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1 Introduction

1.1 Risk Free Investment

Let 4; be the nominal interest rate. Then the return is (1 + ;) = R{ +1- Holding period return on a

pure discount bond which pays $1 at ¢ + n, Pt(n). Therefore the return can be calculated as

1.2 Stock

Piy1+Diy1 _ Payoff o .
7, = P - The rates of return are Ry 1 — 1 = exp(ryy1) where r11 is the

continuous compounded rate of return. rt(i)l = log Pt(_tl_ b_ log Pt(n).

Stock return P; is

1.3 Option

If you invested in an option with strike K, the payoff is
max (0, Sy41 — K)

and the return is

maX(O, St+1 — K)
Cy

where
C; = cost today for the call option

1.4 Forward

Now let S; = % and F}, = Forward Exchange Rate at ¢ for ¢t +n. The payoff on purchasing € forward
is
St+m - Ft,m

Invest $1 in € money market where there is a risk free of (1 + i¥).
1. Convert $1 to € to get S%
2. Invest S%(l + %)

€
3. Convert to $, %ﬁﬂ“) in return. It is although exposed to the foreign exchange risk.

We can eliminate the uncertainty by selling the € interest forward. Then

Fiq
S

(14 45) = known first period return

This should be equal to the risk return and it is called covered interest rate parity

o
1+ = ;1(1+it€)
t

1.5 Euler Equation

The Euler equation for investor has the intuition that the marginal benefit of return on investment is
equal to the marginal cost of the forgone consumption. Secondly, the price consumption level P, =

$ 1. -
General Goods Where 5 is the goods sacrificed. Then

1
FM U; = utility marginal cost
t
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SO
Riy1 = $ in the future

R
e goods in the future
Py
Rit1 B : :
2 BMU;+1 = MU in the future discounted to present
1+1
Then ) R
ZMU; = E; | BMU;4 —+
2 t t [5 t+1 Pror

is the Euler equation. In time series class, we let the MU be the C; 7. Here, we know the left hand
side today so we can divide it into the expectation. Thus we have

MU R;$+1
MUy P /P

1=FE; = E[m§+1Rf+l]

B

where mf 1 is the pricing kernel or stochastic discount factor for all assets.

R$
1 — real return
(1 + mq1)
P — P
Tyl = % is the rate of inflation
t
For real returns, we have the real pricing kernel, that is 8 Mﬂgﬁl = my41 while the nominal pricing
kernel is mf = (11?:1). Now we can write

Elmi1 R =1

1.6 Notes Regarding the Above Equation

Risk free return can be written as
Rl =1
R [mi41]
because we can let the return to be the risk free return and solve for it. However, due to Jensen’s
inequality,

f o= 1 .
ElRp]=E [Et[mtﬂ]] 7 Elm+]

For other assets,
Eymy 1 Riq] =1

has the covariance decomposition as the following

Ci(mit1, Rey1) = Ey[my1 Repa] — Ey[mys] B[Ryt
1 1

— _ f . f
Ey[mis] Et[mt+1]0t(mt+1’RtH) Ry — Ry Ci(meg, Reya)

Ei[Ri1] =

The expected excess return is —R{ +1Ct(myy1, Rey1). Here the covariance is negative.

E[Riy1 — Rl4) = - C(mit1, Retr)

Elmi]
E[Ri11 — Rl

o(Rit1)
where the left side is the Sharpe Ratio. The maximum Sharpe Ratio is when the asset is perfectly

negatively correlated to the stochastic discount factor. In this case the largest is glmes) Tt our utility

Elmi41]
.o c —y ooy
function is CRRA = F'— and MU = C; " and myy1 = C—fv
t

The variance of m;y1 larger, the greater variance of the consumption on growth or large ~.
3

o(mis1)
E[my1]

= —p(mys1, Ris1)

= [ exp(—yAci4+1) where ¢;41 = log Cy.



1.7 Minimum Second Moment Asset

Consider an asset R}, = % Then we know that
t+1

1§[n%+1”“+1]::1
t+1

This is the minimum second moment asset.

Proof. Let R} | = E[thigrl} is arbitrary asset and we need to show E[R}, ;%] > E[R!,?].

