj. Linear projection makes forecast
error orthogonal to x;, that is

Elwy(Yiy1 — z3a)] =0
E[xYi41] — Elzixia =0

o = Bz} B2 Yiq 1] population statistics

OLS regression of ;1 on x; is
Yt+1 = ZL’;B—F’U/H_l,t = 17 7T

~1
where b = [Zthl :Utxg] [23:1 $tyt+1i| as sample estimate.

With covariance stationary, sample moment converges to the population moments as 7" — oc.

T

1

Tth:c; EN Elxx})]
t=1

T
1 P,
T Zl'tytJrl — ElxYi11]
t=1
b5 a
Here we are assuming data are ergodic for second moments.

2.1 Wold’s Decomposition Theorem

Any covariance stationary

o0
Y, = Z%'&t—j + kg
§=0
where k; is the linearly deterministic. and ¢y = 1, Z;io wjz <ocand e =y — E [Yi|Yi—1, -] a linear

projection errors.
Suppose we know ¢,’s, what is forecast of y; 457

Yits = €t4s + V16445—1 + Y2€tqps—2+ - -

EYiisleter—1-] = ¥ser + Psyr6e-1+ -
The MSE of forecast is (1 + 9% +¥3 + - -+ + ¥2_)o? where 02 = V (¢).
Define YW — L5 £ 4py L1 4 g L2754 .-
Define annihilation operator [ |4 that sets negative powers to 0.

EYiisler, er-1,-+] = [¢I(/€)] £t
+

Consider forecast of Y; 14 based on Y;, Y1, --.
(L)Y = &
o ) oo
§=0 =0

for invertible representation n(L) = ¢ (L)~!

- Y(L) $(L) 1
EiaalYisYier ] = | 92| n(oyvi= Y
t+s| Xt Yt L |, t L+ |, o(L) t
is called the Weiner-Kolmogorov Prediction Form.
7



3 Introduction to the Generalized Method Moments (Hayashi)

3.1 Endogeneity Bias

Coffee market with demand qf = ag + a1p: +us where uy is the unobservable shifter in demand aq < 0.
Supply is ¢¢ = Bo + B1ps + vi where vy shifts supply. Equilibrium ¢ff = ¢f = ¢;. We observe p; and ;.

Solution is
_ Bo+ag v —uy

ar =B a1 —F

bt

and
a1fBo —dof1 . avy — Brug

ap — B ar — B
p¢ increases with 4 < 0,u; > 0 and a7 < 0,87 > 0.
OLS of ¢ on p; gives you ¢ = &g + 61p: + &¢. Here

qt =

5 = cov(qy, pt) _ cov(ag + a1pt + ut, pr)

var(py) var(py)
covlunpe) 4
var(py)

This is called Endogeneity Bias to OLS or simultaneous Equation Bias. The solution for this
dilemma is to estimate the demand curve if we have another variable x; that shifts the supply curve.
Here we can have v; = fBoxy + (¢ where (; is a new shock. The new innovations are

qg =+ o1ps + Uy

@ = Bo+ Bipe + Powe + G
where E[x:(;] = 0.

Here
Dy = 50—040+ B2 2 Gt — ug
ar—pB1 a1 —p ar — B
a1 — apB oo a1 — Brug
" T = By ar—f T ar— B

where E[z;(;] = 0 and E[z,u;] = 0. The above solution is called the reduced form simultaneous equation
system.

Express endogenous variables in terms of exogenous variables. OLS of p; on x; with 5 = alﬁfﬂl.
OLS of ¢ on z; with dy = aoilfgl. Thus )
02
=~ = 1
01

This estimator is called the instrumental variables estimator with z; as the instrument.

3.2 Two-Staged Least Square
1. Regress p; on x; with OLS. Then
Pt = o + T2
The fitted value is
bt = ﬁt + error 4 lagged+opt

2. Regress g; on py.
G = g + 1Py + ug + a1 (pe — pr)

where the last two terms is the composite error and is orthogonal to p; so the OLS of ¢; on p;
gives

S cov(qt, Pr) _
var(py)
8
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The fundamental equation of finance tells
Eymi 1 Ria] =1

Can we estimate the parameters in this equation?

3.3 Single Equation GMM

Suppose
y =20 +e,t=1,---,T

where z; is L x 1.
A3.1 : Linearity

A3.2 : Ergodic stationarity such that z; is a k x 1 vector of instruments and w; is unique elements of
(ye, 23, z1)'. This is stationary and ergodic.

A3.3 E[xie¢] = 0 is the orthogonality conditions. Let’s define g = x1e; = x4(y¢ — 2;0) is the function
of data and parameters. Here the variables are k x 1.

A4.4 k> L is the rank condition for identification. Here E[z;z}] is full column rank. Weak instruments
satisfy this axiom poorly. If identification, E[g;(w¢, dp)] = 0 at the true dp. It is not 0 at & # do.

Elzi(y: — 20)] = 0

Opy — 240 =0

in terms of population parameters. This is a system of k equations in L < k unknowns. The
necessary and sufficient condition for one solution is k > L. Over-identification is k > L. Just or
exact is k = L and under-identification is k < L.

A3.5 g; is a Martingale difference sequence with finite second moments. g¢; is a Martingale difference
sequence if
Elgt|gt—19t—2---]=0

x; is a Martingale such that
Blz|®-1] = 241

If ®;qis 241,142,

t

st = th—j =g+ g1+ G2+ =g+ si-1, E[si] = Elgi] + s1-1 = 511
j=1

s¢ is a Martingale and g; = s; — s;—1 is Martingale difference sequence.
A3.6 Finite 4th moment of the w; process

If g is a Martingale difference sequence (MDS), then F[g:g;] = variance of g; = S. Billingsley (1961)
used Central Limit Theorem for MDS. if g; is MDS that is stationary and ergodic with E[gg;] = S

then g = % 23:1 g; is sample mean and v/T§ = % Z?zl gt A N(0,5).
Comments

o If instruments include a constant Ele¢] = 0.

e Alternative to A3.5 is Ele¢|zy, x4—1,---] = 0.

/2 /
[ ] gtgt — Et xtxt.

o We will relax the linearity and serial correlation of g;.

