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1 Basic Concept & Terminology

Differential Equation A differential equation is an equation relating a function to its
own derivatives.

Solving a DE means finding the functions which satisfy it.

For example,

d
% =2y+1
A solution is .
— 5 2x -
) € 9

We can verify this easily: % = 10e** while 2y + 1 = 2(5e** — 1) + 1 = 10e**
DE’s usually have multiple solutions.

General Solution The general solution is an expression which represents all (or nothing
all) of the solution.

Singular Solution Occasionally there are singular solutions, which don’t fit general pat-
tern.

For example, consider the DE 3/ = 3. The general solution is y = Ce”.
Consider the equation,

27— Ag?
dx Y

has general solution y = . However, y = 0 is also a solution.

1
2x2+c
Hence, a singular solution is a solution that does not match the general patterns.

Partial differential equations In multivariable calculus we encounter partial differential
equations (PDEs), which involve partial derivatives. However, some other are very
hard to solve. Consider if % =z, then y = %:1:2 + C. For example, U; = U,, where
u = u(z,t). But if uy =z, then u(z,t) = 2% + g(t).

Order The order of a DE is the order of the highest-order derivative. For example,
y"+3y' —y = 0is a third-order ODE. (y)3—xzy = 2 is first-order ODE. u; = u,+sinx
is a first-order PDE.

boundary conditions In application we will usually be seeking one particular solution.
To determine this we need (for first-order ODE) the value of the function at one point
(at initial condition). For an nth-order ODE, we need n inputs to solve the equation.
If they are all given at the same value of x we call them initial conditions (e.g.
y(0),4/(0),y"(0), etc.). If they are given at different values we call them boundary
conditions. For example, y” = —y,y(0) = 0,y(1) = 0. Solution: y = Asin(nwzx).



Linear An important distinction: a linear ODE has the structure - - -+ fo(x)y” + f1(2)y' +
fo(z)y = f(z).

2 First-Order ODEs

Most general expression: F(x,y,y’) = 0. We will consider only equations which can be
solved for y/': dy = f(x,y)

Theorem. Ezistenceéd uniqueness of solutions: The initial value problem % 2= [(z,y),y(xo) =
Yo has a unique solution, defined on some interval around xo, if f(x,y) and f,(x,y) are
continuous within some rectangle containing (xo,yo).

For example, 3/ = x%y + € has a unique solution for any initial condition. However,
y' = (zy)?® may not have unique solutions for initial condition with y = 0.

Separable equations Suppose % = f(x,y). If f(x,y) can be factored as g(x)h(y), then
the equation is separable, and can be solved thus:

dy

2~ g@h(y)

Divide by h(y) : ﬁd—y = g(x)

Integrate on x: [ o dxdx = [g(z)

/h(ly)dy—/g(x)d:n

(as a shorteut : % = g(x)h(y) = Wy) =g(z)dz = f Sy —fg(x)dm

Now d—‘gdx is just dy, so

Example Solve the initial value problem g—g = e y(0) = 0.

d d
Y _erey — Wty — /e_ydy: /exdav = —e V=¢"4+0
dz ey
Solve for y:
- x x €T 1
eV=—€e"—¢p = —y=n(—e"—c) = y=—-In(—e"—¢1) = y= ln[c_ eﬂﬁ](c = —c1)

Apply the initial condition: we will get ¢ = 2 and hence y = In[5— 6,5]



The only dander here is overlooking singular solutions. For example, find the general

solution to
dy

29— Ag?
dx vy
Yy=gm5: Y#0
it is easy to get the solution Sx Te 0 (watch out the singular solutions)
Yy = Y=
Well here has an example that does not satisfy the theorem. Consider the differential
equation
dy 2/3
7 = (@y)
Notice that f(z,y) = (xy)?/? is continuous but fy(z,y) = %xZ/gy*1/3 is not when
y=0.
Solve:

1
Ay _ ?Bdr = y=(-2°3 +¢)3(if y #0)
273 5

3 Mathematical Models of Population Growth

Strictly speaking, differential equations should apply only to continuous processes, but
quantities which change sequentially can be approximated by continuous functions (popu-
lations, prices, etc.)

Suppose we wish to predict future values of a population, P(t). We will assume that
P(t) is differentiable. To find P(t), we will make assumptions about %.

3.1 The Malthusian Model (T. Robert Malthus)

The most basic assumptions under ideal circumstances (unlimited food, space, etc.), the
rate of change of population should be proportionate to the population itself. That is,
% = rP for some r € R. To complete the model we need an initial condition: P(0) = P,.
Solve: f% = [rdt = InP =rt+Cy = P = Ce"".From the initial condition,
we can solve C' = FPy. To determine the rate r, we need some point in the future for the

population. For example If P(10) = 2.4F, then r = In2.4/10.

3.2 The Logistic Model

Of course, Malthus realized that resources were not unlimited. to improve on the model,
he suggested the concept of a maximum sustainable population (a “carrying capacity”)
which we’ll call K. With this, we should have

dP dP dP
— = hen P=K; — if P>K; — ~rP when P<K K
7 0 when ; dt<01 > K; 7 rP when P <



Malthus suggested the Logistic Equation:

dP P

— 1_7
o~ P-4

Solution: this is separable:

dP KdP 1 1
- = dt dt — dP = dt
P— T :>/ /T :>/P+K_P /T‘

Hence we get nP —In|K — P|=rt+C; = ln\%| =rt+C; = %:Cge”.

Eventually, we get

KCye' K 1
P = = C e —
1+ Coet  Cge—"t + 7(Cs

To apply the initial condition that P(0) = Py = Csy =

P _ K—-PR
KR SO C3 = 5 and

P = 7(1@130[;_ vy The inflection points occur when P = K/2. How do we know this?
A
Consider? P P
o P )
Differentiate with respect to t:
d*P _ dP P 1 dP dpP 2P
—_ l1—-—=)—rP(=——)=r—J[1 — —
Tl P ) Tt w®!
SO )
d°P 9 P 2P
— =7r°P[1 — =][1 — —

and so 4 dt2 P — 0 when P=0,K, or K/2

4 The Principle of Dimensional Homogeneity

A useful check on our calculations is the realization that in any equation, the units of each

term must be the same. e.g., In the equation ‘ff; =rP. dP has “dimensions” of %

1
of Ropulation .\ must have dimensions of = (r
time tlme

Therefore rP must also have dimensions
is a frequency!) (we say [r] = T71)
Now consider the solution: P(t) = Pye". We see that e’* must be dimensionless. Why?

Consider that

2 23
=1+zx + — —I— — +-
3!
This cannot make sense if x has dimension!
Now consider the logistic equation:

dP P

Pl - —
a ~P- %)



population __
where PPELS28 = (

~L_)(population)(dimensionless) and its solution:

KP,

Plt) = (K —Py)e "+ Py

Comments: Angle is dimensionless because 6 = g

5 First-Order Linear ODEs

Consider
d

ai() 5 +ao(a)y = /(@)

As motivation, consider the example

dy
—~ 4 y= z
I‘dx Yy &

This is just d(xy)—e soxy = [e"dx =" +Csoy—% +%
To solve a;(x )dw + ap(z)y = f(x), we
1. write it in standard form:
&
2. Multiply through by an unknown function u(z) (an “integrating factor”)

3. Now assume that the LHS is & (u(z)y(z))

This requires that
wy' + ppy = py' + 'y

so p(x)p(x)y(z) = p'(x)y(z). That is d—” up, so [ %" = [p(z)dz and so Inp =
[ p(a)dz + C and so p(x) = e P@I+C

4. The DE will now be

d
7 () = g
and so p(x = [ p(x)q(z)dz and y(z) = ﬁf,u(m)q(x)dx



Example 1

Solve fi% +xy = x.
Solution: This is linear in standard form so we identify p(x) = = and calculate pu(x) =
e/ ©dw = ¢37* Factor this in

2 2

12dy 1 1
e2 —= + xe2” y = xe2”
dx
coeood s L2 o 1.2
Th1sl1i - (e2 yl) 2—3362 .
so e2”y = [zex¥ dr =e2” +C

= y= 1—1—06*?2

Example 2

ry’ — 2y = 23 cosz (assume x > 0)

Solution: In standard form we have

y/ - Yy = (L‘QCOSJ}
x

2

_2 —_ - -2
so p(z) = el —2dr _ ,—2Inz™? _ In(z7?) _ ?12

This gives us
1, 2
ﬁy — Ey = COST

That is £ (Ly) =cosz = % =sinz+C

2

Example 3

Solve the IVP Cfl—f +x=+v1+cos?t, z(1) = 4.
Solution: Here u(t) = e/ 14 = ¢t so we have

d
e +etr =el\/1+ cos?t

dt
That is 4 (e‘z) = e'V1 + cos? ¢
= ez = [e'V1+ cos?tdt

We may write this as
t
ele = / €'V 1+ cos?rdr +C
1
t
— z(t) = e_t/ e" 1+ cos? rdr + Ce ™"
1

Use the initial condition z(1) = 4.
4=et 04 Cet = c=4e

soxz(t)=e"t feT\/ 1+ cos? 7dr + 4e'



5.1 Substitution

If a first-order ODE is neither linear nor separable, it might be possible to convert it into
a separable or linear equation by introducing an appropriate change of variable.