E[thR?H] =1
Elmy1Ze1] = Elmi, )
E[(Riyy — Ri3,)*] 2 0
E[Z}\] — 2E[Zyimusn] + Elmi ] > 0
E[Zt2+1] - 2E[m§+1] + E[mgﬂ} >0
E[Z}4] > E[m{.4)

E[mf_ﬂ]

[Rt+1 ]_ E[mfﬂ]?
. E[Z¢,4]
Pl = W

Thus

1.8 Conditional CAPM

In this section, we are going to get Ey[R} | — Rt+1] Bi Ee[RY R{_H] where

Ct(Ré—I—l? R?—&-l)

Bit =
’ Vi(RY, )
min _ Mi41
LT By myg)]?

Define a benchmark return
R§+1 WtRﬁl? +(1 Wt)R{H

where the conditional variance of this benchmark return is
Vi(RYy 1) = wiVi(RIT) = Wi [E(REYTT] — BRIV
Ey §+1 - Rﬁﬂ] = _Rg—&—lct(mt-i-h R§+1)

Eymi,] (Et[mt+1])2]
Et[mgﬂ])Q (Et(m?+1))2

Vi(Rpyp) = wy [(

Then

B[R _ Rt | = _rf [ Et[m%—i-l] _ (Ei[mia])® } Ct(Rt+1>R§+1)
e B2 (Emi )] ViRD)
We know that

Wi mt+1 i b i
,R =C(R
Et[ngrl] ] t+1> ( t+1> t+1)

Ci(mis1, R ) = Cp | wp———
t( t+1 t+1) ( Et[ mZ, |
4



Et[mt+1]2:| Cy(Ri, 1, RYyy)
Et[m%—f—l] VZ(RtH)

Multiply this by Rt 1wt into the bracket and add subtract Rt 41 inside. Thus above equation is just

Et[ §+1 - R{+1] Rf 11wt [

Elmiiq)?
= |:R{+1 — R{_H — thlJ;_l -+ th{_i_liE ﬁit
t[m? ]

= [(1 — wt)R{H + tht[ ?}:?] — Rt-ﬁ-l} /Bit
B[Rl — Rl,\] = BuEi[RY,, — R

Hence the conditional CAPM holds for benchmark returns.
Ry, = wRET 4+ (1—w)Rl,
min _ mi+1
i Ey [m%Jrl]
1.9 Systematic vs Idiosyncratic or Unsystematic Risk

Systematic risk implies a covariance with m1 giving rise to risk premium and unsystematic uncertainty
is uncorrelated with my4; that does not give rise to the risk premium. Rational expectations

Ry = B[R] +eip
myy1 = Efme1] + ety
Ci(mes1, Riyq) = Ci(e) 1, et 1), source of risk premium
et = Bielts +vin
where u§+1 L&ty

Ct(gﬁlﬂgiJrl)
Vi(efiq)

Et[RéH - R{+1} - _Ct(mt—l-la R§+1>R{+1 R{+1Ct(5?11>5§+1) = —R{Hﬂfv}(g?}rl) = —51?/\t

where \; = R{HVt(a?}rl)
Only systematic risk is priced and price of risk is A;.

B =

1.10 Factor Model
Rtp == w,Rt and Rt ~ N(M, E)

Suppose we maximize portfolio using the mean-variance maximizer
/ f)/ !/
max{w'p — J¥ Yw}
w

Then the FOC condition is
—vXw =0

1
w=-"1y
Y
1 _
E[R]] = —p/'S'p
Y
1 I 1
V(RY) = —p/S71extu— Qu’E_lu
Y 'Y Y

1 ry—1
E[RY] SHET

Sharpe Ratio = il=7 = VX 1
V(RY) % Wty

5




1.10.1 Hansen-Jagannathan Bounds

It relates. the standard deviation of pricing kernel to asset returns.
Eyfm1(Risy — Rf,1)] =0

Let Rf,; = excess return. We don’t observe m;;1 but consider theoretical regression of m;y1 onto
1, Rf,; some vector
/
mip1 = a+ B Ri | + e

B =3X"1C(mus1, Riy1) = S (Eelmus1 Res1] — Eefme| B[RS, ]) = =X Elmya | B[R ]
V(mip1) > V(B'RY, ) = BEB = Elmq /S 888 1y
o(my1) -
el s /2 1
Elmggq] — s
1.11 Risk Neutral Probabilities
Emia Rl ] =1

consider S states of the world with probability m(s)

s
Y mls)mesi(s)Riq(s) = 1

s=1
1
Z T (s)myy1(s —F = Ey[my ]
Rt+1

Let’s define 7} (s) = % These are all positive and sum to 1. They are like probabilities.