9



GMM defined an Economic model that gives a set of theoretical orthogonality condition E[z:e;] = 0.
This is the population moments. GMM chooses parameters to set a weighted average of sample moments
as close to zero as possible. (corresponding to the population moments). The model says

wt, 5t

IIM%

where E[g;(d9)] = 0. Here

T
-1
=% thyt — < thzt> 5= Spy — S0
t=1

If k = L, just-identified, what is 67 &, = S}t szy. Sets the sample orthogonality conditions to zero.
If ; = z;, then this is OLS.
If £ > L, over-identified, GMM objective function

J(6, W) = Tgr(6)Wgr(d)
where gr is the sample mean. Choose § as argmin of J(g, W). That is
J(0, W) = T(82y — S220)'W (S2y — S20)

minimized by choice of S. FOC: X
SL W sgy — SE W S0 =0

6 = [0 WSe:] ! S Wy
Single equations GMM estimator with instrumental variable. Here W must be positive-definite.
1 & 1 ) 1 &
Suy = ; T = ; Ty (2400 + €1) = Sz200 + T ; zer = Sz200 + gr(do)
8= (8L WS,.) " St W (Spa00 + gr)
§ =00+ (8. WSs.) " 8. Wor

VT(5 = 60) = (SeaWSps) ™! f Z gi

converges to N(0,S5) and S = Fl[g:g;], the variance of g;. As T — oo, sample moments S, NS Y
Avar(5) = (2, WE,.) ' SLWSWE,, (S, WS,.)

Estimator of Avar use S, for 3,,., we need. to estimate S for S. That is

T T
E E Et .CCt.’Bt

'ﬂ \

EAt =Yt — Zég = z,’;St + & — 2;25
=&+ 22(50 — 5)

T T
1 . -
fE :5? ( — 205 — 80) zer + (6 — 50) 228 — &)
as T — oo, then 7.7 — Ele7], 5 — 8y — 0. T L ST | 216, — finite middle — 0 and T ST | 212} — finite.

10



To test this, we check v/T'(6 — do) LN N(0, Avar(3)). Test 5y = 01,0. First we will check
d2 — 10
se(dy)
where
se(dy) = egAvar(S)ei/T
and e; = [0,0,---,1,---], the ith element is 1.
Robust to conditional Heteroskedasticity. Wald Test of a vector of linear restriction is
HO . R50 =T
where r is number of restriction. Then
VT(RS — Réy) % N (0, RAvar(6)R')
where 1
Wald = T(RS —r)’ |:RA’I;CLT((§)R/} g(R6 — 1)
Non-linear restriction
Hp:a(d) =0
A(S) = Asa(9)
The Wald test is .
Ta(a)'{A(S)A&ar(S)A(S)’} a(8)
where R o
a(0) = a(do) + A(6)(6 — o)
VTa(6) = AGWT(6 — &)
What is W? Efficient GMM uses W = S~

Avar(d) =211y ]

Hanson 1982 his theorem (3.2) proves that this is the smallest asymptotic variance of 6 for orthog-
onality conditions. (Hysashi P245 Prob 3).
However, we don’t know S. There is a 2-step efficient GMMs:

1. Use known W where W = I;,. Hisashi recommends to use W = S_.I. If this is used, then

A

61 =(S..8.18,.)7ts S s

rxzNxx Iz rzMrr °TY
~ /5
€t =Yt — %01
2. Use &; to estimate

1 T
S1== E E2ay)
T
t=1

3. Use W = gfl to estimate
0y = (84,57 " S2) 719,57 sy

4. Either stop or use (S;ZS*;lSm)—l as Avar of 6y and then iterate util convergence. MC process
suggests this is suggested but not required.

Limit the number of orthogonality conditions: distinct elements S are @ additional parame-

ters. T observations and k series can implode the equations very quickly.
11



3.4 Hansen’s J-Test

Model may give overidentify restrictions because the number of orthogonality conditions is greater than
the number of parameters. The GMM objective function

J(6,57Y) = Tgr(5) S gr(9)
We will take the arg min of § as the above. Suppose this is §g. Then
J = VTgr()'S™"VTgr(do) — x*(k)

because T gT( ) N(0,S). The estimation of ¢ sets the L linear combination of v/Tgr(d) = 0. We
know that J(8,571) — x?(k — L) and this is called the Hansen’s J-Test.

\/>9T T ZZEt Yt — Zt

_ ﬁ(sw — 8,.6) = VT [sw ~8,.(8.571S,.) LSS sxy}

= VT 1= 8,285 80:) 5057 sy

=T Bsxy B is not full column rank
BS:. =0

3.5 Likelihood-Ratio Test of H,

Here Hj has restrictions on the parameters.
1. Estimate without restrictions and get 5. Tg7(8) S1g7(8) where é is the unrestricted estimators.
2. Estimate with Hy restrictions using S;. Tgr(8) Sy gr(8) where § is the restricted estimators.

Since we know the optimization with the constraints will be larger than the one without so we will

check the difference o o
J(8,81) — J(5,81) = x3(r)

3.6 Newey-West Motivation

Suppose we have {y;}._; n dimensional and covariance stationary. The mean is E[y;] = u. Therefore

N T N T . .
i=11 v Eld] =73 Ely] = Tu = p is unbiased.
The variance is

(ye — M)/

M=

T T
(y1 — ) Z(yt (y2 — Z 4 (yr — 1)

t=1 t=1

o~
Il
—_

1
= 75 {TTo + (T = DL+ T+ + Loy + T}

1
TV (i) =To+ —— 1 +T7] + T[FT—l + Ty
o0
i
Ho TV@) = 3T
j=—00

Then we know

T
TE [(i—p)(p—p)] = lim E (\/17 ;gt(yf’“)) (

ﬂ‘“

T—00

T /
ZQt(?/mH))

t=1
12



Then the variance of vTgr is S = >.° ;.

j =00
Recall S(w) = >>22 »+Tje~™J with the spectrum density at frequency w. The above condition
is just S(0).
3.7 Hansen-Hodrick JPE(1980)

Forward exchange rates as predictors of Future spot rates.
Fi i = Ey[Setx]
where
St+k = Et[Styk] + €144k, with some reaction to news

However the actual data is not very stationary so the paper propose using the rates of appreciation
Stk — St (i.e. .05 means 5% appreciations in dollar) in logs and forward premium f; , — s; in logs (i.e.
.02 means 2% more expensive to purchase ponders with dollars for delivery in k periods).