5.1.1 Homogeneous Equations

If the equation has the form d—gyc = f(¥), we can replace y with v = £. (Think: u(z) = @)
Since y = ux, we have
dy  du n
dr ~ dx "

: dy _ 2?—y?
Example: Solve ;2 = ST

Note that this is not linear or separable but
dy _ l(f _ Q)
de 3y =

Letu:%,so%:x%—ku
du+ _1(1 )
xd “ 3 u “
wdu 14
dr  3u 3
3du  dx
%—471_3:
d
:>3/ u du:/wLetz:1—4u2,dz:—8udu
1 — 4u? x

3 / dz dzx
= —— e -
8 z T

= —3Inl|z| =8Inl|z|+

3 8 1 8

= 2z "= = (1_4u2)3202$

— ca®(1— 4(%)2)3 =1

5.1.2 The Form y' = G(ax + by)

If v = G(ax + by), then let u = ax + by.

e.g. Solve Z—Z = sin(x — y)

Let u =2 —y, so 3—; =1- %. The DE becomes: 1 — ?T; = sin(u), g—: =1 —sin(u)
separable. This implies [ 171’&1” = [ dx. Therefore, we can get [(sec’u+sec(u)tan(u)du =

[ dx. Hence tan(u) + sec(u) = x + c¢. At the end we get an expression

tan(z —y) + sec(x —y) =x + ¢



. d
Here is another example: d—g =yrz+y—1
Let w =z +y. Then ‘C%f =1+ g—y. The DE becomes

T

dﬁ-l:ﬁ—l — d—u:\/ﬁ:> /U_I/Qdu:/dx
dx dx

= 2Vu=z+c = u:(g+62)2

x 1
= x+y:(§+02)2 = y:Z(ar—i—c)Q—w

5.1.3 Bernoulli Equation

A Bernoulli equation has the form

4 pla)y = qlx)y"
We can solve these by letting v = y'=" = ¢~ (=1

Example: Solve % — by = —%a:y3

Let y = y~2, then % = —2y‘3%

This is easiest to use if we first divide the original equation by 7°.
ldy 5 5 . 1 dv 5 5
—— = =—=Z ——— —bv=—=x
y3dr 2 2 2 dx 2

ie. 9+ 10v = ba.

T
We need u(z) = e/ 104z — 10z

10:1:@ + 10610:1:,0 — 5$€10x —_— i(elozv) — 5x610z
dx dx
1 1 1 1 1
— eloxv:§xewz 20610x+0 = ?— 2:6 2—0+ce 10z ory=20

5.2 Graphing Families of Solutions
We can gain information about solutions directly from the DE. Example: suppose dy —

9 dx
yc—4

e We can see immediately that y = +2 are equilibrium solutions , and y’ # 0 anywhere
else.

10



e Also, ¥ > 0 when |y| > 2; v/ < 0 when |y| < 2; ¥/ =0, when |y| ~ 2
e We could use these observation to plot direction field.
e of course, we can solve this DE. We find

6—41‘ + c

C ) (ory=—2)

y=2(

If we have both the DE and its general solution, we can sketch the solutions quite
quickly. Example, Consider the equation % = y—22. The solution is y = Ce® + 242z +2

e From the solution we can see that one “exceptional” solution is y = 22 + 2x + 2 =
(x +1)2 + 1 (all solutions have an exponential term, except for this one!)

dy

o =0, when y = 22 (this is a horizontal isocline, or

e From the DE we can see that
“curve of zero slope” )

e All solutions move towards the exceptional solution as — —oo and are repelled by it
as r — 00.

Example: % + %y =3z

u(x) = el vl = e — g

== x%+y:3x2

4(zy) =322 = ay=2+c = y=22+¢

e Exceptional solution y = 2

2

e Other solutions = z“ as x — oo but = d*ooasz — 0

e y' =0 when y = 322 (horizontal isocline)

(zy)?/3. This has solution y = (%x5/3 +C)3 or

Example: Recall the equation %/ =
5
z2,y=20

y = 0. Exceptional solutions: y = 5

6 Higher-order Linear ODEs

We now turn to equations of the form

an(az)%—i-"-—i-al(x)%—i-ao(x)y:F(m) (1)

Definition. The equation is called homogeneous if F(x) is the zero function; otherwise, it
18 inhomogeneous.

11



6.1 Existence & Uniqueness Theorem

The IVP consisting of equation above and the n initial condition y(z¢) = po,y (xo) =
[ SPRER ,y("_l)(xg) = p,—1 has a unique solution or an interval I containing zq. If

1. an,an_1, -+ ,ap and F are continuous on I

2. an(x) # 0 anywhere on 1

6.1.1 Operator
Writing equations like (1) is tiresome so we have a more concise notation.
Definition. An operator is a mapping from functions to functions.

For example, we can speak of the differential operator - D which produces the derivative
of the input.

Df(z) = f'(z)
D(z* +7) =2z

The identity operator is I: I f(z) = f(x). We can combine these to produce new operators.
For example Letting D? = D - D, we could write

(D? +5I)f(x) = D*f +51f = D(Df) +5f = Df'(x) + 5f(x) = f"(x) + 5f(x)
If we give the operator D? + 51 a new name say ©(D), then we can write
y" + 5y = cosx

as
O(D)[y] = cosz or just Oly|] = cosz

Similarly, by letting
O = ap(2)D™ + ap_1(x)D" 4 -+ ay(x)D + ap(x)]

we can write equation (1) as

6.2 The Principle of Superposition (1st-order version)

Let y1(x) be a solution to the equation 3y’ + p(z)y = Fi(x) and let ya(z) be a solution to
the equation y' + p(z)y = Fa(x).
Then y; 4 y2 is a solution to the equation

Y +pla)y = Fi(x) + Fa(x)

12



Proof. If y; and yy are as described then

(y1 +y2)" +p(@)(y1 + y2) = y1 +p(2)y1 + y3 + p(x)y2 = Fi(z) + Fa(z)

6.2.1 Special Cases

1. If y, is a solution to y’ + p(z)y = 0 and y, is a solution to ¥’ + p(x)y = f(z), then
Yn + Yp 1s also a solution to y' + p(x)y = f(x)

2. If y; and yo are both solutions to ¢’ + p(x)y = 0, then so is y; + y. Furthermore,
any linear combination of y; and ys will also be a solution.

Proof. If y = c1y1 + c2y2, then

Y+ p(z)y = c1y) + cayy + p(z)yrcr + cop(x)ys
= c1(y) +p(x)y) + ca(yn + p(x)y2) = 0

These results generalize naturally to higher orders.

6.3 Linear Independence of Functions

Definition. The function fi(x), fo(x), -, fu(x) are linearly dependent on an interval I if
there exist constants c1,ca,+ -+ ,cn (not all zero) such that

lel(l’) + Cgfg(.%’) +---+ Cnfn(l') =0
forallz € I.

For example, €%, e~ sinhz (coshz = 3(e® + e7?), sinha = 1(e” — %)) is a linearly
dependent set.

Otherwise, linearly independent. For example, 1,x,z?
since ¢; + cox + c32? = 0,V = ¢; = ¢ = c3 = 0.Another example, cos™

are linearly dependent, since cos ™'z +sin~tz =12

is a linearly independent set,
Ly, sin™la, 1

2
Definition. The Wronskian of the n functions f1, fo, -, fn is the determinant of the nxn
matric
fi(z) folz) - fu(z)
f1(x) fol@) - fo(w)
A @ /5@ - @)

13



We will denote this by W (z) or W(fi1, fo, -, fn)

sinz €%
Example: If fi = sinz and fo = €** then W(z) = det( <cosx 2629”)) = 2e*"sinx —

e2* cos

Theorem. If fi and fo are linearly dependent on an interval I, then W (f1, fo) = 0 for
some xg € 1

Proof. Suppose W is nonzero for all z € I, and suppose that ¢ f1+ca fo = 0. Differentiating
gives ¢1 f1 + cafs = 0, so we may write <f1 f2> <c1> = <8) Since W # 0 this matrix is

i f2) \e2
invertible, so ¢; = ¢ = 0, meaning that f; and fy are linearly independent. The converse
is not generally true. However, it does hold in the context of linear ODEs!. O

Theorem. Suppose y1 & yo are solutions to the equations y" + p(z)y + q(x)y = 0 and
p(z) and q(x) are continuous on an interval I. If W (y1,y2) = 0 for some x¢ € I, then y;
and yo are linearly dependent.

Proof. Assume that c1y; + coyo = 0 for all z € I (we will construct a non-zero cq, c2) Then

Yy + cayh = 0 so (y,l y?) <Cl> = (0) Since W = 0 for some xg € I, there exists a
1 Y2/ \c2 0
non-zero solution [c1, co]? when z = zo.

Now let u(x) = c1y1 + cay2. Then v/ (x) = c1y} + ca2yh and so u(zg) = 0 and u/(z) = 0.
This means that u(z) is a solution to the IVP u” + p(z)y' + q(z)y = 0 with y(z¢) = 0
and y/(z9) = 0. By inspection, the function y = 0 is a solution, and by the Existence
and Uniqueness Theorem the solution is unique so u(z) is the zero function. Thus we’ve
found nonzero cq,co such that ciy1 + coyo = 0 for all x € I, so y; and yo are linearly
independent. ]

(so y1&ys9 are linearly dependent if and only if W (z) = 0 for a some zg € I)

Theorem. If y; and yy are solutions to a linear DE, then W (t) is either zero everywhere
or nowhere.

Proof. Abel’s Formula: W (z) = W(xg)e Jay ple)de.