S
PRACE
s=1

We have

S
Z T (8)mu41(8) Res1(s) _ 1 —rl
Ey[mis1] Ey(myy1) i

R/
E 7Tt t+1_ t—|—1

EtQ( §+1) = R{-s—l

where 7 (s) is the risk neutral probability.

s=1

1.12 International Implications

Ey [m§+1R§+1] =1

where
m§ ; is USD SDF
Eylmi Rq] = 1
where

m$ , is EURO SDF

In the Euler equation theory,
m$ BM ( )(1/pt+1)

T e t><1/pt>
6




and
€ _ 5#’(Cﬁr1)(1/pt€+1)
o ! (¢5)(1/pf)

Return in $ to $1 invested in European assets

1
Rw;$+1 = §Rt€+15t+1

t

where S; = $/€
S
e P41
Et[m;$+1Rt+175 J=1
t
if markets are complete, then
e § St

Myiq = My 7575

take log
St+1 — St = log mt€+1 — log me

where the left hand side is the continuously compounded rate of appreciation of euro vs dollar.

V(3t+1 - St) = V(log mt€+1) + V(lOg mf—&-l) - 2p(10g mf—l—l? log Tn‘t€+1)0-logmirlO-logmf7L1
Solve for g
V(st4+1 — st) — V(log mt€+1) + V(log mt+1)

20 o
log mf+1 log mf+1

0.12

p=1-3
g g
log mt€7L1 log mf+1

i = = ey —n12
if TlogmE,, = Ulogmfﬂ = 0.5 and suppose V(s¢11 — s¢) = 0.1°.

Then p = 0.98.

2 Factor Models

E; [Mt+1Rf,t+1] =0

1
RY

M1 =a—0bfia

Ey[Miy1]

where a = 1.
Therefore,
E[My1, Riy ] = E[Myp] B[R ] 4 Cov(Miy, Riyy)
Cov(Miy1, Rf,t+1) _ Cov(fis1, Rf,t+1)
E[My ] E[My1]

E [ f,t+1] = -
If fiy1 is the expected excess returns, then

_ bV(ft+1) or b Elfin]
E[Mt+1] E[Mt_H] V(ft—l—l)

Cov(fi+1, Rf,t+1)
V(ft+1)

? The beta for this factor.

E[fis1]

EIR 4] = Elfi]

Cov(fit1,85 4 41)

Now what is V)

Ry =i+ Bift + i1
7



& =

E[Rit-i-l] - BzE[ft] =0
Here, €;; is homoskedastic and normally distribution and

A~

S];(idi) = t-distribution

Rfypq = a1+ Bifi +e1e41

Ry 141 =an + Bnft +enttr
The OLS GMM orthogonality condition is

Hence we will write

and b = (o, B)".

6 = Er[Rf] = Br[f]
b= Er[(Rf — Er(Rf))fi] _ Covr(RY, fi)

Er((ft — Er(fi)) fi] Varr(fi)

Then by GMM,

VT(b—b) = N(0,(DpSy" Dr) ™)
where D = Vigr(b) and

S :(ET(@%) ET(&d:ft))
g Er(eerft) Er(eelf?)

S (R —a—Bfr) ( —In  —INEr(f))
= — T Zat=1 _
Pr=Yor®) =¥ <% S (Re fi — oufy — BI)

—INEr(f;) —INEr(f?)

t
Hence

()

(DySz' D)~ = D' SrDy!

Er(ecift) Er(aeif?)

&'Qghé ~ *(N)

If &; is serially uncorrelated and conditionally homoskedastic, then

_( v Ex(f)
o1 = (ET(ft) ET(ftQ)) o
where ¥ = Epleie}] Let

H((ebo BB (5 B3 (o

)

-1 —E7r(f)
—Br(f) —ET<f2>>®IN



(DY Sy D) = [~A Iy A®Y][-A Iy 't =A 44 e =A" e X

where

—_

!
=
et

-1 _ 1 1 ET(ft) 1
A= Er(f2) — Er(f:)? (ET(ft) ET(ftQ)) Vary(fi) <ET(ft) ET(ft2)>

LB, 1Var(f)+EUD 1 Er(fi)?
Var(a) = TVar(ft)E T Var(ft) > = T [1 * Va?“(ft)] >
~) AN\—1~ ET(ft)2 - /y—1
&' (Var(a)) a—T<1+ Var(ft)> aX

