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1 Review

1.1 Survival Model

This part of notes is in the study note for mlc.

1.2 Insurance
br, = benefit payable if the life dies at time T},
Z = present value random var = PV of any payments on a contract

7 depends on T, or K, or Kg(cm) where K, = |T,] and K:(Cm) = % |mT, ]
For insurance, we always have a max of one payment, such as, for benefits payable on
death

1. Z = vT= = ¢=%T= for whole life

Lo 3f T, <
2. Z = v Hle nforterm
0 T, >n
0 if T, <
3. Z = { e sn for pure endowment

vt T, >n

T .
vt ifT, <n )
4. Z = o for endowment insurance
" ifT,>n

for a deferred contract

o

0 T, <n
something depends on the contract if T, >n

If we annual benefits (payable at end of the year), use K, + 1. For benefits paid of the
end of the % year of death, use Kém)+%. For any Z, we can always find E[Z] = EPV = AV
by first principle (E[Z] = " 2P(Z = z) = [ v'pyudt) - the sum or integral over all dates
of the amount paid x discount factor x probability of part.

If we have a discrete survival model given by a life table, it is tedious to calculate EPVs
of whole life or long term contracts , so the values for whole life insurance are often included
in the table.

o0
E[Z) = 1- " q = A,
k=0
Also, the relationship between A.’s in the table is a recursion:
Ay = Aim + by - Ax—i—n =vq; + ExAx—i-l

Trivial relationships could be observed



e term + pure endowment = Endowment

e term + deferred whole life = whole life

e deferred = pure endowment x the contract

The relationships all hold within payment timing options. Relationship between differ-
ent timing (UDD) (pretty intuitive)

1.3 Annuities - same idea as insurance

Y = PVRV as before , a function of T, K, or K;Em). We can also have annuities payable
at the end (due) or start (immediate) of each period. We can evaluate the EPVs with

e first principles,

e amount X discountx probability over all dates

1—v™ 1—pKz+1

e use the relationship to A’s recall dm = ~—5~. Then Y = dg 7 = o Hence
EPV 4, = :=#.

Similarly, Gz = s 551

Relationships:

1. annuity due = 1 4+ annuity immediate. In other words, d, = 1+ a,, dﬁc’”) = % + aém)

2. Term: G =14 Qi — V" 1P
3. whole life = term + deferred, d; = dzm + n|Ga
4. deferred = ,,F, x any contract for age x +n

To get relationship between annual, and mthly cases, we need UDD. Idea: convert

™ to AU™ use UDD on that, convert back to d,. Result: a{™ = a(m)i, — B(m),
. . i i—g(m)
a(xq%) = a(m)izm — B(1 — nE;) where a(m) = i<m)zg(m) ,B= Z.(Zm)zdm)

1.4 Variance

e For insurance, it’s easy to find the second moment of Z.

E[Z?] = same calculation as F[Z] but with v? instead of v = 2 Aomething. Then Var(Z) =

2 A— A2

e for annuities, it’s not easy to do this way because payments are not independent
relationship. Instead, we use Y = %
Var(Y) = d—lear(Z) = 2Ad_2A2




1.5 Increasing contract

o (IA), pays $k if they die in the kth year.

e (Ia), pays $k + 1 at the kth year.

1.6 Premium

Loss-at-issue RV Ly = PV future benefits — PV future premiums

To find P by the equivalence principle, set E[Lg] = 0, i.e. set P so that EPV premiums
is equal to the EPV benefits. We can also include expense and profit margin.

L} = PV future benefits 4+ expenses — PV future premiums

Then set PY such that the EPV premium is equal to EPV benefits plus EPV expenses.
Apparently, the gross premium is always higher than the net premium. Expenses can be
fixed or as a percentage of the premiums

2 Policy values

Definition. The time t future loss RV is Ly = PV at t of future benefits— PV at t of future premiums
conditional on the contract being in force at time t.

If the contact has annual payments and t is an integer, then there may be a payment
at t. The convention is to consider premium payment at time t to be in the future and
benefits in the past. (i.e. P at t is in future premiums. S at t is not in future benefits.)

For annuities (where benefit is a series of payments) it can be either way. For endowment
insurance or pure endowment, the payment is at time n. But L,, does not include the time
n payment as future benefit so L; = 0.

But what we do have is

t—=n—

for endowment insurance and pure endowment insurance. For term

t—n—

Example

5-year endowment insurance with annual premiums P, sum insured S payable at the end
of year issued to (z).