Proof. It y" +p(x)yy +q(z)y1 = 0 and y{ + p(x)yh + ¢(x)y2 = 0, multiply the first equation
by vy and multiply the second by y; and subtract them.

(y1vs — yiy2) + p(x)(y1ys — yiy2) =0

Hence
W' (x) + p(z)W(z) =0

so we have W’ (x) + p(z)W (x) = 0. Hence W (z) = cie™ JP@)dr — ¢ Jzo PlO)de
Setting x = xg, gives ¢ = W (xg). O

14



6.4 Homogeneous Linear DEs Finding Solutions

1. The Existence and Uniqueness theorem tells us that a second-order linear ODE needs
to be accompanied by two ICs. The general solution need s two arbitrary constant.

2. The principle of superposition tells us that if y; and yo are solutions to a linear
homogeneous DE, then so is c1y1 + cayo. This suggests the following:

Theorem. Suppose p(z) and q(x) are continuous on I. If y1 and yo are linearly
independent solutions to the DE y" + p(x)y + q(x)y = 0, then the general solution is

Yy = c1y1 + c2y2.

Proof. Let ®(x) be any solution (we will show that Jey,co such that ® = c1y1 + caya)
Consider the IVP consisting of the DE and the ICs y(z9) = ®(z0) and y'(x¢) = ®'(xo) If
we match the proposed general soliton y = c¢1y1 + coyo to these ICs, we

c1y1(wo) + caya(wo) = P(xo)

a1y (zo) + cayz (o) = (o)
yi1(zo) wy2(xo)\ (c1) _ [ ®(xo)
(e i) () = (i)

Since W (y1,y2) # 0, we can apply the inverse matrix to find ¢;&co. Hence ®(x) is a linear
combination of ¥ &ys. O

That is

6.5 Solving Homogeneous Constant-Coefficient Linear ODEs

We have difficulty solving y" + p(z)y’ + q(z)y = 0, unless p(z)&q(z) are constants.
Example: Consider 3’ = y.We have y; = e® and y; = e~!, and so the general solution
isy =c1e® +cge™”
Example: Consider y” = —y. We have y; = sinz and y2 = cosx and so y = ¢1 cosx +
o sin ..

Clever Observation

cos z,sinx are related to e®. Euler’s formal: e = cosx + isinz. In fact, e'*( and e~ %)
are also solutions to y” = —y, so the general solution can be written as
T

y = cire™ + coe”

Perhaps every equation y” + py’ + qy = 0 has exponential solutions? Let’s assume that

y = €™, then y/ = me™® and y" = m2e™*

15



Substituting these into the DE gives,
mZsz _|_pm€mx +qemw =0
— mi4+pm+q=0

We call this the characteristic equation of the DE. If m = —rEVPTAg V2pL4q then e™” is a
solution

Case I: Distinct Real Roots. If we have solution m1, ms, then €% and e
independent solutions, so y = c1e™'* + c9e™?* is the general solution.

Eg. Suppose 3y — 3y’ — 2y = 0. The characteristic equation is m
m=—1,2.

™27 gre linearly

2_m—-—2=0so

— y=cre * + e

Case II: Complex Conjugate Roots.Here we can still say that the general solution is
y = c1e™T + c9e™2* but my,me = atif

However, we can assume that y is real (we know that real solutions exist) so let’s rewrite
this :

(a+iB)e (a—if)e

Yy = cie + coe
S [cleiﬁx + 026—1'61:]
= e*[cq(cos fx + isin fz) + ca(cos Sz — isin )]

= e"[(c1 + ¢2) cos Bz + (c1 — c2)isin fx]
since this is real, (c; + ¢2) € R and (¢; — ¢2)i € R. Let’s rename them!
y = e*[Acos Sz + Bsin fx]
Eg/ Suppose y” + 2y’ + 5y = 0. The characteristics equation is

m>+2m+5=0 = (m+1)*+4=0 = m=-1+2i

= y=-¢e “[c1 cos2z + cgsin 2z

Case III: Repeated Real Roots. In this case our guess (of €*) has yielded only one
solution. We need a second one.

D’Alembert’s Method of discovery: Having 2 identical roots should not be much dif-
ferent from having 2 nearly identical roots. So, suppose we have two roots, m and m + €.
Then the general solution is y = ¢1e™® 4 cge(MTo)7

As € — 0 it appears that the solutions all merge. However, if we have ¢; = —% and
co = % then y = te(mtoz _ %emx =

€
. T __ . €T
Now lim._g % =lime 0 "~ ==
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Therefore a second (linearly independent) solution is ze™*, and the general solution is
y = ci1e™* + coxe™”

For example, for ¢ + 6y’ + 9y = 0, we have m? +6m + 9 = 0 i.e. (m + 3)2 =0, so
m = —3 and so y = C1e73% 4 coze 3"
6.5.1 Generalization

For nth-order equations
Y™ o1y e by boy = 0
, the characteristic equation is
m™ + by_1m™ o bym + by =0

. For every distinct real root m, €”” is a solution. For every complex pair a+1i3, e** cos Sz
and e“sin Sz are solutions. If we have repeated roots, we multiply by «x, repeatedly if
necessary.

Examples

1. y"—4y"+7y' —6y = 0. Characteristic equation m?®—4m?+7m—6 = (m—2)(m?—2m+
3) =0. Hence m =1+ v/2i. Hence we have Yy = 162 + c9e® cos 2z + cze” sin v/ 2x

2. " +3y" 43y +y = 0. Characteristics equation is m3+3m2+3m+1= (m+1)% =0,
som = —1,—1,—1. The general solution is y = c1e™® + core™® + c3z?e ™™

3. y® 4 2¢y” + y = 0 Characteristics equation is m* + 2m? + 1 = 0. i.e. (m?>+1)2 =0,
som =1,1,—%,—1

The general solution is y = ¢y cosx + cosinx + c3x cosx + cqx sin .

6.5.2 Solving Inhomogenuous Linear Equation

From our discussion of the theory of linear DEs. If we can solve the corresponding homo-
geneous solution (call the solution y;) and we can find one solution to the full DE (call it

Yp), then the general solution will be y = yp, + y,.
How do we find y,? One option: The Method of Undetermined Coefficient
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Example 1

Consider the DE 3’ + 3/ — 6y = ¢*. What kind of function could satisfy this? Maybe a
multiple of e4*? We guess that y, = Ae*®. Then Yp = 4Ae* | and Y, = 16Ae** so the DE
becomes

164e* +4A4e* — 6Ae™ = e = 144 =1

so A= 1—14 — ﬁe‘k’: is a solution.

Now for the homogeneous problem we have
y'+y —6y=0

— m’+m—-6=0
(m+3)(m—-2)=0 = m=—-3,250 yp = cre % + cpe?®

Example 2
Consider y” + v’ — 6y = 6227 We try
Yp = Az’ + Bz +C
y, =2Az + B
yg =2A
Substitution into the DE gives
2A + (2Az + B) — 6(Az* + Bz + C) = 62>

= —6A42> + (24— 6B)z + (2A + B — 6C) = 627
1 7
’ 3’ 18
SO Yp = —z2 - %1: — % is a solution. Example: y” + vy’ — 4y = cos 2x
We try
yp = Acos2x + Bsin 2z
y; = —2Asin2z + 2B cos 2z
y]'[,’ = —4Acos2x — 4B sin2x

We find
—4A cos2x — 4B sin 2z

—2Asin2x + 2B cos 2z

—4Acos 2z — 4B sin 2z = cos 2x
2 1

2 B=_—_

17’ 34
= Yp= —% cos 2x + i sin 2z is a solution.

— A=-
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Summary

Inhomogeneous Term | Trial function

ekx A ekx

z" Az, + -+ Ap
sin kz or cos kx Acoskx + Bsinkx

1. If F(x) is a sum of functions, we try the sum of the corresponding trial functions.

For example, for y” +y' +y = 3* + z, we will try y, = Ae3* + Bz + C.

2. If F(x) is a product of functions, we guess the product of the corresponding trial
f)unctions but (for example y” + v/ +y = 2%e* we'd try y, = (Az? + Bx + C)e®)
one constant will be redundant, and must be omitted. Another example will be
Y +y +y=mxcosz, we'd try y, = (Az + B)(C cosx + Dsinz)

3. There is one other special case. Consider ¥’ —y — 2y = e*. Try y, = Ae?®,

y, = 2Ae*, o) = 4Ae**. The DE becomes 44e** —2Ae** —2Ae* = **, (i.e. 0= 1)

What happened? e?* is one of the solutions of the homogeneous problem, so it can’t
solve the inhomogeneous one!l. What else might work? We try Aze?®. If y, = Aze??,
then g, = Ae* + 2Aze*” and y) = 44e** + 4Axe™.

Plug into DE.

4Ae*® + 4Axe® — Ae®® — 2A2e%* — 2Axe®® = 2*

2x

_1 _1 . .
so A= 3 and y, = gre”” is a solution.

This works in general:

(a) If any term in the “usual” trial function is a solution to the homogeneous prob-
lem, then multiply it by x. repeat if necessary. If this duplicates another term
in your trial function, then multiply that term by x as well.