Thus the GRS test for a small sample is

T T—-N-1 E 2
1 T(ft)
T—-2 N

-1
W) d/(Var(d))_ld ~ FN7T_N_1

2.1 Non-traded Factor

What if the factor is not traded, then
E[mtRf]

where my =1 —bf;
E[R{] = bCov(Rs, 1, fir1) = bV ar(fix1)Var " (fix1)Cov(Rfy 1, fis)

where A\ = bVar(fi+1) and g = Varfl(ftH)Cov(RfH, fre1)-
Then E[R{,] = B\ but A # E[f;]. This leads to a;s are not zero. The goal is to test

E[th] = AG;

that is a cross sectional testing where time series regression is ran and if the betas have a linear

relationship with the return.
Er[Rf —a—Bfi] 0
gr(b) = | Er[(Rf —a—Bf)fi] | = |0
Er[Rf — BA] 0

GMM
gr(0)Wgr(b)

dgr(b)
ob
where b = («, 8, ). This is equivalent to solve

!
Wgr(b) = DpWgr(b)

agr(b) =0,a = DLW

(1) Efficient GMM

1€} eierfi et(Rf — BA)
St =FEr ey fr eie) f2 etft(Rf — BA)
(R — BN)ey (R — BABier  (Rf — BA) (R — BA)

1 Er(fi) 0
— | Er(f) Er(f2) | ®@In: |0
0 A 3

— N(0,(DpS7' D)™

dgr —In —fi®In O
Dr=—=Fr|-fi®ly —fi®lny 0| =

ob 0® 1IN “A®RIy B

()0

Tgr(B)'Sz'gr(B) ~ x*(3N — (2N — 1))
9
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where

Q = (DLW Dp) " DLW SeW Dy (D W Dp) ™

y_ (v 0
Lo pgxt

= (aD) 'aSrd (aD) !

(GLS)

A= (278 ST Ep[RY
(4) LM approach

.= Bid + 5i(ft — Hp) — Eit

Elfi) —pr=0
Use efficient GMM
2.2 Fama MacBeth
Ry B Qi
A I RN YR
Ryt BN ant

(1) Estimate (;’s from time series regression.

(2) Run cross-sectional regression

(3)

L1
A= ; A
1 T
a; = f ;ait
. 1 K .
o*(A) = T > wiBr[(A = M)A — A
J=-—K
When K =0,
é -
a=|: | = cmw@a) = %Z(dt — &) (6 — @)’
@N t=1
Then



Riy. = Bid+ei,i=1,--- N;t=1,---T

Rf = A+ ¢
RS B €1
R B EN
or
R=B\+¢
Then R
Mors = (B'B)"'BR
B'B=Tgp
T
BR=p3> R
t=1
(B'B)" = L(39)
T
Elee' = Q
Cov(Aors) = (B'B)'B'QOB(B'B)™!
where

B'OB =TB%6 = %(ﬁ’ﬁ)’l.m’m%(ﬁ’ﬁ)‘l = %(5’6)‘15’2/5(5’@‘1

estimate ¥ with
Er [étég]

and R
- BXoLs

Er(Rf) on
Er(Ry) = BA + Er(et)
Axs = (B"B8) ' B'Er(RY)
o*(Axs = (8'8)7'8'Cov(Er(e,))B(8'8) "

Cov(Er(gt)) = TE

(ixs) = %((6’6)‘16’%(5’5)_1

In particular for FM.
— (IBIIB)fl/B/Rf

N

APy = Z = (#'8) 1%21“’% = (8'8)"'8'Er(R)

Cov(ra) = 5Cov() = (B8 FS(3'8) Y
A= (BB BR; = (8'8)7' B (BA+ ) = A+ (B8) ' fe
%5% Sear = A+ Z(ﬁ B) e

t 1

VCLT(S\FM — 5\) — N(O, Q)
11



T

Q=23 (@8 FTREE)

t=1
To sum up,
my =a+bf
Ella+bVfi)Ris =1
aE[Ry] = 1 — VE|[fi Ry
1 v 3 1 / £ n—=1grg ¢ b 1 /
E[Ri] = P EE[ftRit] =" E[RufilE[fifi]  Elft t]a =27t BiA
where §; = E[fif{| ' E[fiRut]. fi = fi — E[fs] and A = —E[f, /]2
That is