With rational expectation that

Stk — St = Ey(St1n — 8¢) + Ug

and Ei(ui4k,:) = 0, under null hypothesis

Elstir — stl = a+ (frr — st)
Alternatively
Stk — St =+ B(fee — 8¢) + Utgr

where § = 1 as null is in interest. What are legitimate instruments to use? Anything is in the
information can be used as the instrument. (e.g., constant, forward premium). The orthogonality

E [Ut+k,t (ftkl— 5t>:| =0

condition is

Then
1
) = {(stsx =50~ = 8=} (L)
tk — St
1 7
where 0 = (a, ). Let yiix = 1k — 51, T = <ftk —8t>’ Yy = Wik, yrn)s X = | ¢ | and
b xlj_'
Ul4k,1
u = : . We have g7(0) = £X’u. Based on GMM, we have
UT+k,T

/

JO.W) = Tor®fWar®) =T | 1X' (- X5 W | 1X'(y - x0)

T
6= (X'X)"1X"y is OLS.

/ —1
6= (X'X)1 X" (X6 +u) = 0o + <(XTX)> g1 (80)

/ —1
VT(6 — &) = <<XTX)) VTgr(8o)

VTgr(%) = N(0,5)
S= > T, if[;#0

j==o0

13



/
Uj = Btk TtUek—jt—j T ]

for j <k, I'; #0, 7 >k, I'; = 0. The paper was able to sample data more timely than the forecasting.
Hansen-Hodrick GMM uses S = T'g + 25;11 (f‘] + f‘;) Sometimes this estimator does not turns out to
be positive definite so Newey-West comes along.

3.8 Non-linear GMM: Consumption-based Asset Pricing

Let pjy = real price of asset j, dj; = real dividend of asset j. u/(¢;) = marginal utility of consumption.
The first order condition for equilibrium investment in an asset is the marginal cost is equal to the ex-
pected marginal utility in the future

u'(c)pjt = BBy (co1)(Pjpt1 + djusr)], i =1,--- N (1)

11—«
St

(CRRA). Then

One utility function people use is u(c;) = 3—
Pttt = djtt1

rji+1 = real return =
Dyt

We can divide equation (1) by «'(¢;)pir and take unconditional expectation

1= E|s (Ct—H) Ryt

Ct

must hold for j=1,--- /N
Orthogonality condition is

E

8 (”1) Rjts1 — 1] =0
Ct
c c e
Et+1 <97 Riy1, ?) = [5 <tc+tl> Rjt1 — 1]

Ey [51&—1—1 (97Rt+17 thﬂﬂ =0

t

where 6 = («, ).

C
Eq [5t+1 <97Rt+17 t+1> ®~’Ct} =0,2; € ¥

e

(M instruments usual 1 of which is a constant.)

Define

Ct+1
91(0, wep1) = 141 (97Rt+1, C) ® @
t

where w41 unique elements of data

Here E[gi(0,wi+1)] = 0. ¢:(0,wit1) is a k = MN dimensional time series function of data and
parameters.

A1l wyy; is stationary and ergodic. Then, when ¢;(0, w;11) is continuous in 6 for all w1 and differen-
tiable with respect to 6 then

T

gr(0) = = > 910, wes1) > E(g(0, wes1))
t=1

this is the sample mean of the orthogonality condition.
Gr(0) = Vgr(0) — E[G(0)]
14



A2 Identification case: E(g4(0,wit1)) # 0,V0 # 6y. Otherwise, 0.
A3 VTgr(6o) LN N(0,5). §=>322 T; but theory will often limit j.

GMM objective function is )
Jr(0) = argmin Tgr(0)'Wgr ()
6

for some positive definite symmetric k£ x k weighting matrix W. For over-identified k£ > p, the FOC is
Gr(0)Wgr(d) =0
p linear combinations of sample average orthogonality conditions are zero.
argr(0) =0

(Hensen and Cochrarne use this) where ar = G7(6)'W
Apply the mean-value theorem,

g7(0) = g7(60) + G7(8) (0 — 60)
We will substitute into the FOC.
Gr(0)Wlgr (o) + Gr(0)(0 — 65)] = 0
VT(0 - 00) = —[Gr(0) WGr(0)] " Gr(0)WVTgr(f)
Under the standard regularity conditions,
Gr(0),Gr(0)
converges to E[G(6)].
VTgr(80) > N(0, )
VT(0 - 85) % N (0, Avar(d))

where Avar(f) = (G'WG) 'G'WSWG(G'WG)™! and S is asymptotic variance of g7(6, wsi1)
Setting W = S~! is optimal )
Avar(f) = (G'S7'G)7!

1. Calculate él with known W =1
2. Calculate S, using 6: to get the variance of gt(é, wet1). Impose the lag restrictions on fj = 0.

3. Use W =871 to get ég either stop or iterate to convergence.

~

4. Form Gr(0) = VggT(é) either analytically or numerically. Define a procedure that calculates
gr(0). Taking numerical gradient at 6 of procedure.

5. Do tests with .

VI(0—00) % N0, [Gr(BY ST Grd)] )

Suppose we have n assets.
-

Cet1
g1 =p3 <t+> Rit1—1
Ct

9¢(0,wit1) = €441

T
1
gr(0) = T th(& Wit1)
t=1

15



where 0 = (5, )’

Gr(0) = Vogr(f

’ﬂ \

T —Q T —Q
Ct—i—l 1 Ct+1 Ct+1

E Rt = E —fBlog | — — R

2o < > t+1 Tt:1 B g( e >< c > t+1

Ei[et1] = 0, by theory

1(0,wi41)9: (0, we 1)

0,(Gr(6)S™Gr(9)7)

3 'ﬂ\
N MH
EY

ﬁ[(ﬁ) ; (!i

3.9 The Asymptotic Distribution of the Orthogonality Conditions
gr(8) = gr(60) + G (8)(6 — 6o)

The following is true because the first-order condition
TWor(0) = 0= Gy Wgr(8y) + Gr W Gr (6 — 6o)
We argue that
0 — 0o = —(GLWG7) " G W gr(6o)
gr(0) = gr(0) — Gr(GrWGr) ™' GpW gr (o)
= [I — Gr(GTrWGr) ™' G Wgr(6o)
We know that
VT (gr(60)) % N(0,5)
VTgr(0) % N(0,[I — GGWG) " \G'WIS[I — G(G'WG)G'WY])
If W = S~ then above is going to be reduced to
[IG(G'ste)ta’'s ) s[1G(G's—ta)ta's™Y
=S-G@'sTla)t@'sTis —q@'sTie) TGS T+ GG S TG TG s
=[S -GE'Ss o)t
Asymptotically,
VTgr(0) % N(0,5 — Gp(GrS7'G) ' Gh)
From Lemma 4.2 (either Hayashi or Hamilton), we know that
Tgr(0)S™ gr(0) ~ X*(r — p)
where r is the number equations and p is number of parameters.