Lo — Svlett — Pl if K <5
Sv® — Pii if K, >5



We also know Ls = 0. What about L;? If the policy is in forced at that point, the
person is alive and age x + 1. They have 4 years of benefit and 4 premiums left to pay.

L= SyHatitl Pam if Kpy1 <3
Svt — Piyg, if Ky >4

Similarly we can define Lo, L3 and Ls. Now let’s put in some number Makeham rule
w =120, A = 0.0001, B = 0.00035, ¢ = 1.075,i = 6%, z = 50

With these parameters, we get Psy = 0.986493, A5g = 0.335868, A51 = 0.347203, As5 =
0.394409, 5 E59 = 0.690562, 4 F51 = 0.742018.

To find P, set E[Lo] =0=5(A450 — 5F50A55 + 5E50) — P(ds0 — 5F50055)-

Solving P + 1735.55

Then E[L1|K50 > 1] = SAs.9—Pas.q = S(A51 —4F51As5+4FE51) —P(d51 —4F51d55) =
1727.95

If  + 1 is alive, their remaining premiums are not sufficient to cover their remaining
benefits. The insurance company should hold 1727.95 capital in reserve to make up the
short fall. Each year the expected value of L; goes up for an endowment insurance.

Insurer can build up capital from early premium payments to cover the later ben-
efit payments. Logically, the policy value at time t is the amount which, when com-
bined with future premiums, will exactly cover the future benefits. In other words, ;V +
EPV 4 (future premiums = EPV 4 { future benefits.

Mathematically, :V = E[L|Ty > t]

It’s the amount that will, along with future premiums, cover future benefits. Where
does the $ come from? From other policies. say we have N identical policies (from last
example - 5 year insurance). We collect 1735.55N at 0. It earns 6% — 1839.68N at 1, but
some people die in age 50 — 51 and each get 10, 000 at 1. The number who die on average
is Ngso = 0.013507N so we have 1839.68 N — 135.07N = 1704.61N. There are 0.986493N
policyholders still in force at time 1, so each has AT0&6LN. — 1797 95 which is exactly what

0.986493N
we had for E[L;|T5p > 1]. Fomr this to work at, we needed

e the same interest rate earned as assumed
e mortality experience to be the same as expected.
In reality, there are two versions of the policy value

e Net Premium Policy Value (NPPV) - EPV of the future benefits minus the premiums
on the policy value basis with an artificial premium recalculated using the equivalence
principle (no exp) and the policy value basis

e Gross Premium Policy Value (GPPV) - EPV of future benefits minus premiums on
the policy value basis with actual gross premiums and including expenses



Two differences for these two versions could be expenses vs non-expenses and actual vs
artificial premiums

Basis : the set of interest, mortality, and expense assumptions used in an actuarial calcu-
lation.

Premium Basis - used to calculate P

Policy Value basis - used to calculate ;V

If they are, and they assume no expenses, then GPPV = NPPV. In general, the
policy value basis is more conservative than the premium basis. Premium basis needs to
be realistic but competitive. Policy values are about ensuring solvency so the basis is more
pessimistic. (worse mortality, lower interest rates, higher expenses)

Example

Whole life $10,000 issued to (50). Premiums payable for 15 years max. Basis: Markham
rule, w = 120, A = 0.001, B = 0.00035,C = 1.075, 6% interest rate, 1% of premium plus
$100 initial.

P: 10000450 + 100 + 0.01Pisg 15 = Pisg s then

10000450 + 100

- =377.41
0.99a50:m

o= 10, 000050t — Pz Kgo < 4
10, 00005601 — Pz Lo > 5

Loy = 10, 000057+ since no more premiums are due

For gross,
g _ J10,0000%+ —0.99Pz  y Keo < 4
10771 10, 0000560+ — 0.99 Piig Keo > 5

If policy value basis is the same
10V = E[LYy|Tso > 10] = 10,000A60—0.99Piig.5 = 4568.085—0.99x 377.41x4.22367 = 2989.97
The gross for Lj, is the same as the net.
20V9 = E[L§,|T50 > 20] = 10, 000A7¢ = 5861.87

Now instead, assume the policy value basis is: same mortality, same expense, 5%
interest. Then 19V9 = 10,000A¢40.50, — 0.99 x 377.41 X dgg.5 = 5107.311 — 0.99 x 377.41 x



4.29763 = 3501.56 > 10‘/59%. More cautious assumption is going to result in higher policy
values. Similarly, o9V¥9 = 10,000A7g.50, = 7687.99