ERy]l =~ + 8\ — my=a+bf

2.3 Horse Race - Multi-factor Factor Model

Given fy; factor, do you need fo factor. SDF m; = a + V) f11 + b} for use a set of test asset and GMM
to estimate by and bs.

byvar(by) by ~ X (#b2)

This is Wald test - estimate the alternative and test the zero restrictions. You can also use likelihood
ratio test using GMM

e Estimate with unrestricted model JUVE,

e Estimate the restricted model with S{,}% as weighting matrix

my = a+ b fir

to get JHES

TJEes — T JUR ~ \2(# of restriction)
2.3.1 Testing the CAPM - Sharpe-Lintner

Miller and Scholes (1972) say (3’s are measured with error. The estimation bias will shift down the
security market line. They propose to form portfolios on §5; and re-estimate the 3’s of portfolios.

RS, = BiRS;. + i, 0(RS,) =~ 15%(pa), o (i) ~ 20 — 40%(pa)

R, .
—**— cannot reject all average returns are equal and equal to zero

Ut/\/T

and CAPM worked with the 8 sorted portfolios for 13 years.

Size Rolf Banz found the small firm effect sorted by market equity (decile)
B[R ant) = @+ Bsmau B[R], a0 > 0

David Booth, Founder of Dimensional Fund Advisor (DFA), capitalizes on this result. SMB is
the small minus big portfolio.

Book to Market is book equity divided by market equity. High book-to-market firms have high
returns - value stocks (Ben Graham, “Value Investing”) and low book-to-market are growth
(glamor) stock with low E[R]. HML factor is high-low.

12



Multi-factor model Merton (1973) suggests

N
B[RS 1) = BuBr[Rypia] + Y 0iju Er[ RS 1]
j=1

where 0;;; = exposure of asset i to risk factor j. N factors describes the changes in investment
opportunities. Need to find factors that spans the relevant multi-factor efficient set.

N
Rit:Zﬁz’jRjt-l-&t,i:l,'-- ,N=3-5
7=1

(The premise is does asset manager require stock picking ability?)
Another Anomaly Novy-Marx (2013) operating profitability

Revenue; — CGS; — Interesty — SGA;

P =
OF End of Period Book Value;

Within size quintile, increasing OP implies higher average return. (RMW, robust versus weak)

Investment
Growth in Asset (fiscal ¢t — 1)

Total Assets (t — 2)

Firms with high investment and have low return (CMA, conservative minus aggressive)

Momentum is a big anomaly sorted on R;_12—1 invested at t. Winners outperform losers. This gives
UMD portfolio (ups minus down)

11 Anomalies Stambaugh and Yuan, “Mispricing Factors”, RFS 2017 developed a 4 factor model
with MKT, SMB (different from FF), 2 factors capture 11 anomalies related to FF3.

1. Net stock issuance, Ritter (1991). Equity issuers underperform non-issuers. Annual log
change split adjusted shares outstanding.

2. Composite equity issue, Daniel, Titman (2006). Growth in total market equity minus rate
of return per share over 12 months.

3. Accruals, Sloan (1996). High accrual firms worse than low accrual.

4. Net operating assets. Hirschleifer et. al (2004). Operating assets minus operating liability
over the total assets. Low predict low return.

5. Asset growth, Cooper et. al (2008).

AT, — AT, 4
AT,
with four month lag. High bad.
6. Investment to assets, Titman, Wei, Xing (2004), Xing (2008).

Gross PPE; + Alnventory
ATy 4

with 4 month lag. High bad.

7. Distress, Campbell, Hilscher and Szilagyi (2008). Model failure probability. High probability
of failure implies low return.

8. O-Score, Ohlson (1980). Static model of bankruptcy probability. High probability of
bankruptcy implies lower return.

9. Momentum, Jegadesesh and Titman (1993). Carhart (1997) added UMD to FF model.

10. Gross profitability, Novy-Marx (2013). High profit implies high return.
13



11. Return on Assets, FF (2006).

Income before extraordinary items

ATQ

They sorted them into 2 groups and ranked on anomaly, take 10% most over-valued and 10%
most under-valued.

Method 1 Run Rf, = o; + M KT; + ¢;SM B; + u;;. Compute 11 x 11 covariance matrix of
ui. “Clustering Method”, Ward (1963) is used. Two groups came out, MGMT (cluster of
management group) and PERF (cluster of performance).