E.g. For y"+2y +y = e, we have y;, = cie”“+caze " so we try y, = Az’e ™
Comment: It is advisable to always find y, first.
Comment 2: For other forcing terms we will probably not be able to guess the

1

correct form. For example y” +y' +y = -

6.6 Variation of Parameters
6.6.1 First Order

Consider ¢ + zy = % Find solution to homogeneous: ' +xy =0 = y, = Ce~ 27" to
1.2

find y, we try: y, = u(x)e 2"



;1 1.0 1 1.2 Y1 140
u==-e2" = wu(zr)= | —e2¥ = u(x)= —e2"dt+C
T T zo b

—6_2$f *62 dt:}y:yp+yh
Note: we could keep the “+C” in u to get the general solution.

6.6.2 Second Order

Now suppose 3’ + py’ + qy = F. Suppose we can find y, = c1y1 + cay2, so we try y, =
ury1 +ugye and y, = ujy1 +ury) +uhye +ugys. If we differentiate again, will get very messy
so we impose a second condition: uyy1 +usy2 = 0. Hence y, = uyy; + w1y} + ujys + uays.
Therefore ujy + u1y] + ubyh + uoyh + pury] + puoyh + quiyi + quoye = F. That is
u)y] + uhy, = F. Therefore we can solve v} and ub.

Example: y” + qy = 9sec?(3t) (for t € (0,F)). Firstly solve y” + 9y =0 = y =
c1 cos 3t + cosin3t. Then we try y = u1 cos 3t + ugsin 3t — u’l cos 3t + 1/2 sin3t = 0 and
—u sin 3t 4 ub sin 3t = 3sec? 3t. Therefore, u)h = 3sec3t = uy = In|sec 3t + tan 3t| + co
and u; = —sec3t + ¢

6.7 The “Reduction of Order technique”

The same trick (variation of parameters) can be used to find full solutions to homogeneous
problems, when we know one solution. When used in this context, it is called the reduction
of order technique.
Example: Consider
2%y 4 2xy’ — 2y = 0 (for z > 0)

we might be able to spot one solution: y; = x. To find the second solution, we write
y2 = u(z)yr = zu

Then y) = zu' +u
vy = xu” + 2u

Plug this into the DE:
22 (zu” + 2u') + 2z(zu’ + u) — 22u =0

— 23" +42% =0 = zu” + 44 = 0 (A first-order DE for u’)

For convenience, let v = v/, so :L‘ +4v =0
d -1
/ v / 4—:>lnv——4lnx:v—x4:>u:?x*3

Therefore a second solution is yo = x(—%x_i)’) or just yo = x% The general solution to this
DEisy=cz+ 3
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Example: Consider
y(4) _|_4y/// +6" +4y/ +y=0
The characteristic equation is m*+4m3+6m?+4m+1 =0 (i.e. (m+1)*=0)soy; = e % is
one solution so suppose y = ue~® Then v = v'e ™ —ue % and v = v”e™* —2u'e™* +ue 7.
NeXt, y/// — u/l/efx _ Su//effb + 3u/€71' _ uefx. Lastly y//// — u////efx _ 4u///67$ + 6u//€71' _
4u'e™ + ue~*. Then DE becomes
ulllle—I — 0

. . . 2
This implies v = 0,u" = c1,u" = c1x + co,u” = U= + cow +¢c3,---.

So the general solution is y = (c12® + c22? + c3x + ¢4)e™® This even works for inhomo-
geneous equations!

Example:
/"

22y 4+ xy —y = 7225

Notice that a solution to the homogeneous problem is y; = x. To find the general solution,
we have two options:

1. Use reduction of order to find y, and then variance of parameters.

2. Use reduction of order directly!
We will try both:
1. Consider z%y” +zy —y =0

Suppose y2 = uz Then yb = v/z +u and y4 = v’z +2u'. This implies 2 (u"z + 2u’) +
z(v'z + u) — ux = 0. Hence zu” + 3u' = 0. Let v = v’ so xv' + 3v = 0. Hence

v

v

—3dx 1
= = lnv=-3lnx = yy=—
T T

Therefore yp, = c1z + 2 Now, for #%y” + zy/ —y = 752°, we try y = u— 1z + 2. We

need to solve
uiys + gy =0
uyy] + uyyy = F(x)(+ This requires the DE to be in standard form!)

That is
uy
/
/ U 3
- — =172 2
Uy 72 €z ( )
Then
(D)/z+ (2) = u) =362° = u; =92 + ¢
1)z —2 = uh=2362" = ug = —62°+¢»
Hence

y:clx+c—2+9x5—6 5:clx+c—2+3x5
T x

21



2. Use reduction of order directly:

Assume that y = u(z)z so vy = v'z + v and 3" = v"z + 2u'. Substitute into DE,
22z 4+ 2u) + x(v'x + u) — ur = 722°
3,1 2.1 5 " I 3
= z°u +3z°u =722 = zu +3u =72z
Let v=1': x‘% + 3v = 7223, That is

d
l+§v:72x2
dr =

Integrating factor u(z) = e/ 2de — 3w — 23 Hence azgg—; + 3z%v = 7225,
C C
Pv=12°+C = v:12x3+f3 == u:3x4—7+01
x x
C
= y=Ciz+— +32°
x

7 Boundary Value Problems (BVP)

A boundary value problem involves a DE with conditions specified at different points. E.G.
y" +y=0,9(0) =0,y(1) = 1. There is no E/U Theorem for such problems.

Usually there are no solutions, and when they do exist there are often infinitely many
of them.

Examples:

1. y" + 7%y = 0,y(0) = 0,y(1) = 1. The general solution is y = C; cosmx + Cysinmx
If y(0) = 0, then C; = 0. If y(1) = 1, then C; = —1. Hence this problem has no
solutions.

2.y + 7%y =0,9(0) = 0,y(1) = 0.
y = Crcosmx + Coysinme

again. C1 = 0,C1 = 0. Therefore Cs is free. Every multiple of sin 7z is a solution!
The characteristic equation is m? 4+ k = 0.
Case 1: If K < 0, we can call k = —\2. We have m = +\ and y = c1e™ 4 coe . If
y(0) =0, then ¢; + ¢ = 0. If y(1) = 0 then

cle)‘ + 026_’\ =0 = 0162’\ +c9 =0

2X

= c1e"—c1 =0 = 01(62’\—1)20 = ¢ =0since A #Z0
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Hence ¢y = 0, and y = 0 is the only solution for k < 0.
Case 2: If k =0, then y = ¢y 4 ¢co. Again
y(0)=0 = c2=0

y(1) =0 = c1+c2=0
so y = 0 is the only solution.

Case 3: If K >0, let K = \2.
y//+)\2y:0

General solution is y = c¢j cos Az + cgsin Axz. Therefore, y(0) = 0 = ¢; = 0,
y(1) =0 = casin A = 0. Therefore either co = 0 (so y = 0 again). or A = nm,n =
+1,42,- -+ (i.e. kK =n2m?) in which case the solutions are

y = Csinnnzx

Terminology: The numbers
n?r? = % 4n? 972, ...

are called the eigenvalues of the BVP. The functions sin nmx = sin 7z sin 27z, - - - are called
the eigenfunctions. There BVPs are referred to as eigenvalue problems.
Example: Find the eigenvalues & eigenfunctions of the BVP

'+ 2y + ky =0,9(0) =y(1) =0
Solution: the characteristics equations is m? +2m +k =0som = —1 ++/1 — k.
o If K < 1 the solutions are exponentials and cannot satisfy the BCs (unless y = 0).
e If K =1, the solutions are y = cie™* + cowe™™

y(0)=0 = ¢ =0,y(1) =0 = Che ! =0 = C2 =0, so y =0 again.

o If K > 1, then
y=e *[CicosVk — 1z + Cysin Vk — 1x]

y(0) =0 = C; =0,y(1) =0 = Cse!sinvk—1=0. Hence Cy = 0 or
Vk=1=nr (i.e. k=n%r%+1,n € Z. (These are the eigenvalues)

The eigenfunctions are y = e *sinnnx
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7.1 System of ODEs

In some applications, we encounter “coupled” equations; the rates of change of two quan-
tities may each depend on both quantities. Example: Suppose we have two populationsL
one predator and one prey. Let 29t) be the population of prey. Let y(¢) be the population
of the predators. We may argue that

dx

— =T — T

i 1 17y
where r1 is natural growth rate of prey, without predation and «a; is the death rate of prey
caused by interaction with predators. and

dy +
— = - QX
dt 2Y 2TY

where 79 is the natural death rate of predators in absence of prey and as is the growth
rate for predators due to interaction with prey.
Unfortunately, we can’t solve this system, because it’s non-linear. We’ll stick to linear
systems, such as
2 (t) = a1x + by +c1z2 + f1(t)
Y (t) = axx + boy + coz + fo(2)
2 (t) = agw + b3y + c32 + f3(t)

Linear systems can be expressed as vector DEs. Let

Then
a b fi(t)
f’(t) =lay by co f(t) + fg(t)
a3 by c3 f3(t)

or just ¥ = AT = AT+ f
Our analysis of these problems will be shaped by 2 theorems.

Theorem. Any higher-order linear ODE, or system of higher-order Des, can be converted
mto a system of first-order linear ODEs

Proof. (for a pair of second-order equations) Suppose
"+ pa’ + gz = f1(t)

and y” + pay)/ + quy = fo(t)
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x
T

~

If we let Z(t) = E then
y/
x x 0 1 0 0 0
/! /
y_ || [ et A | e O 0o A
y' y' o 0 0 1 0
y" —p2y’ — g2y + fa(t) 0 0 —q -p2 fa(t)
Implication: we really only need to study first-order vector equations. O

Theorem. (partial converse - not in notes) Every system of first-order linear constant-
coefficient ODEs can be converted into a higher-order linear constant-coefficient ODE.