Back to Net, if we use policy value basis of 5%, we need to calculate P (artificial
premium).P’ is the theoretical premium that would have been charged at time 0 if we had
used the policy value basis, and no expenses. We need 10,000A459 = P’dsg.1559. Then

3908.23
P'= ———— =400.26
9.764268

Then 10vn == E[L10|T50 > 10] = 107000A60 — P,&GO:E == 338715, QQVn = same =
7687.99 Again if policy value basis is premium basis,

20V" = 5861.87

10V = 10,0004¢0 — Piigy5

where
~10,000A45¢

a50:15]

Why artificial premiums? Consider E[L1o|T5 > 10] where there were never any expenses
is equal to

P//

. S Ag0:6% ..
SAeo — Plgys = SAs0:5% — —— Ug055%
a50:56%

There is no way to simplify this because the interest rates don’t match. Theoretically, it’s
nicer if that the basis used to calculate P in the policy value is the same.
ie A
50
E[L10|T6() > 10] = SAg — = Q0.5
a50:15]

Take a general case of $1 whole life issued at (X). ;V = E[LTx > t] = Ax1¢— %dx_l’_t
If everything is on the same basis

= (1 diigyy) — (T =1 - O
Gy Qg
Similarly for endowment insurance.
V=A . Armn .. —1_ dert:m
tV — Agttn—t .. Ay ttn—t] = .
Qg Qg

We can only use these simplifications if with the same basis and premium assumption with
no expenses.



2.1 Retrospective Policy Value

If the policy value basis is equal to the premium basis and the experience matches the
assumptions (actual interest, mortality, and expenses are as predicted) then we can also
express ¢V in terms of cash flows from time 0 to time t.

oV + EPV at 0 of premiums in (0,t) — EPV at 0 of benefits in (0, t)
tEm

V=

Compare to prospective policy value
+V = EPV at t of future benefits — EPV at t of future premiums

We don’t actually use retrospective policy values much. We use asset shares instead which
are based on the actual experience in time 0 to t.

Proof.

oV =EPVBy—- EPVEF
= EPV at 0 of (0, t) benefits + EPV at 0 of (¢,00) benefits — EPV at 0 of (0, t) premiums
— EPV at 0 of (t,00) premiums
= EPV at 0 of (0, t) benefits — (0, t) premiums

+ (policy value at t brought back to time 0 for interest and survival = ;E,;V)
Solving for ;V gives the result. O

Recursion: we know A, = vg, + vp,Az+1 and G, = 1 + vpgplzpi1

.V = EPV at t of benefits — Premiums
= EPV at t of (t,t + s) benefits — premiums + EPV at t of (¢ + s, 00) benefits — premiums
= EPV at t of (t,t + s) benefit — Premiums + , Fy 445V

In particular , let s =1,
+V = EPV at t of next year of benefits — premiums + vpz14e41V

In general terms, let P, = Premium at t, e, = premium-related expenses at t, Sy;1 =
sum insured payable at if K, = ¢ at t + 1, E;11 = benefit-related expenses at t + 1, i; =
interest rate earned in (¢,t+ 1). then we can obtain the recursion

V + P —e)(1+i) = quyt(Str1 + Ery1) + Py 1V

Policy value at t plus net income at t accumulated for 1 year is exactly enough to provide
the death benefit for those who die and the ¢ 4 1 policy value for survivors.



Proof. Assume whole life, no expense, constant interest rate i.

tV =844t — Py

t4+1V = SAz i1 — Plgyea

but we also know
Aptt = Vqoqt + VPtt Antist

Gpit = 1+ oPoytloiir1

SO
tV = S0zt + vpr+tAzyi1) — P(1+ vpritlayiv1)
tV+ P =S¢V + vpert(SAgri11 — Plgreg1)
divide both sides by v. Hence we get the recursion formula. O

In general for any contract, we can always derive the recursive relationship by splitting
out the cash flow in the next year (or % year) from the cash-flow from the onwards.

What we have at t + what we get at t, accumulated for one period must equal what
we need to provide then.

At time £ 4+ 1 we must provide

e Policy value for ¢t + 1 (;41V)
e enough extra to increase that to the benefit payable if the life dies

The extra amount is S¢y1 + Ery1 — ¢+1V which is called NAAR (net amount at risk)
or DSAR (death strain at risk). The NAAP;;; can be thought at as the sensitivity to
mortality in the year t — ¢ + 1.