Method 2 Generate a z-score on the anomaly ranking

sj—s

zj = ,8; = raw rank

Os

Then do the same regression as method 1.

MGMT are net stock issuance, composite equity issuance, accruals, net operating assets, asset
growth, investment to assets. PERF are distress, O-Score, momentum, gross profit, ROA. They
equal-weight within the two clusters, P, and P; for each firm. Mispricing factors are 2 x 3 sorts.

1. Size median NYSE
2. Independently sort on P; and P», 20% and 80% combined NYSE, AMEX, NASDAQ.

SMB is small 60% unused minus big 60% unused.

3 Options

A call option is a contract that gives the buyer the right but not the obligation to buy asset at predeter-
mined strike price X at maturity European (at maturity) and American (prior at t). If Sy is the asset
price at time t, the payoff at T' = max (St — X,0). ¢; = option price and m; 7 = SDF between t and T.
Then
¢t = Eyfmy r max(0, Sy — X)]
Returns is
max(0, St — X)
Ct

A put option is a contract that buyers buy the right. to sell asset at. X at T to the seller of the

option (European option). The payoff is max(0, X — St).

Straddle Purchase of a call option and put option at the same strike price. The payoff is max (0, S —
X) + max(0, X — S7). This is a bet on volatility.

To write an option is to sell it. Writing out-of-money options generate cash flow (put: X < Sy, call:
X > S;). At the money is X = S; or forward price. In the money call X < S; and in the money put
X > 5.

3.1 Put-Call Parity

¢t = Ey[myr max(0, St — X)), pr = Ey[my,r max(0, X — St)]

Buy a call and sell a put,
ct — pt = Ey[my (St — X))

For a non-dividend paying stock,

X
E Sr] =8¢, E X] =
t[mt,T T} ts t[mt7T ] 1+ 14,
Therefore, the put-call parity for non-dividend paying stock is
X
=S, —
Ct — Pt t7 3 ¥i,

14



3.2 No Arbitrage Binomial Pricing (One-Period)
Find a portfolio of stock and borrowing that replicates the payoff on call. Suppose
s¢ = $150, interest rate = 0.5%

What is the price of the call option with strike $1527 In addition, we know that s;11 = 145 or 155.
Let’s buy z shares of stock and borrow y dollars. Then the cost of our portfolio is 150z — y. In
the bad state, we will have 145z — 1.005y = 0 and in the good state, we have 152z — 1.0005y = 3.
Then we can solve the linear equations to get y = $43.28,2 = 0.3. Then by no arbitrage, we have
¢ =$150 x 0.3 — $43.28 = $1.72.
You can solve the option prices recursively through a binomial tree. Note that we did not know the
probabilities of up and down.

e Just with the magnitudes.

e The replicating portfolio involves leverage. Expected return on the call > E[R] (10-30 times)

3.3 Introduction to Continuous Time, Stochastic Processes
Discrete time random walk:
2t T Zt—1 = &t
Var(zipa — z) = 2Var(zi41 — 2¢)

The variance scales with time directly. We can define 2,15 — 2 ~ N(0,A) for a small J. increments in
z(t) are independent of z(t).

dzy = zi4+5 — 2, for arbitrarily small §

The stochastic integral defines the level of z; relative to zg.

t
2t — 20 = / dzs
6=0

Because the variance scale with time, the standard deviation scales with the square root of time. The

standard deviation describes a typical size change of a normally distributed random variable so 2,45 — 2

has typical size vA. Therefore, 2% has typical size ﬁ. Thus, sample path of z; are continuous

but not differentiable. Now, FE;[dz;] = 0 since dz; is the forward increment and variance of dz; is
E,[dz?] = dt where dt is the limit as A gets small. Here, dz; is the brownian motion process and is the
building block of all diffusion models.

3.4 Processes

dxy = p(-)dt + o(-)dz
where p(+) and o(+) are function of t information set (all conditional on time t)

Random walk with a drift is
dxy = pdt + odz,

Take the integral both sides
zy —xg = pu(t —0) + oz — 20) = x4 = xg + put + 4,60 ~ N(0,0%t)
AR(1): ¢ = (1 — p)pu + pxe—1 + & where g is the long run mean. Subtract z;—; from both sides
=21 = —(1 = p)(T4—1 — p) + &t = —P(t — p1) + &
dzxy = —¢(zy — p)dt + odz
This is called Ornstein-Uhlenbeck process. Square root process
dxy = —¢(xy — p)dt + o/zdzy
Eiloy/xidz)?] = o?adt

volatility varies with z; and as x; goes to 0, the drift pulls z; toward p. If g > 0 and ¢ > 0, then
264 > o2 guarantees x; always positive. “Feller condition”.
15