Proof. (2D-Case) Suppose o’ = ax + by + f(t) (1) and ¢/ = cx + dy + g(¢t) (2) . Solve (1)
fory:y:%—%:c—@ = y’:%"—%x’—fT(t). Hence (2) becomes

2" — (a+d)2’ + (ad — be)z = f' — df + bg

Implication: The theory of linear constant-coefficient ODEs will carry over to vector DEs.
O

In particular, we have

Existence & Uniqueness: The IVP # = A7 + f(t), (0) = & has a unique solution
on an interval I provided that f(t) is continuous on I. (This holds even if A = A(t), as
long as A(t) is continuous). The Principle of Superposition applies. If 71 and 7y are

solutions to ' = AZ then so is ¢171 + caZy (etc.).

e An n-dimensional homogeneous system will require n linearly independent solutions,
and hence n arbitrary constants.

e The solution to an inhomogeneous system can be found as & = & + Z.

e The Wronskian must be modified.

W(ﬁ7 7ﬁl):d€t[ﬁa ’ﬁl]

1 1 0
Example: Suppose the functions, @1 = e? [0 | ,Zo =e? | 1 |, Z3=¢€¥ [ 1] are

5) —1 0
solutions to a linear vector DE. Are they independent? Check W () = —e3(1—5e*t) #

0 = yes.
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7.2 Homogeneous Systems with Constant Coefficients Method of Solu-
tion

Consider the DE &' = AZ (i.e. the system /() = aj1x + ag1y and y/'(t) = a122 + agy)
Recalled that the ODE ¢y = ay has solution y = Ce® we guess that @ = AT has
solution # = 7e™, for some m € R and © € R?. This gives &’ = mue™ so plugging this
into the DE gives
mve™ = Ave™

t

so AU = mu. That is, ¥ = ve™ is a solution to ¥’ = AZ, if m is an eigenvalue of A and ¥

is a corresponding eigenvector.
Recall: AT = AV can be rewritten as (A — \I)v = 0.

e This will have a nonzero solution if and only (A — AI)~! does not exist (otherwise
7= (A—-\)"'0=0).

e A matrix is invertible if and only if its determinant is non-zero.

o Therefore we need to solve det(A — AI) = 0 for \. We call this the characteristic
equation of the DE.

e Once we have found the eigenvalues A, we can find corresponding eigenvectors by
solving (A — AI)¥ = 0 for ¥ (there will be one free variable here).

e An n x n matrix will have n eigenvectors if multiplicity is counted.
e The eigenvectors corresponding to distinct eigenvalues will be linearly independent.
e Complex eigenvalues always occur in conjugate pairs.

e If an eigenvalue has multiplicity m, it will possess anywhere from 1 to m linearly
independent eigenvectors.

7.3 The 2D Case

Case 1: Distinct Real eigenvalues

Example: Solve & = AZ, A = (2 3

5 1) (that is 2/(t) = 2z + 3y and ¢/(t) = 2z + y)

Find the eigenvectors

o _ L= -2 3 vy (0 B B
For A = 4: (A — M)¥ = 0 becomes (2 _3> <v2> = <0> so 2v; — 3vg = 0,

ie. vy = %Ul. Setting v1 = 3, we get v = <2> Therefore one solution to the DE is
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For A\ = —1: (A-X)T =0 — 303 (o) = (¢ so v; + v = 0, and we
2 2 () 0

1 1\

may use U = 1>. Therefore a second solution is Ty = ( e~ . Hence the general

-1

1 e~t. Of course we may have initial conditions. Suppose

Z(0) = (1) Then <D =c (g) + co (_11> = ¢ = %,02 = %1 After all, we can plug

c1,co in and get the general solution.

. 1
solution is ¥ = ¢; 2 et 4o <_

Case 2: Complex Eigenvalues:

Example: Solve & = (:; _14> Z. Find \: A— )\ = <_2_§)\ _41_ A) Hence

det(A—XI) = (A +3)%2+2. Hence A = —3++/2i. Find o 7 = <_1 le \ﬁ> e(=3HV201 e

-1

Therefore 7] = e 3| cos \/2t 4 sin v/2t |
1= —cos V2t — \/2sin /2t V2 cos /2t — sin /2t

From this we can conclude immediately that the general solution is

P c cos /2t te sin /2t ]
- ! — cos V2t — \/2sin V2t 2 V2 cos /2t — sin /2t

Case 3: Repeated Eigenvalues:
. _., -3 4\ .
Consider ¥’ = Z.

break this into its real and imaginary parts: #; = e~ [cos v/2t +i sin v/2t] [< 1 ) +i <\/0§>]

-1 1

-3—-X 4
A-AM = < -1 1- )\>
et(A — X) = (A + 1) Hence A = —1 (repeated). Eigenvectors? (A — AT =0 —

_? 4) <v1> = <8> Therefore our eigenvector is ¥ = <§> Hence one solution is

92)
o
U

2 t

= e~t. For the second solution, try multiplying by t? Trying #» = te*.

, gives
Tl = M+ MeMi. so @ = AT = M+ MeMi = Ate’d. Hence ¢ = 0 (but @ # (1)
We need more constants! It turns out that the right “guess” is @y = teM + e*Mw. This
gives T = eMi+ AteMv+ AeMii so T = AT = eMT+ MeMT+ At = Ate v+ AeMaw.
Therefore, Aw = A\ + ¢. This implies (A — M)W = ¥. Note: observe that if we apply

27



(A — AI) to this we get (A — M) = (A — M) = 0. 17 is called a generalized eigenvector
of A. Back to our example: we need to solve

(72 -()

1). The general solution is & = ¢1 71 +coTs = cre™! (i) +cofte <2> +

1

Therefore W = (_0

7.4 Generalizations for Higher-Order Systems
e If A is n X n it has n eigenvalues
e Each distant real eigenvalue will give us one solution
e Each pair of complex eigenvalues will give us two solutions.

e If an eigenvalue is repeated k times, it may still have k linearly independent eigen-
vectors, in which case we obtain k independent solutions

e [f an eigenvalue has multiplicity k but has < k independent eigenvectors, we will need
generalized eigenvectors.

At and

For example, if A has multiplicity 2 and 1 eigenvector ¥, then one solution is e
another is iite* + e, where (A — \)T = .

Another example is that if A has multiplicity 3 and 1 eigenvector @, then the solutions
are e, wte + veM where (A — A0 = @, Sit>eMN + vter + wer where (A — M) = .

Here is another example, if A has multiplicity 3 and 2 eigenvectors, 4 and s, then 3
solutions are i0;e, e, vteM + wel, where ¥ is some linear combination of @; and s,

and (A — M)W = ¢. (U will become obvious when we write this down!).

1 2 3 —1 3 1
Example: SolveZ’ = [0 1 0| Z WefindA=1,-1,4. andd=|-6],| 0 ],[0
2 1 2 4 —2 1

so Z(t) = cretv + cae th + c3etl .

7.5 Inhomogeneous Linear Vector DEs

The method of undetermined coeflicients can be applied to vector DEs.

. , L1\, [te? B, 1 1
Example: Consider: i’ = (0 2) z + <3e‘2t>' We find ), = ci€ <O> + cpe? <1>

We guess Z, = [@ + bt]e" 2. This gives T, = be2t — 2@ + bt]e~2t. The DE becomes

e b — 2@ — 2bt] = A[d@ + bt]e * + f = e H[AT + Abt] + f
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That is

by — 2a; — 2byt 1 1\ /a 1 1\ /b t
—2t 1 1 1 _ =2t 1 —2t 1 2t
‘ <b2 — 2a5 — 2b2t> —° <0 2> (a2> e <0 2) (b2> * <3) ‘
_ 2 (m +az+ (b1 + b2+ 1)t
- 2a9 + 3 + 2bot

1 1
_ 3 _ 5 _ 1 _ = _ 2
Therefore, az = —47,a1 = 35,01 = —3,b2 = 0. Therefore, & = cie! (O) + coe?t (1> +

S5 1
e 2t <363> + te= % < 03). Note:variation of parameters (next lecture) will usually be
1

quicker, unless f (t) is of a simple form. For example, if I see &’ = AZ+ <31> . I will always
2

use undetermined coefficient.
If for linear homogeneous ODEs, Wronskian is zero if only if the solution is dependent.

7.6 Variation of Parameters for vector Des

Suppose & = AT+ ﬁ(t).[fh = 171 + co9, then we try & = w171 + ug@s and plug this into
DE:
u'lfl -+ ulfll + u'zfQ + UQfIQ = Aui1%1 + AusZs + F

Therefore u)#1 + ub@s = F. In component form:
/ !/
u1T11 + Upwo1 = Fy
/ !/
w12 + UpTop = Fy

We will always be able to solve this for «) and uj, because the columns of (in izl)
12 22

are Z1 and Ty, which are linearly independent. So, we will get u) = G1(t),us = Ga(t),
r= [f G1 (t)dt]fl + [f Gg(t)dt]fg

Note: If we omit the constants of integration we will have a particular solution. If we
include them, we get the general solution.