S estimates the variance of g:(6) where V(g:()) = E[g¢(#)g:(#)’]. Under null we have E[g:(6)] = 0.
Here we have a few tips as given in the following to improve our test

1. Consider the estimate for S as = Zt 19¢(0 0)g:(0) where g,(0) is serially uncorrelated. We can
improve the power of the test by settmg

5* = Z gt é gT 9 [gt(é) QT(é)]/

2. Scale data so variances of g;() are similar.

K(K+1)
2

3. Keep model relatively small. Since in S to be unknown, the size of S can be very large.

4. In our asset pricing model
Eilm1(0)Rea] =1

If we have instrument 1 and z;, then the orthogonality conditions of our model becomes

I [mm(e)m+1 ® <$t> e (;tﬂ —0
16



3.10 Hansen-Hodrick (1983)

Consider conditional CAPM with constant #s with excess return
Ei(Rit11) = BiEy(Rmty1),i=1,--- | N
We know from rational expectation
Rit11 = Ey(Rity1) + ivy1, it L Py

where ®; is the information set of the investors. Consider the linear projection of Fy[Ryy41] on to zy
observable. Then
Ef(Rpit1) = a+ 8z + v, v L (1, 24)

where this is a latent variable approach.
Rity1 = Bila+8z) + Bivy + €1, i=1,--- N

Let’s call
1
Uit+1 = Bive + i1 L < )
Tt

Normalize 51 = 1. Then we can write the following

1 Ult+1
Rit+1 *
. B2 , U241
=1 . | (a+d&z)+ i
Ryt '
* BN UNt+1
where our orthogonality conditions are
Ut+1
U2t+1 1
E . ® ( ) =0
: Lt
UNt+1

Here we assume x; has m elements and k from « and 9, (NO1) from §’s. Then We have Nk > N —1+k
over-identified GMM.

4 Vector Auto-regression

4.1 Maximum Likelihood Estimation

Let f(yi|e, yi—1;6) probability density function of y; given past x; and y;—1 (the past history). View
f(ye|xe, ye—1;0) as a function of unknown 6 and a likelihood function. Here we know

/ fyilze, ye—1;0)dy = 1
A
Cremer (1946) says under appropriate regularity conditions, we can differentiate the above with respect

to 6
/ af(yt’$t7yt—1§0)
A

20 =0

Multiply by % on both side. Then we have

Of (ye|ze, ye—1;6)
A 00 f (yel e, ye—150)

fytlze, yi—1:0) =0

17



Thus
dlog f(ytlze, ye—10)

E
00

=0

Define s,(0) = 2187 (yta‘gt’y““m is the t-th score function. The maximum likelihood function tells us
Et_1[st(9)] =0

and
E[s(0)] =0

Hence the maximum likelihood function is GMM on the score function.
T
o) =[] filze, ye1;0)
t=1

since the innovations (the residuals basically) in y; are serially uncorrelated. Then

Zlogf Yelze, yi-130)

t=1
From maximum likelihood, we have
max [ (y)

to set

1 1 1

- > si(0) = - > " selo) + 7 D (s1(0) = s1(60) = 0

t=1 t=1 t=1

We know

VT(2 Y si(60)) % N (0, 9)

T
1 0s¢(0) a 9% log f
z:: o0 %E[ anoe |~

VT(0 - 60) % N(0,G1SG™1)

where G has same square dimension as S. In MLE, § = G = I = fisher’s information matrix

VT(0 - 60) 5 N(0,I71)

of of >’f
5= <89 6 > -k {8080’}

if the model is true.

4.2 Vector Auto-regression

We will be doing first-order vector-autoregression
Y = Ay + &t

with zero means and
Yt = C+‘I)1 Y1+ -+ Ppyrp + &
Nx1 Nx1 Nx1
where &, is serially uncorrelated and N(0,Q) and y; has dimension N. The key is VAR completely
characterizes the auto-correlated ;.
18



T + p observations (conditional on the first p observation) on ;. Goal is estimate
0= (C, &1, - ,2,Q)
Conditional distribution of g; given in past data is
Yo ~ N(C + Pryp—1 + -+ py—p, Q) = N(I'zy, Q)
Define

Yi—1
Tt = . 71_-[/:(07(1)17”'7@17)

ytfp
Yjr = Cj + Py 1+ -+ Py p + i

The conditional density function of the t-th observation is going to be
_ —N/2 | 0-1]1/2 _1 T NO=1(, 1T/
f(ylwe, 0) = (2m) |7 exp 5 (W = Wa) Q™ (g — Iae)

Then the log-likelihood function is

l\.')\r—t

d TN
= log f(yilar, 0) = log(2m) + log
t=1

t=1

Choose © to maximize L(©)

T T -1
ol
t=1 t=1

This is the OLS equation by equation.
Useful matrix calculation results:

1. Consider a quadratic form in A non-symmetric

or' Az o
aaij -
0x' Az !
0A
> dlog|A|
0og /
A
94 = (A
Then we have .
oe) T, 1 ;o
25 ~ 2% g2 a0
Then
1 &
= 7 Zstsg
=1

19
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4.3 Choice of Lag Length
Given Q, value of ()

T
.. TN T . 1 . TN T
UQ,TT) = — =~ log(2) + 7 log ‘Q_l‘ — 5 D& e = — =~ (12 + log(2m)) + 7 log (9—1’

where

where

Suppose we want to test lag length pg < p1. po imposes N2(p; — po) O restrictions.
o (T A1l T A1\ _ A—1| A—1 2 _
2(l1 = lp) =2 5 log €2 5 log [© =T (log |2 log €2 ~ xx(p1 — po)
For small sample, Sim (1980) argues that

2(ly —lp) = (T — k) (log ‘Q—l) —log )Q—ID

where k = 14+ Np1. The other ones are Akaike Information Criterion and Schwarz Information Criterion.
They say choose the lag length that minimizes the log Qp‘ + (pN? + N)% where C(T') = 2 for AIC

and log(7T") for SIC.

4.4 Cambell (1991) and Hodrick (1992)

12 .
Let z; = [log Ry, D¢/ Py, rb]) where rby = iy — # (detrend interest rate, relative build rate), Ry is
continuous compounded return, D, is dividend rate and P; is price.