3.4.1 Pricing Processes
dpy = popd —t + prodz

Return

d
P _ pdt + odz
bt

Generally
dpt
Pt

Local mean is p(-)dt and local variance

Exl(dpi/pi — p()dt)?) = o ()%t

— 1()()dt + odz

3.4.2 1Ito’s Lemma

If y, = f(x¢) and x; follows a diffusion process what is y;?
Take a second-order Taylor series,

of 10%f
dy; = ——d ——=d
= or Tt 2 0x? i

dxy = ppdt + o,dz
(dxi)? = (U2(dt)* + 2upordidz; + o2dz?)
Set (dt)? = 0, dtdz; = 0.They go to 0 faster than dt
of 10%f

of 19%f of

dys = ——da; + — —502dt = (== ———202)dt + = 0,d
= or xt+20x2% (Baz'ux+23x2%) +8:UUI “
(this is like the Jensen’s inequality)
Now let’s apply this to our call option.
Ct — C(St, t)
1
dey = ¢ — tdy + csdS; + 5cssdsf
We need a continuous time discount factor:
pihi = Et[Ar1pi41]
A _
& = —rdt — H rdzt — Opdw;
At g
dz; = brownian motion driving stocks
dwy = orthogonal to dz
dsS,
?: = pdt + odz
dS; dA; dS;
Ei— —rdt=—-E——
T A S,
(u —r)dt = —Ey(—rdt — i TdZt — dwy)(pdt + odz) = E[M — radzf] =

o
co = price of a call option at time 0

16



Then

A
Cco = EOTZ maX(O, ST - X)

A
= / A—T max (0, Sp — X)df (Ap, St)
0

co = SQN(dl) - XeiTTN(dg)

where N (k) = ffoo \/%e_zQ/de and

_ log So/X + (r +0%/2)T
o(VT)

dQZO'\/T*dl

dq

3.5 Coval and Shumway

Cove(mr, R
BifmrRy] =1 — B[Ry — ;Y] = —Covdme. Br)

Et [mT]
0,57 — X
R = return on a call option = max(0, Sr )
Ct
max(0, 57 — X
B[R~ Rla] = ~Cou(my, 021 =),

On right hand side, move ¢; out and multiply by S;/S; and move S% in, then

< mr maX(O,ST—X)> St

Et(mT)’ St Ct
myr  St\ S < mr  max(0, X — ST)> Sy
= —Cov v | —+Cov , —
! <Et [mT} St > Ct ¢ E; [mT] St Ct
¢ pfy_ of & mr  max(0,X — Sr) &
(R~ ) = BilRy — R + Con, ( it (=) ) &

4 Term Structure of Interest Rate

Pt(N) = Price of a zero coupon bond paying $1 at ¢t + N
(™) = p™

yt(N) = Continuously compounded yield to maturity
N N N N
PN = exp(-Ny M) = pi"™) =~y

Zero coupon yields are the basis of discounting. Risk-free bond pays C and $1 at maturity, then

N

CFiy;j
o t+j

() ,CFt+j:C,j:].,"' ,N*l,CFtJrN:l%*C
=1 exp(jy”)

Holding period return on N period bond

pNY 1

N 1

HPR = =5
Pt

17



N 1 N N-1 N
hpr§+1)_p§+1 >—p1§ ) = _(N_l)y1£+l )+NZ~/§ )

Forward rates are implicit in the term structure at what rate can you contract today to borrow or lend
starting at IV period in the future for 1 period.

P exp(—Ny™

PNHY T exp(—(N + Dyt

FN—>N+1

NN = ™ Y = (v 1y = Ny = MY e N =Y

Forward rate above yield when yields are upward sloping.

AR N(ygN)) =(N+ 1)y£NH) = return on $1 invested for NV + 1 period

SO
N N N—1 N—1 N-2 2 1 1
P = " = pN Y 4 (N —p ) e (o) — pfY) 4 ptY
_ _ft N—-1-N _ tN—2—>N—1 L t1~>2 . yt(l)
Z J—>J+1
o N—1
Pt Z f]—U-‘rl
7=0

Price of N-period zero coupon bond is discounted value of $1 when discount rates are the forward rates.
There are three ideas about how yields are determined

1. N-period yield is the average of expected future 1 period yields plus risk premium:

1
g = ~ Bl Moy 4y yt(i)N_ ]+ rpyt™)

where rp has Jensen’s inequality as well as risk.