Example (MOUC example revisited)

=l 1y, —2t t
Tr = <0 9 r+e

. 1 1
n=cre’ <0> + coe <1>

We try & = ujel (é) + uge?t (1) which means

w

u'let + uée% = te 2
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’U,/262t = 3e 2%

From the second one, we get ul, = 36_4t, SO Uy = _736_4'5 + ¢9. The first one becomes
_ 1 _ 1 _ 8 _ 1
uy = /(t —3)e 3tdt = —g(t —3)e 3 +/36 St = §e 3t _ §t€ 4
1 1
so ¥ = (%e*St — %te*’t + ¢1)ét <O> + (c2 — %6*4’5)62"/ <1> (same as last time, but in a
different form!)

o . —t
Example: Solve ¥’ = AT + F, where A = <1 411> and F = (60 >

Solution: First, find &), = c1e® (?) + coet <_2>

1
Try & = uye3t <%> + uge? <_12> and solve

u'1(263t) +ub(—2e7) =t

and
() + e t) =0

Hence solve u} = —ge™1 = uy = TFe " + ¢, Also ug = 5t + ca.

8 The 3 Most Famous PDEs

8.1 The Heat Equation (or Conduction Equation)

Consider a metal bar of length L, with uniform cross-sectional area and on insulated surface.

Let u(z,t) be the temperature at a distance x from one end at time t. It can be shown

though a careful analysis of the physics of heat transfer that u should obey the equation.
ou 0%u

ot oz

Rough Explanation: Suppose the temperature profile looks a wave curve at time t.
Where this graph is concave up the temperature will initially increase, and where it is
concave down it will decrease! To solve the Heat equation, we need on initial condition
u(z,0) = f(x). We will also need boundary conditions, and there are several possibilities
for these.

1. If we imagine fixing the ends of the bar in ice, then we’ed have u(0,¢) = 0,u(L,t) = 0.

2. If we insulate the ends, we need instead u,(0,t) = 0, u,(L,t) = 0.
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3. If we leave the ends expressed, the conditions turn out to involve both u and wu,.
4. We could have different conditions at the two ends.

5. We could even imagine an infinitely long bar, in which case we require only that u
be bounded as x — +o0.

Note: For a metal plate, we have the 2D Heat equation. u; = v(uggy + uyy)

8.2 The Wave Equation

Now consider a string of length L, under tension. Let u(z,t) be the vertical displacement
of each point on the string at time t. Then uy = oz

Rough Explanation: the vertical acceleration of each point on the string is determined
by the concavity at that point. With this, we need ICs

u(z,0) = ¢(x)

ur(x,0) = ~(z)

(We could set the string in motion either by plucking it (¢(x) # 0) or striking it (y(z) # 0)).
For BCs, the simplest would be u(0,t) =0, u(L,t) = 0.

8.3 Laplace’s Equation

This is (in 2D) uge + uyy = 0. This can be thought of as a kind of smoothness condition.
For example, In 1D it is just f’(z) =0 (= f(z) = Az + B).
The BCs must be closed.
For example, we might have u(x,0) = 0,u(x,1) = 0,u(0,y) = 0,u(1,y) = sin7y.

8.4 First-order Linear PDEs and Partial Integration

Just as simple ODEs can be solved by integration (e.g. 3 = 22 = y = 2% + ¢). Some
simple PDEs can be solved by “Partial integration”. For example, suppose u, = —e ¥
(where u = u(z,y). We integrate with respect to y to obtain

u(z,y) =e ¥+ g(x)

The “constant” of integration is an arbitrary function of x! To evaluate it, we need an
initial condition for each value of x. There could all be given at y = 0, but they could be
specified along a curve in the xy plane.

For example, If u(z,0) = 1+1$2, then 1+1x2 =1+g(z)sog(x) = ﬁ —1, and u(z,y) =

H% — 14 e Y. We essentially have an ODE for each value of x here. The solution can
be viewed as propagating along the lines * = ¢. When this happens, we call the lines
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“characteristics”. Eg, if, instead, we've given the IC, u = 0 along y = z? (i.e. u(z,2?) = 0)
then 0 = e + g(z) so g(z) = —e " and u(z,y) = e ¥ — e .
Partial integration is only possible if both u, and u, appear in the PDE. However, we

can always eliminate one of them through a change of variable if the equation is linear:
a(@, y)uz + bz, y)uy + c(z, y)u = f(z,y)

Example: Suppose uy = —ug, u(z,0) = e~ If we let

§=z—-2yn=y
then we may write
Z = u(z,y) =& n)
0z 0z 0¢
dxr — IEdx
0: _0:06 0z
dy 9y  Ondy
That is,
Ju 00 0§
dr  0¢ Ox
0z 0uo§ Oudn
oy~ 0€dy " ondy
Since § = v—2y,n = y, u, = ¢ and uy = —20¢+1,. The PDE uy, = 2u,, therefore becomes
(—24¢ + 0y = —20g or just 4, =0 = u(§,n) = g(§). Returning to the original variables,
w(z,y) = g(z,2y). This can be matched to the IC: u(z,0) = e = e = g(z).
Hence u(z,y) = e~ (*=2)? Check?

uy = —2(x — 23/)6_(5”’_23/){2

uy = 4(z — 23/)6*@*29)2

SO Uy = —2Uy.
Question: How do we choose the new variables? Consider the ODE % = f(z,y), If
its general solution is written as ¢(x,y) = k then %Z = _d—iy (that is Zz =—f(z,y))

Proof. Just differentiate ¢(z,y) = k implicitly! (w.r to x):

@ — _¢x
dx by

dy

a(r,y)ug + b(z, y)uy + c(z,y)u = f(z,y)
We will let £ = £(z,y), n = n(z,y).
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8.5 First-Order Linear PDEs

a(@,y)ug + b(z, y)uy + c(z,y)u = f(z,y)
We will let € = €(z,y) and n = n(z,y) to replace u(x,y) with (£, n). By the chain rule,

Uy = Ue&y + Uy

Uy = ey + 1y
so the PDE becomes

a(w, y)[e&e + Unne] + b(z, y)[Gyny + Gyny] + c(x, y)i = f(2,y)

Rearranging, we have

[a(z,y)&x + b(z, y)&ylie + [a(z, y)ne + b(x, y)nyliy + c(z,y)0 = f(z,y)

The goal is to make either ¢ or 4, disappear. Let’s eliminate 4, by setting

a(z,y)n: + b(x,y)ny, =0

a(z,y)

Our Lemma now suggests that we should choose 1 such that n(x,y) = k is the general
solution to the ODE % = ZE:;Z)) What about £?Our only other constraint is that the
transformation (z,y) — (&, n) is invertible. Therefore its Jacobian must be non-zero.

oem (6 &N .
3($,y)_det[<7h nz>]—€x77y &nz #0

If we just let £ = x, then this is satisfied!

Example Solve the IVP zu, + yu, = 3u and u(z,1) = 1 — 2%, where x > 0,y > 1.

Solution: We start by solving % =4 = f% = f‘i—”” = Ilny = Inz + Cj so
Iny —Inz = C.

This tells us that we may use { = x,7 = Iny — Inxz. Then ug = &, + Uyn, = G —
and uy, = g&y + Uiy = iy,

The PDE becomes (2t — Uy) + Uy, = 34 = e = 30

Returning to the original variables, we have

That is assuming that 7, # 0, Z—z =

1

2 Un

u(z,y) = f(lny — lnx)x3 = f(In Q)xs = g<£) 3_ 312
x x y
Finally, since u(z,1) = 1 — 22, we have 1 — 22 = 2% Inz so h(z) = 1;5”2. Hence
1—(%)2 2
u(z,y) = 1’3[907(%)] =P (1-55) =y —aPy
(5) Y

Comment: This is known as the method of characteristics. In these problems, information
from the K can be viewed as being carried along the curves ¢(zy) = K.
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8.6 Second-Order Linear PDEs
Consider
a(x,y)Use + 0(2,y)Usy + c(x,y)Uyy + d(z,y)Us + e(z,y)Uy + f(z,9)U = g(z,y)
We will introduce & — £(z,y) and n — n(z,y) to convert this to
A(&,m)Use + B(&,m) Uy + C(&m) Uy + D&, m)Ug + E(E,n)Uy + F(&,m)U = G(&,m)

The goal is to eliminate one or more of the second order terms (make A, B, or C = 0)
What are those functions?
This is tedious. I will get you started. We need U, Uy, Uz, etc. in terms of Ug, etc.

U, = Ugfa; + Unnx

Therefore
0 0 . - .
9 .. .0 9 . .0
= %[Ufgx + UE%[@] + %[Un]% + Un%[%]

= [Uffga: + U&ﬂ?x]&x + Uﬁgxx + [Uﬁngx + Unnﬁx]ﬁx + Unnzx
= (éx)QUfﬁ + 2§x77zU£n + (na:)ZU’rm + U&f;cz + Unnxz

Repeating this for U,, and Uy,, plugging these into the original PDE and rearranging,
we get

A(&,m) = a(z,y)(&)” + b(x, Y)x&y = c(x,y)(&y)?
B(ga 77) = 2a&;n,: + b(&zny + gynz) + ngny

C (&) = a(z,y) () + b, y)nany = c(z,y)(n,)*
To eliminate the U& term, we set A =0,

A& m) = a(z,y)(&)* + bz, 9)&by = c(x,y)(§)* =0
Assuming that &, # 0, we can rewrite this as

Sava ypeSoy L
a(gy)—i-b(gy)—i-c 0

Therefore

§e  —bE Vb2 —dac
&y N 2a
Similarly we can eliminate the Unn) term by requiring that 7, # 0 and Z—z
Three cases arise, dividing second-order linear PDEs into 3 classes

_ —bEtVb%2—4ac
- 2a
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1. Hyperbolic Equations: If b — 4ac > 0, then we can choose £ = ¢ and 1 = ¢ where

_ =b—Vb2—4dac 4ac
2a

—b-‘,-\/ b2 4ac

¢1 = k1, is the solution to
¢9 = ko is the solution to

This will eliminate both Ugg and U,777 leaving after divisor by B
USU + (I)(£7 m, ﬁa U{a Uﬁ) =0

This is the canonical form of hyperbolic PDE
E.G. Uzy = U is hyperbolic

2. Parabolic Equations

If b? — 4ac = 0, then we can choose £ = ¢, where (b k is the solution to dy = . We
cannot also eliminate Unn However since & = , the U&n term dlsappear Hence

B = 0. Lastly, the canonical form of a parabohc PDE is

UTm + q)(§7 7, 07 ﬁfa Un) =0

The classification of a PDE has implications on the kind of boundary conditions required
and the method of solutions used.