Here z(t) is de-meaned.
Zip1 = Azp + Uy

(I - AL)2t+1 = Ut+1 = Z2t4+1 = ([ - AL)*lutH = Ut+1 + A'LLt + Azut_l -+ .-

g1 is serially uncorrelated and let Efusyiuy ] =V is the innovation covariance matrix. The uncon-
ditional variance of z;y is equal to

C(O) = E[ZIH’IZ;—‘,-l] = E[(ut+1 -+ Aut + A2ut71 —+ . )(ut+1 + Aut + AQut,1 —+ - )/]
=V 4+ AVA + A2VA? ...

C0)=> AVAY
j=0

Elzii12141] = Bl(Aze + ugs1)(Aze + upi1)'] = AE[ze2] A" + Elugirug ]
C(0) = AC(0)A" +V
Hamilton Proposition 10.4 states
vec( XY Z) = (Z' @ X)vec(Y)

where vec is a stack operator.
Then

vec(C(0)) = vec(AC(0)A') 4+ vec(V) = (A ® A)vec(C(0)) +vec(V) = [In2 — A® Al tvec(V)
20



C(1) = Eletr12)] = E[(Aze + upi1)(2)] = AE[2e2)] = AC(0)
C(2) = Elzrast] = Bl(A% — t + Aursr + upsa)#] = A2C(0)
C(j) = Blztrj2] = A/C(0)
C(=j) =C()
Suppose we are interested in long horizon predictability. Let
log Ryypx =log Rey1 + -+ - + log Ry yp

What is the variance of log Ry, ;. First, we will get the variance of Z§:1 Zi4j

Vi = El(ze41 + zep2 + - 4 ze4k) (2e41 + 242 + - + 24)]
Vi = kC(0) + (k—1)(C(1) +C(=1)) +- -+ (C(k —1) + C(~k+1) = kC(0 +Zk N(CE)+CG))

Note V(log Ri11x) = €, Vier where e; = (1,0,0)’
+k, 1
Fama-French looked at

D,
log Riypk = Qg1 +Bk1 +ut+k:k:

we can use GMM with overlapping data.

ﬁkJ = COU(IOg Rt+1 + -+ IOg Rt+k7 Dt/Pt)/VCLT(Dt/Pt)

But from VAR, all auto-covariances are determined. In particular, we can get

ACA)+ -+ C(k)es € (A+ A%+ -+ AF)C(0)es
ehC(0)ey N et C(0)ea

Br1 =

This is implied slope coefficients. We can use delta method to get the variance.
The k-period variance ratio is

Var(log Ryy1 + -+ - + log Ry i - 6/1 [kC(0) + Z;:%(k - )C3G) + C(j)l)]el

VR, = =
F kVar(Ris) ke C(0)e;
R? from implied regression is the explained variance over the total variance that is
,6’ eh,C(0
eleel

Explanatory Power of VAR at k horizon is

Innovation Variance

2 _
Ry (k) = Total Variance

requires the k-period innovation variance. w11 = u¢4+1 at k = 1. This is innovation in z;y1.

U422 = U2 + Augyr at k=2

U433 = Ut4+3 T Augio + A2ut+1 at k=3
Upip g = [[+ AL+ A2L? 4 - 4 AP LR Ny = (T — AL) NI — ARLF)ugsg

The innovation variance is

k
I -A) T -A)WI-A)YI-A) =W
7=1
ehWhies
R2 D=1-— 2
2( ) 6/1Vk;61

Midterm March 7, 9-12 am, Uris 332, Closed Book and Notes
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4.5 Impulse Response Functions
Univariate y;, Et[yi+s] — Fir—1[yr+s) response to a shock g = 1.
o0
Yt = @+ Zé?jet,j,{% =1
j=0
It’s impulse response functions are the following

Eilyi+1] — Er-1[yt+1] = 61

Consider VAR, 4 = u+ ®y;—1 + €. Then
Eleiey] = Q, full rank

o
o= (= 0L ute) = (T-®) lut Y dey
j=0

We are interested in impulse response function of y ;4 to the shock of €44, that is
el ey,

where e, and e are indicator vectors. In other words, the following is equivalent
ep Ve

where y; = p + E;io Ve;_j epy = 1 with €4 = 0 if 7 # h makes no sense because it never happens in
the world (you cannot really test this).
Q is real symmetric positive definite so we can write

Q= ADA

where A is lower triangular with 1’s on the diagonal with positive entries off diagonal and zero elsewhere
and D is a diagonal matrix. Now let’s consider a process u; = A~ 'e;. Hence we have

Eluu)) = A7 Elee)](A™Y = A71Q(A™YY = A7 'ADA(A™YY = D
so uy’s are mutually uncorrelated. How let’s consider
Aut = &t
Ul = €1t
Ut = E2¢ — A21UIL
Ujt = €5t — Aj1Ut1t — QjaUat — *++ — Qj j—1Uj—1t

Because u;; are uncorrelated, u;; is the projection error of €;; onto (w4, - - - ,uj_l,t) and aj, are projec-
tion coefficients. Let x; be (y¢, y1—1,- ). Then we have

e1e = Y1t — Elyuelze—1],- -+, €50 = yje — Elyjelwi—1]

The change in the projection
aE[Ejt|y1t, ﬂvt—l]

= Qa 1
Oyt !
For the vector we have .
OE[e|y1t, v¢—1] o
Oyt
Consequently,
oF , T
[erslyre, xea] U.ay

Oy
This is the orthogonalized impulse response function. The issue is that the orthogonalization requires
theory to make sense.
22



4.6 Variance Decompositions

What percent of forecast error variance is due to u;;? We know that

Yt+s — Utts = Ets + Wictps—1 + VYocpps—2 + -+ E4q1
MSE(:I/H_SH) =Q+ 11119\11/1 + o+ U, 1 OT,
Q= ADA',Dj; = var(uj)
Q = ajajvar(uy) + asabvar(ug) + - -+ + amal,var (Ume)
m
MSE(yi1s|t) = Zvar(ujt)[aja;- + \Illaja;-\I/& ot \I/S_laja;-\lls_l]
j=1
The contribution of u;; is
var(uje)[aja; + Vraja; Wy + - 4+ Uy jaa50, ]

Since MSE — I'g, the variance of y; as s — oo, then it becomes the unconditional variance.