2. Forward rate is the expected spot rates plus risk premium

NN = By 4 rpfY)

3. The expected holding period return is the risk free rate plus the risk premium

(N)] (1)

Eylhpry 4] =y, +rpri™)

Ignore the risk term to start:
y,gl) = 3%, y§2) = 6%

1. 6% = 1(3% + E[y)]) and Ei[y})] = 12% — 3% = 9%
2. fl72 = 2y(2) - ygl) =12% — 3% = 9%

3. EplY) — i) = 3% and Eq[—y) +2 x 6%] = 3% so E[y\},] = 9%

We must take the risk into account.
(N) P, t(Nl K
Ei[Mi 1 HPRy {] = Et[Mia Pt(N) =1

PN = ByMy o PV
18



N-1 N—2
Pt(-l—l ):Et[Mt+2Pt(+2 )]

(N)

PN = By[My1 Myyo PO

N

Pt(N) = Et[H M, ;], the term structure provides lots of information about distribution of M, ;
j=1

If M;; is lognormal, then Pt(N) is lognormal

_ 1 _ 1 _ _
Pt(N) = L [Mt+1Pt(iv1 1)] = exp {Et(mtJrl) + §W(mt+1) + Ey [PE_]& 1)] + 5‘/2(1)15.]51 1)) + Ct(mm,pifl 1))}

Ey[My1] = exp(—y;")
1
exp(Ey[mis1] + §W(mt+1)) = eXP(_yt(l))

1
Eylmyq] + §Vt(mt+1) — gV

Hence

_ 1 - -
M =y + BN Y]+ 5%(p§f1 D)+ Colmagr oy )

N- N 1 1 N-1 N-1
Et[pg-i-l D _pi )] - yt( ) = —§W(P§+1 )) - Ct(mt+1,p§+1 ))

where the above says the expected excess holding period rate of return is equal to the Jensen’s inequality

(N)

term and the risk premium term. We call the right hand side as rpr;

4.1 Canonical Affine Model
1
mt+1 = _yil) — 5)\2)\t - )\ggt—Fl

where ;41 ~ N(0, ;) is k-dimensional vector of risks necessary to price bonds: level, slope and
curvature as driving processes and \; is the prices of risk. Let X;s are state variables and Xy, =
1+ PX; 4 Yepyp1 where X is the square root of X4

At = Ao+ M Xy
yt(l) = (50 + 5/1Xt

PM) = exp(An + By X2)

where Ay is a constant and By is the constant parameters.
Use the method of undermined coefficient to solve for recursions Ay and By as functions of
22 (I)v )‘07 )\17 507 517 X

1
p =~y + BTV + 5‘4(1?511“)) + Colme,piy1 )

1
An + B;VXt = —0p — 51Xt + Et[AN_l + B;\]il(ﬂ + (I)Xt)] + ivaflzleN—l + Ct(_/\;gft-i-ly B§V712€t+1)
1
= —Jg — 61Xt + Et[AN—l + Bf\;_l(u + @Xt)] + §B§V_1EZ’BN_1 — B;V_lz()\o + /\1Xt)

1
AN = =00+ An_1+ By_p+ §va—1ZZIBN—1 — By_1ZX
Bly = =8, + Bly_,® — By_ S\,
19



We can define A1 = -y and By = —§;. Then
1
An —An_1 = A1+ By_1(p—ZXo) + 5B§\,_122’J_K3N,1

By = By + By_1(® — A1)

pgN) =—-N ygN),we have term structures in terms of Ay, By

Note, u — X Ag, ® — X\ are risk adjustments to X processes.

4.2 Campbell-Schiller: Yield Spreads and Interest Rate Movements: A Bird’s Eye
View

This paper strongly demonstrates the need for time variant risk premium.

B pND — N

t+1  — Pt 1T ygl) = constant

a type of expectation hypothesis
1. Start with excess rate of return on n period bond held m < n periods.
Ei—=(n —m)y{" ™ + ngi™) —my(™ = C
Add and subtract mylgm)

(n—m)y™ = (n—m)Efyl5 ] + myt™ — ™) =

By — o = ¢+ m" — ™)
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