8.7 Method of Characteristics
8.7.1 Example

Ugy + Uy = 2y, u(z,0) = 0,u(0,y) =siny

Can just integrate with respect to y. Hence u, +u = %xy2 + f(z), then this is just
ODE, integrating factor is e”.

Hence

emu:/;:pe%f—l—e flx) = ; y*(ze® — e + h(y)) + /emf(x)dx

ha(y)

em

u(wy) = 57w — 1+ "U) 4 (@) + hay)

where F/ = e* f.

Therefore u(z,y) = 1y?(z — 1) + g(z) + e "h(y) is the general solution.

u(z,0) =0 = g( ) e "h(0), u(0,y) = siny = —3y>+g(0)+ h(y). so g(z) = —e~"h(0)
and h(y) = siny+ 3y —g(O) = ¢(0) = —h(0).

so u(z,y) = 3y (m — 1)+ e ®siny + 3y’e®

35



8.7.2 Example

Consider the wave equation uy = a?uy, subject to u(z,0) = y(x), us(z,0) = 0.

Starting by solving
dt  b=£+b?—4ac _il
dr 2a T a

so dr = adt Hence x = ftat+cso{ =rz+atandt =x — ot
U = 042@55 — 2042@51& + iy
Ugy = ﬂf{ + 2ﬂ§t + gy
then uy = Uy, —> ¢ =0
Continuing with the 1D Wave equation problem
U = a2U:m:

U(x,0) = y(x)
ug(x,0) =0

A clarification: unless we restrict the domain of v(z) and add BCs, this problem is for an
infinitely long string!.
We let £ =2+ at, t = x — at and this converts the PDE to

r&gt — O
We can integrate this: R
U(§,t) = F(§) +G(t)

That is,
u(z,t) = F(z+ ot) + G(x — at)

Enforce the ICs:
u(@,0) =~(z) = 7(2) = F(z) + G(z)

u(2,0) =0 = 0=aF'(z) — aG'(z)

Now
¥ (x) = F'(z) + G'(2)
Therefore
Fl(z) = G'(z) = 59/ (2)
Therefore,



G(z) = 2'(2) + e

2
F+G=v
SO
cir+co=0

Finally, then u(z,t) = L[y(z + at) +v(z — at)]

We have u(z, 2) = 5[y(z +2) +v(z — 2)]

This method (method of characteristics) worlds on many hyperbolic equations (but not
all, consider u,y + u; + uy = 1); on some parabolic equations (e.g. Uy, + U, = 1) but not
on the heat equation

Ut = YUzz

; on no elliptic equations.

8.8 Separation of Variables

possibly the most powerful method in general we assume that u(z,y) can be factorized as
u= F(z)G(y)

Example: Solving the heat equation.

Consider the initial/boundary value problem

U = 7Uzm

u(z,0) = 20sin(37x)
u(0,t) = 0,u(L,t) =0
Consider a bar of length L, with its ends fixed in ice, and initial temperature profile.
We assume that u(z,t) = F(x)G(t). Then
ug = F(2)G'(t)

Uz = F"(2)G(t)

U = YUz = F(2)G'(t) = vF"(2)G(t)

Next separate the variables:
G'(t) _ F'(x)

VGt F(z)

The key realization: For this equation to hold true, for all x and all y, both sides must
equal a constant.

Q) _ F'a)
2G(t) ~ Fa)

=c,ceR
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This gives two ODEs:
G'(t) = eyG(t)

F"(z) = cF(x)
We will start with the second one. We need side conditions: u(0,t) =0 = F(0)G(t) =0
Also, u(1,t) =0 = F(1)G(t) =0 = F(1) =0. We have a BVP for F(z):
F'(z) —cF(z)=0,F(0)=F(1)=0
You can verify that nontrivial solutions only exist if ¢ < 0, so let ¢ = —\2.
Hence F” + A\2F = 0, F(0) = F(1) = 0 and then F(z) = ¢1 cos Az + czsin Az. Hence
from F(0) =0, F(1) =0, we know, ¢; = 0,c2sin A\ =0 = \ =n7 (¢ = —n’7?)
so nontrivial solution exist only when ¢ = —n?72, and these solution are
F,(z) = C,sinnrz
Next, recall that G'(t) = cyG(t) so G'(t) = —n?7?yG(t) Hence
Gr(t) = Ape ™7
Finally, then, we have
un(x,t) = Fy(x)Gy(t) = Bpe 'm0 sin(nmx)

The is a solution to the equation and BG for each value of n. With our initial condition
u(z,0) = 20sin 37z, we have n = 3 and Bs = 20 so u(z,t) = 20e~ 97" sin 37z

Question: What if we have some other initial condition? First, note that u; = yuz, is
linear (end homogeneous ., —u; = 0). So the principle of superposition applies: any linear
combination of the function e~ 77 sin n7rx will be a solution.

In fact, the infinite sum

o

Cn2nat
E Bpe V™ Msinnra
n=1

will be a solution, if it converges. Applying, the K, u(z,0) = f(x) gives
o0
flx) = Z B, sinnrz
n=1
It is possible to expand any piecewise-defined function with a finite domain into a series of
this type! This is the Fourier Sine Series of f(z). Find the B,’s, and you have the solution

for u.
For other boundary conditions, we might read the Fourier Cosine Series instead:

f(x) = Z A, cosnmr
n=1
On an interval [0, L], this would be >~ | A, cos "=
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e We might instead need the Full Fourier Series.

f(z) = Z[An cosnmx + By sinnnx]

n=1

e If we have an infinitely long bar, we end up with a Fourier Integral instead:
o
flx) = / [a(w) coswzx + b(w) sin wx]dx
0

which can be expressed in complex form as

f@) =5 [ ctwends

:% .

There are formulas for all of the coefficients, A, By, a(w),b(w), c(w). Specifically,
c(w) :/ f(z)e % dx

8.9 The Fourier Transform

Definition. The Fourier Transform of a function f : R — R is defined as
Sy .
F(f@) = [ fo)eeds

provided that this integer converges. We will also use the notation f(w)

Example:

0 if 0

Find F(f(z)), if f(z) = <Y yhere a > 0.
e ™ x>0

Solution: F(f(z)) = [, f(z)e®dx = [;* e~ @e™edy = [ e~ (@tw)zgy = 1

a+iw
Comment: The FT is just one of many integral transforms. The expression

R B8
fw) = / F (@)K (w, 2)dz

The function L(w,x) is called the kernel of the transformation.
Note: This often fails to exist!
For example: If f(x) = 1, then

oo 00 0
F{f}—F{l}—/ e_“”dx—/o e_iwxdx—i—/ e dy

—00

Above does not exist.
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Theorem. Let f : R — R. If
1. fis piecewise continuous on R, and

2. fis absolutely integerable on R. (That means [~ _|f(x)|dx converges)

Then f(w) exists.

Proof. First note that [~ |f(z)e”™dx = [*_|f(x)|dz since |e~™*| = 1. If this con-

o
verges, then we can apply the triangle inequality:

[ s s < [ (e e
then it converges. O

Note that for f to be absolutely integrable we must have lim,_, 1+ f(x) = 0, we must
have lim,_, 4, f(z) = 0. In fact, ™, sin z, cos x, €*, In z, etc, do not have Fourier Transforms.

Theorem. (Linearity) Let f : R — R and g : R — R. Let o, € R. If f and § exist, then
Flaf + B9} = of + 89

Proof. By definition, it can be written as an integral form so by the linearity of integration,
it is true. O

Theorem. If f is continuous and absolutely integrable, then the Fourier transform is in-
vertible and in fact

-1y 7 1 < 2 W
f@) = P {f) = o [ fwped
(this is the formula for the Fourier Integral representation of f(z)!)
Theorem. Let f be differentiable on R, with transform f(w), Then F{f'(x)} = iwf(w).