4.7 Models of Non-Stationarity Time Series

Hamilton Chapter 15 and Hayashi Chapter 9.
When we have stationary processes

o
%:M+§:%Qﬁ¢®:1

=0
where 377 [¢j| < 00,%(2) = .0 has roots outside the unit circle.

o Ely] =p
o Elyirs|yiyi—1, -] = pass— o0

However in general, economics and finance data are not stationary. We can take natural log. There
are a few methods that attempt to solve the non-stationarity problem.

e Deterministic time trend
Yo = p+ 0t +(L)ey

where 1(L)e; is as above. Here y; is trend stationary. Campbell, Lettau, Malkiel, Xu (2001) JF
argues that the aggregate idiosyncratic volatility of returns had a trend.

e Unit-Root Processes
(1—=L)ys =06 +1p(L)ey

The last part should be stationary. We also assume (1) # 0. y; process is stationary after the
first difference, e.g. log of GDP, log of price, log of exchange rate.

Aln GDP, = rate of growth

Aln P, = rate o inflation change
Aln S; = change rate of appreciation rate

Why (1) # 0?7 Suppose y; is stationary, y; = u + x(L)e; is stationary. Then (1 — L)y, is also
stationary and (1— L)y, = (1 — L)x(L)e; = ¥(L)e; but ¢(1) = 0 in this case. It rules out starting
with a stationary process.

The prototypical unit root process is a random walk with drift, that is

Yt =0+ yp—1 + &, 6¢ 1.1d
23



dys = 0 + &4

The unit root processes are integrated of order 1.

dzc/lit) =z(t) = y(t) = /x(t)dt
Ay = x4
is
Yt = Tt + Yt—1

Yi—1 = Tp—1 + Y¢—2

o
Yt = g Ti—j
J=0

where y — t is the sum over time of x;.

By analogy, we get I(2) are integrated of order 2.
(1= L)%y = k +¢(L)es

ARM A(p,q) was stationary AR(p), M A(q). ARIMA(p,d,q) so difference d times and then
AR(p) and M A(q) processes.

¢(L)(1 — L)y, = 0(L)e
Typically (1, 1, 1) is enough.

4.7.1 Compare Forecasts

If Y; is the level of GDP, y; = In(Y;) then
Ay, = growth rate of GDP

This change can be population, labor force participation, investment and technology change. They are
usually stationary.

Trend Stationary
Yt = a+ 6t +(L)e
Yirs =+ 0(t+5) +(L)erys
Utrst = Elyirslye, -] = a+0(t +5) + s + Ysp180-1+ -
Eljtyst —a—06(t+s)] =0
as 1, dies out

The forecast errors
Yits — Utrst = Etts + V1€tps—1 + -+ + Ys_16¢41

The MSE of the Forecast is 0?(1 +¢% + -+ + 92 ;). As s — oo, MSE goes to unconditional
variance of 1(L)e;.

Unit Root
Ay =0 +(L)ey

Yirs = AYpps + AYprs—1 + - Ay + y1
= (0 + ¥(L)etts) + (6 + (L) + etgs—1) + -+ (§ +P(L)etv1) + yt

Utts,t — SO + Ys
24



as s — o0

The forecast errors

Ytrs — trst = DYtrs + Aypps—1+ -+ Ayrpr + Yo — [AGrrss + -+ A1, + U]
= (Et4s + V16¢4s—1 + -+ s_16041)
+ (Etqs—1 + V2etps—2+ -+ Ps_2e441)
-
= &t+1
= etys + (L+U1)etps—1 + (L + 1 +Pa)etis—a+ -+ (L+ 1+ 2+ + s1)er1
MSE =®[14+ (1+¢1)? + -+ (141 + o+ +hs1)”

4.8 Hodrick-Prescott Filter

Let y; = log(GDP) = g + ¢; where g, is a smooth trend (Ag; is stationary) and ¢, is a cyclical
component. We want to minimize the cyclical components subject to ¢g; not varying very much.

T T
min {Z(yt — 1) + /\Z((Qt —gt—1) — (gs—1 — Qt—2))2}

{9t}i=1 t=1 t=1

where quarterly data uses A = 600 (A particular unobservable components model).

4.9 Special Cases

Random walk with drift
Utts,t = SO + Yt + Etts

log series is expected to grow at the rate of § from wherever it is y;.
ARIMA(0, 1, 1):
Ayt =4 + &+ 951&—1

Uit1,t = 0 + Yr + €141
Ye1 — Yey1, = Oy
et =Yt — Yrt—1,for 6 =0
U1t = Yo + 0y — Gei—1) = (1 + 0)ye — 00,01
For |0 < 1
(14 0L)Gi41,e = (1 +0)y

X 1+6 >
Yt+1,t- = ((_)yt (1+40) Z yt j
7=0

This is exponential smoothing. If # < 0. the right hand side is how people formed expectations in
1960s. Friedman (1957) says it permanent increases. Muth (1961) says exponential smoothing is only
rational if series is (0, 1,1).

4.10 Beveridge-Nelson Decomposition

Every unit-root process can be decomposed into a random walk with drift plus a zero-mean stationary
component.
(1—-L)ys = p+a(L)e

where roots a(z) are outside the unit circle.
Yt = 2t + ¢
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where z; is the random walk with drift and ¢; is the stationary part.
The claim is that
2t =+ 21 +a(l)eg

ct=a” 5t7 ] = g ag
k=j+1

Proof. Proof by construction.
(]. — L)yt = (]. — L)Zt + (1 — L)Ct

(1-L)zg =p+a(l)g
(1=L)eg = (1 —L)a"(L)eg
a(l) =ap+ a1 +ag +as +
(1-L)ag=—-a1—az—az—---+a1L+agl +---
(1—L)alL = —asL — a3l — -+ + apL? + azL? +

(1 =Ly =p+(a(l) + (1 — L)a™(L))er = p+ a(L)ee

4.11 Fractional Integration

ARIMA(p,d,q) implies (1 — L)%y; = 1(L)e; for MA infinity representation. The impulse response
function decays geometrically.

(1—pL)ys = &1 = yr = &1 + per—1 + pPer_a + pPer_3
Granger, Jayeux (1980) and Hosking (1981) considers [(1 — L)?]~! exists for d < 3

ye= (1= L) (¥(L))=

fe)=(1-2)71
daf (d+1)
o, —d -2
d? s
djﬁ = (d+1)d(1 — z)~(@+2)

Power series expansion of f(z) around z =0

se)= 10+ |

' 0

(1—2)%=1+dz+ = (d+1)dz+ (d+2)(d+1)dz3+---

—d i
= Z h;L?
j=0
where hg = 1 and hj = 5(d +j — 1)(d + j — 2) --- (d + 1)d Therefore

=(1- L)*dat = hget + h1et—1 + hogs_o + - - -

Infinite order MA with particular impulse response function decays slowly than the geometric decay.
(long memory; Bollerslev GARCH)
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4.11.1 GARCH

Yt =+ e

where

Et = N(O, ht)

and
ht =w+ Bhe_1 + agffl conditional variance processes

hy = E[*ﬂ?]
Elh] = w + BE[h—1] + aBle?_y]
V = E[hy] = E[hy_1] = E[e}_{]

w
= - 1
V 1_@_6,0¢+B<

By applying the factional integration into GARCH, we call it FGARCH.

4.12 Testing For Unit-Root

Section 15.4 from Hamilton gives a good discussion about this topic. Suppose
Yt = Yt—1 T &t

is the truth

Yt = PYt—1 + €t

set p = .9999 with 10,000 observation you won’t be able to reject p =.99999 v.s. 1
Consider

Yt = pYt—1 + Ut
where u; is i.i.d N(0,0?) Estimate p with OLS

ZtT:1 Yt—1Ut

T T
D1 Y=Yt Do Ye—1(pyr—1 + ur)
- T
Zt:l 3/152—1

T T
D1 yt2—1 D1 %2—1

p= =p+

when y; is stationary

. 1/NT tT: 1y
S

where VT(p — p) — N(0,Q) and Q = Q7'SQ™',Q = E[y? ] and S = E[y? ,,u}] = Qo? with

homoskedasticity.

Q0= Q—IQO_QQ—I _ O_QQ—I

Q=Blyi]=1"
0'2 2
R R

VT(p—p) = N(0,1—p?)

Notice if p = 1, we would have N(0,0). It is impossible. The law of large numbers and convergence
only work for |p| < 1.
Suppose rather by scaling by the root of T, let’s scale by T.

. 1/TZT: Yt—1U
T(p—p) =55,
/T2 1 vig
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If y; is random walk, p =1, let yg =0
yt:ut—l—ut_1+-"—|—u1

ye ~ N(0,t0?) (2)

yt2 = (ys—1 + ut)2 = th_1 + 2y 1ug + ug

1
Yt—1Ug = 5(%2 - 93—1 - u?)

Therefore,

T T T
1
tg_l YU = i(y% — ) - 05 tg_l u? = 0.5y% — 0.5 ;_1 u?

T T
1T yeoqup = 0.5/Ty7 — 0.5/T Y uj
t=1 t=1
Divide by o?
0.5/(c*T)y7 — 0.5/(c°T) > u}

This is equal to

T

0.5(yr/(oV'T))* = 0.5/(c Z =0.5x%(1) — 0.5 = 0.5(x%(1) — 1)

=1

The denominator is

1

T 2

T-1)T

= ﬁoj Z(equation 2-1) = (T — VT
=1

T322

1 T
§ : 2
t=1

by functional central limit theory
You can demonstrate that T'(p — 1) < 0 68% of the time, even though p = 1. Hayashi has Dikey-
Fuller discussion on page 487 and table B5 on page 762.

Yt = Y¢—1 + €

Yt = pYt—1 t+ &t
Calculate T'(p — 1) for T'= 100. The probability T(p — 1) < 131 is 95% and T'(p — 1) < —7.9 is 5%.
Reject p = 1 if T(p — 1) < —7.9 at 5% critical value. p—1 = 55(=7.9). p=1—0.079 = .921. if
p < .92, you can reject Hy: p=1.
4.13 Cointegration

yr(m x 1)

each y;; is I(1),i=1,--- ,m. a'y; where a is m X 1 vector of constants is stationary.
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4.13.1 Purchasing Power Parity

($/£) = S;. Pt$ is the dollar price level and P# is pound price level. Internal purchasing power is the

i _ Goods
pF 8

and the external purchasing power in the UK

Sy ' pf £
Then
111
Pt$ S, P{C
Take logs
S;B/f — Pt$ _ Pt£
Se # SPPF
St — Pt$ + P = deviations from PPP
St
where S; is I(1), P{ is I(1) and P{ is I(1). Herea' = (1, —1,1) and @’ | P$ | = stationary process cointegration
f)t.f

4.14 Price-Dividend Ratio and Campbell-Shiller Decomposition

Let 7,11 = rate of return on a stock, p; = log price of stock, d; = log dividend.

Piy1+ Dy

eXP(TtH) = P,

Factor out Dy4; and Divide numerator and denominator by D; then

|:Pt+1 + 1] D1

Diyq Dy

exp(ret1) = P

Dy

Take logs
ri41 = loglexp(pip1 — diy1) + 1] + Adppr — (pr — dy)
N ex —d —
re41 = log[l + exp(p — d)] + _oplp—d) 7)(1%+1 —dpy1 —p—d) + Adyyq
1+ exp(p — d)

Ter1 = K+ p(Pr+1 — des1) + Ader1 — (pr — di) (K is some constant term)

Holds ex post and ex ante. Take E; of both side.

(pe —de)(1 — pL™") = K+ Adp1 — 141
P — dy = % + E; Z pj_l(Adt+j — r¢4+;)(Campbell-Shiller Decomposition)
j=1

Here ryy; is stationary, dy11 is I(1), Ady1 is stationary, p;41 is I(1). Lastly, (p; — d¢) is stationary.

The CS decomposition is driven by the similarity of the dividend to earning’s ratio ED/L where

dy — eay is stationary.

4.14.1 Lettau-Ludigson: log Consumption Wealth Ratio
cayy = Ct — Wy
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4.14.2 Hamilton’s Canonical Example

2y’s,
Y1t = YY2t + U1e

Y2t = Y2t—1 + U2t
where u1; and w9y are serially uncorrelated white noise.
Ayar = ug
so yar is I(1) and yor is ARIMA(O, 1, 0).
Ayir = yAyar + ure — ure—1 = Yugr + Ui — U—1 = e + Ore—1

Ay = vy + Qv is I(1) and yp¢ is ARIMA(O, 1, 1).

Y1t — VY2t = U1t

so this is stationary. Hence y1; and yo; are cointegrated with vector (1, —7).
For VAR representation, we need €14 + €9¢ as forecast errors relative to ®;_1.

€1t = V€2t + U1t

€2t = U2t
Ei_1(y1t) = vEi—1(y2t)

yit — Er1(y1e) = €10 = Y(y2r — Er—1(y2t)) + wir = yeor + uie
Hence
Uit = €1t — V€2

Postulate stationary VAR in Ay, and Ayoy.