Proof. P{(u)} = [, f(@)e e = f(a)e =, 4 [, i f(r)e urds
Now since f(w) exists, ffooo f(z)e~™?dx converges, so lim; 1o f(2)e"™% = 0 so
Ff(a)} = iw [, f(@)e ™z = iw () =

In general, F{f(x)} = (iw)"f(w) and we can even say that F{[ f(t)dt} = if(w)
These results suggest that the F.T. can convert ODEs to algebraic equations.
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8.9.1 Demonstration of Concept
Suppose y” + ay’ + by = f(x). Apply F.T.,
F{y" +ay' + by} = f(w)
Hence F{y"} + aF{y'} + bF{y} = A(w). Therefore, —w?j 4 aiwjj + bj = f(w). Lastly,
- —f(w)

Y= v aw—p

That implies y =

—1
{ w2 —iaw— b

Theorem. The Time-Shifting Property: Let f(t) be continuous and absolytely integrable
with F{f(t)} = f(w). Then F{f(t —a)} = f(w)e "™ and so F~{f(w)e~ ™} = f(t - a)

Proof. F{f(t—a)} = [T f(t—a)e ™ dt = [*_f(T w(rta) gt — e=iwa f(y)) O
Example: Consider the “unidirectional wave equation”,
U + auy, =0

The strategy is to eliminate the x derivative by using Fourier Transform in the x variable.
. ~ o —1
That is, we define F{u(z,t)} = t(w,t) = [ u(x,t)e " dx
With this, F{u,} = iwt. Meanwhile,

A b %) ) R
F{u} = /OO T ey Bt/ ue"dr =

Apply f to the PDE:
u+ oy, =0

= F{u; + aug} = F{0}
= U+ a(iw)it =0
This is essentially an ODE for 4(t): the solution is
a(w, t) = G(w)e ™
Now we just need the inverse transform:
u(z,t) = F~HG(w)e ) = Gz — at)

by the time shifting properties.
Note:

1. We've assumed that @ exists, which probably isn’t true for this PDE! (We need
u = 0 as x — £00). Nevertheless, we’ve got the correct result.
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2. Evaluating F'~! is usually harder. We will need this.

Definition: The convolution of two functions f and g is fxg(x f flx—T7)g(r)dr.
Note this won’t always exist, but a sufficient condition is that f and g be causal,
meaning that f(x) =0 when z < 0.

Like multiplication, convolution is commutative and distributive over addition.
frg=g*f
where (af + Bg) xh = a(f x h) + B(g * h))

0 z<0 0 z <0
Example: Let f(x) = and let ¢g(x) = .
Xamp f(x) s >0 g(z) e >0
ffooo flx—7)g(r)dr = fooo flx—7)e Tdr = fox(ac —t)e Tdr = —(z—T1)e T|E — f(f e Tdr =
r+e T -1

Then f x g(x) =

8.9.2 The Convolution Theorem

If f, g are piecewise continuous and absolute integrable,

F{fxg(x)} = f(w)g(w)

SO

F‘l{f(w)Q(W)} =fxg(@)

Proof. F{fxg(x)} = |7 frg(x)e ™ dx = [ [[Z flz—7)g(r)dr]e™ " dx = [Z [ fla—

t)e~wedx]g(r)dr (reversmg order of integration)
Let £ =x —t so d§ = dx.
Therefore = [ [[* f(&)e ™ 5+T)d§]g(7 = [T F(Qe™edEle T g(T)dr =
)

[[ 50 F(E)e™8dg] (73, g(r)e"mdt] = f(w)d(w) -

8.10 Solution of the Heat Equation for an Infinitely-Long Bar
Ut = YUz, ('7 >0,z > O)
u(z,0) = f(z)
u—0asx— £oo
1. Since the BCs are at oo, separation of variables does not work here.

2. However, if f(w) exists, then it is reasonable to assume that @(w, ¢) will exist, for all
t.
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So, let d(w,t) = F{u(zt)} = [*_ u(z,t)e” ™ dz. Therefore uy — @y, ugy — —w?a. Also,
the IC u(x,0) = f(x) implies that @(w,0) = f(w). (we’ve already used the BCs in assumlng
that @ exists). This implies 4y = —yw?a, @(w,0) = f(w). Therefore, a(w,t) = H(w)e e,
Enforce the IC: 4(z,0) = f(w) = H(w) = f(w), so a(w,t) = f(w)e w7
Now, u(,t) = P~ {f(w)e™" 1"} = FH{f(w)} x FH{e™" "} = f(a) « F~H{e ™'}
Use the formula for F~!:

F71{€7w2’7t} _ 2i /Oo ewafyteiwxdw _ 2i /OO 67(’7tw27ixw)dw
T ) T ) oo

— i = ’Vt[wkﬁw}dw = i ~ efvt[(wfg%t)%%f;ﬂ]dw
27 J_ o 27
1 22 [ gz 2 i
— o vt yt(w 2’yt) — _
5 ¢ . e dw Let v = /~t(w 2%)
1 _=2 [ 2 dv
= —e Mt e_v -
2m /_oo vt

.2
e it e Vdv

1
RPZNET oo

Now f_oooo e~*dv is know to be /T so this is 3 %we*“ré)/‘”t. You can find the proof on
my website.
. 2 42
Finally, u(x,t) = f(x) % 2\/%6 o* [yt — W [ fl@—tye t/Mtar

We can simplify this a bit: Let y = 2\/% so dy = 2;\/‘% and y — —o0 as T — o0.

Therefore

Flz +2vAty)e ™ (—2y/7tdy) = f/ fla+2yAty)e ™ dy

u(z,t) =

i ]!

1 Jz|<1 1 |Jz+21tyl <1
Example: Suppose f(z) = . Then f(x + 2+/9ty) =
p ppose f(z) {0 2> 1 f(z +2yty) {0 OW
— 1—x —1—x
AT a2 BTt a2 .

Then u(x,t) = ff Te ydy—%[fowﬁe ydy—f()?me ydy]:%[erf(;\/%)—

12
erf(5 = ”")] (could also write this in term of ®(z) = \/% [ e zdx)

8.11 The Black-Scholes PDE

A European call option is the right to buy a commodity for an agreed-upon price K at an
agreed-upon time T. The value of an option depends on the price of the stock, S, but it
also depends explicitly on t. (more naturally it depends on the time remaining before the
strike time, 7' —¢). We will denote the value of the option as F' = (.5,¢). Our mathematical
model will depend on several significant assumptions.
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1. We will assume that trading is continuous and that assets are infinitely divisible.
2. We will ignore transaction costs.

3. We permit “short selling”

4. We will assume that our assets pay no dividend

5. Two more we will need soon.

(a) We will assume that it is always possible to invest money at a constant interest
rate r.

(b) We will assume that no arbitrage exists. That is, the values of financial instru-
ments will automatically (and instantaneously) adjust to put them in balance
with investments at rate r.

Stock price:
S itself depends on time: S = S(t). Furthermore, this dependence is partly random.
Change in stock price in a given time interval made up with two parts, deterministic
growth/decay and a random part. That is AS = faeterministic T frandom. We will assume
faet to be Malthusian:
Jaer = pSAL

, so that without the random component we’d have AS = uSAt. Therefore S = Cett.
We will assume f;andom to be stochastic:

frandom = USAW(t)

where AW (t) is a random variable with mean 0 and variance At (Wiener Process) so
AS = pSAt + o SAw(t). We call u the growth rate and o is the volatility.
Customarily this is written (letting At — 0). Hence

dS = pSdt + o SdW (t)

(this is a stochastically differential equation).
Assume that the value of the option is F'(S,t). Assume that the value of the stock is
S(t), satisfying
dS = uSdt + o SdW (t)

(i.e. AS = uSAt+ oSAW (t)) where AW (t) is a random variable with a time-dependent
probability density function such that the mean is 0 and the variance is A¢. It an be shown
that [AW (¢)]? has mean At and variance 2(At)2. Now recall that a function f(x,y) cam be
expanded in a Taylor series as f(x,y) = f(xo, y0)+ fz(x0, yo)(x —z0) + fy(z0, yo) (y—yo+- - -
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Assuming that F(.S,t) is smooth, then we can take an arbitrary point (So, tg) and write

OF OF 10°F, o, O*F 10°F  ,
= 8SAS+ 5 + 2832AS + 8S§tASAt+ 5 2 At + -
Now since AS = puSAt+o0SAW (). AF = FguSAt+Fso SAW (t)+FAt+1 Fggu?(At)*+
Fospo? AtAW (t) 4 § Fss0? S [AW (8)]* + FsiuS(At)? + Fs;0 SAAW (t) + § Fyy (At)? + - -
Next, if At is small, then we neglect terms of order (At)2. Furthermore, since AW (¢)
has mean 0 and variance At, we can also neglect, the term of order AtAW (t). Also since
[AW (t)]? has mean At and variance 2(At)?, we can say that [AW (¢)]? ~ At, and so

AF

AF =~ FsuSAt + Fso SAW (t) 4+ Fi At + %FSSUQSQAt

8.11.1 Eliminating the Stochastic Term

The key step: if we assume that arbitrage is always instantly eliminated then it must be
possible to cancel out the random contribution to F. Here is the Black-Scholes argument;:

Consider a portfolio constructed by buying one option and selling € unit of stocks.
(assuming short-selling and divisible stocks!)

The portfolio has value
m(t)=F —¢e¢—¢€S

Over the interval At, the change in 7 is Ar = AF — eAS = [0SFs — ea SJAW (t) + [F; +
uSFs + %U2F55 — euS]At
Now, if we set € = Fg, then the stochastic component disappears. We are left with

Arm = [F; + %UQSzFSS]At

SO % =F+ %0252}755
Finally, if arbitrage cannot exist, then the value of m must equal the value of a simple

investment at interest rate r, so % =rT

Hence TW:Ft-I-%O'QSQFSS o)
L 5
50 S“Fsg+rSFs+F,—rF =0

Hence we get our Blakc-Scholes equation for European call option.

45