() =wi (21)

Can we invert W(L) to get finite order VAR

Ay = yAyar + Augy = yug + urg — urg—1
= yegr +urr — (€14 — y€2t)
=€1t —€1t—1 + YEu
=(1—L)ew +e2-1

We know that ¥(z) has a root at 1 so |¥(1)] =0 so ¥(2)~! does not exist. We have
Ayir = yAyar — Aure = Tuge + ure — urg—1

Ult—1 = Y1t—1 — YY2t—1
(Ay1t> _ <—1 ’Y) <y1t—1) n (’Vuzt +u1t)
Ayay 0 0 Yot—1 Ut
(Ay1t> _ <—1 7) (ylt—1> n <51t>
Ay 0 0/ \yar—1 €91

Cointegrated VAR lapped cointegrated variable on the right hand side. This is error correction repre-
sentation.
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4.15 Normalizations

(1P}

If y¢(m x 1) and each y;; is I(1) and o'y, is stationary. “a” (cointegration factor) is not unique and for
scalar b, ba also implies stationary process and a;; = 1 is a appropriate normalization. There may be
h < m unique cointegrating vectors. We can stack them in A(m x h) where

!
ay
A =
/
ap

Ay, is stationary and § = E[Ay;| define uy = Ay, — 5. Write the Wold Decomposition of u; as

up =¢e¢+Vigg 1+ Wogp o+ = \IJ(L)St
Q s=0
E[Et‘g;—s] -
0 s#0

V() =Ipn+ Y+ Vo +---

Claim: If A’y; is stationary, then the necessary conditions are
A1) =0
A§=0

Proof.
Ayt = (5 + @(L)Et

a vector MA representation. Iterate into the path and get
Ye = Yo + 0t + (ug +ug—1 + -+ + uq)
Do the Beveridge-Nelson decomposition, we say
U(L)=V(1l)=(1—-L)a(L)
where a(L) = > 22, oL o= (Wip1 + Vg +---)
u =W(L)er = V(1)er + a(L)(er — €1—1)
Define ny = a(L)e; stationary substitute for u;’s
ye = yo+ 6t + [ (Der + (e — me—1) + Y(D)er1 + (-1 — m—2) + -+ + ¥(L)er +m — o]

y=yo+ot+¥(1)er+e—1+---+e1] + e —no

This is the multivariate Beveridge-Nelson.
A/yt = A/yo + A/(St + A%/J(l)[&’t + -+ 81] + A,nt — A/no

so A0 =0 and A'¥(1) = 0 for stationarity.

U(z) = <182 '{t>

=)

a = (17 _'7)

(1) = (1, —) <8 ’1Y> —0
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4.16 Triangular Representation

ai

A =
!
ap,

where A’y, is stationary vectors, A’d =0 and A’¥(1) = 0.

L0 - —=7a1 —Mht2z 0 Mm
0 1 - —92ht1 —Y2ht2 0 —V2m

A= . . : = [, —Thx(m-n)
I =Ynht1 —Ymht2 0 —Vhm

2z = Ay, and E|z] = pf Partition
_ (3/1t>
;=
Yot

2 +uy = Ay = I, T @Z)

Demeaned z;, 2; = 2 — .

y1t = Dyor + pi + 2/
Ayar = 92 + ugt

where ug; = E[Aysg] is serially correlated. Write the stationary components as a Wold decomposition.

zf _Oo H,
(55 (5)--

where € is m by 1, H is h by m and J is g by m. With Beveridge-Nelson Decomposition, we have
Yot = Yas + 0ot + J(L)[e1 + -+ + &e] + M2t — n2s

We have
Yor = Uz + 02t + Cor + M2t

where s = Y25 — 125, (o is random walk and 79, is stationary.
yie = Dyor +uj + 2

yie = u) + D(ta + 92 + Cor + m2t) + 2f
y1r — u] + T'(02 + Cor) + 71t

where w1 = pj + I'ag, 1t = 2 + I'noy This is the Stock-Watson Common Trends Representation of
y; series. 1 is linear-combination of g deterministic trends dsot and g common random walks (5. and

stationary components
i -
U2 2t

4.17 Error Correlation VAR
y; as p-th order non-stationary VAR.

Yyr=d+Pry—1+ -+ Ppyr—p + &
O(L)y; = d + g4, (L) IIfq)lL—Q)QLQf...f@pLP
Ay =6+ V(L)

(A= L)®(L)y; = ®(1)5 + B(L)T(L)ey
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(1—-L)(a+e)=®(1)5+ P(L)¥(L)e
(1—-L)a=0,9(1)0 =0 is required
(1 —-L)I,, = ®(L)¥(L) identical. polynomial in lag operator.
(1—=2)I, =2(2)¥(2),z=1 = P&(1)V(1) =0

For any row ®(1) denote IT',
o'w(1) =0,1'6 =0

determines the cointegration vector.
I = Ab,II' = ¥ A",V rows of ®(1),®(1) = BA’

. Hence ®(1) is singular.
Iy — @12 — Bo2® — - B,2P| =0

at z = 1. There is at least unit root.
y=a+®ry 1+ -+ Ppyp+es

Yt = p1AY—1 + p2Ayo+ -+ pp1 Ay p1 ta+p+ey

where
p:q>1+...+q>p

ps=—[@op1 4+ +Ppl,s=1,--- ,p—1
Subtract ;1
Y — Y1 = Ay = p1Ay—1 + -+ pp1AY—pr1 +a. + (p— Dyi—1 + &
[p=1]=—[I =& —--- = )] = —®(1) = —BA’
Ay = alAys 1+ + 0p_1Ays—pr1 — BAy1_154

4.18

PPP theory says
Zt:St_Pt$+Pt£

is stationary where a = (1, —1,1). Then we can use DF to test unit root for each series and z;. Then z,
is stationary and S, Pt$, Pt"e are cointegrated. In Hamilton, with lira and dollar exchange rate, each was
I(1) but Z; could not reject unit root. Normalize a,, = 1 and estimate (n — 1) cointegrating parameters.

Y1t = YeY2t +V3Y3e + -+ YmYme + €1t

Minimize the sum of squared residual which is the second moment of z; if there is cointegration
1 X
2 2
T Z ety — Elz]
t=1

if cointegration; otherwise, their %S SR diverges and %S SR converges to Brownian motion.
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