Example: 5-year discrete endowment insurance to (50) usual mortality and 6% interest,
no expenses. P was 1735.55 and 1V was 1727.95. (Calculated between 10000A5,.5— Piis;.7
but we could also get 1V using recursion

(oV + 1735.55)(1.06) = g50(10000) + pso1V
so 1V =1727.95. Also then NAAR; = 10000 — 1V = 8272.05. Then for time 2,
(1V 4 1735.55)(1.06) = ¢51(10000) + p512V

Hence oV = 3578.16 and NAAP, = 6421.81. Policy value is higher than NAAR is lower
in the second year. Similarly NAARs = 4436.57,3V = 5563.43,4V = 7698.41, NAAR, =
2301.59,5V =0 but 5_V = 10000, so over the entre contract, reserve goes up and NAAR
goes down. For a 5-year term insurance instead, P = 146.16, 1V = 20.14,5V = 31.69,3V =
33.27,4V =23.31,5V =0 =5_V; NAAR’s are huge compared endowment insurance.

10



Term insurance is much more sensitive to mortality risk then endowment insurance.
Cash flow more frequent than usual. We could calculate (or approximate using UDD), the
premium and the policy value at any payment date. At time t+s (t € Z,0 < s < 1),

t+sV = EPV at t + sof future benefits — premiums (e.g.) = SA@%H — Pdgﬁbs

T

but we don’t usually have A’s and & for non-integer ages. This is where recursions are
useful.
(tV + P — et)(l + it)l/m = %qu’c-&—t(suri + EtJr%) + %px+t(t+%v)

so that gives us ,, 1 V' then

L
(t—i—%v + Pt—i—% - €t+%)(1 +i)m = qx—i—t—l—%)(st—i—% + Et—&—%) + %px—&-t—k%(t—k%v)

1

For endowment insurance, NAAR decreased over time (same for whole life). For term,
NAAR is always large. Endowment insurance is less sensitive to mortality risk than term
insurance is. On the other hand, endowment insurance is more sensitive to interest rate
risk than term insurance is, because the reserves hold are much larger. In any year of a
contract at time t, suppose there are N policies in force. The insurer has N,V in reserves
(they get N(P;—e;)) The expected extra amount needed at time t+ 1 to pay death benefits
is qu+tNAARt+1

The actual amount needed is the actual number of dollars x NAAR;;1 .The difference
Nq,++NAARt + 1(actual number of dollars — N¢,1¢) is the mortality loss (gain) in the
year t — t+ 1. We looked at %ly payment contracts and everything is the same as annual.

Recursion was

(t+%v + Pa:—l—i - €z+%)(1 + Z)% = %qw+t+%(st+% + Et+% + %Px+t+%(t+%v)
But if benefit and premium payment frequencies are different, we need to leave out the
corresponding term from the recursion on dates where no payment is made. e.g. premiums
semiannual, benefits monthly

L

(tV + P)(1+4)12 = %Q:p+t5t+ﬁ + T12pz+t(t+$v)

Nl
(t+%v +0)(1+0) = Ly 105 L+ %px+t+1—g(t+%v)
What if m — oo and we have continuous payment. No new principles! At any time t,
V = EPV at time t of future benefits — premiums given in force at time t

We don’t need to worry about when benefits or premiums are payable since it’s all contin-
uous T} is continuous = P(T, =t) = 0.

11



Example

Whole life, no expenses, continuous

tV =S4zt — Plgys

1—o'= P P
Li|T, > t = Sv™+ — Pag—,)= Sv"*+ — P( 6” )=(S+ E)UTW -5
Hence we can find P(L; > [T, > t)
s+ Byt = B oy - pptos 5 LE 5
J s S+£
1+ %
= P(—0Tpy > ln(S+ %D
In(l+£)—In(s+ £

= P(Tpys < ( 5) 5 ( 6)):k*%+t

We could do a similar procedure for a discrete contract but it’s not as nice. Also
P o 72
Var(LIT, 2 6) = (S + 5)*(CApp - A2,))

This approach also works for endowment insurance. But not for term, deferred, or other
cases where the RV governing the premiums is different from the RV for benefits.
Similarly, for n-year endowment insurance with premiums for m. Let

Ha:+t = min{TgH_t, n — t}

and then Ly|T, > t = Svfrt — Pag—s0 Var(Li| Ty > t) = (S+5)2C A, i~ A2 o)
and
kE*qpye k" <n—t
ifk*>n—t
But if benefits and premiums have different RVs, it’s more complicated. For example,
term insurance

Hence it is ended up with

T, _
LT, >t = Sviett — Pam Tt <n
- 0- Pam Tm—l—t >n

deferred

0— Pa Tpe <n—t
LT, >t =40 0T ot
Uw+t—Pdm Tx+t2n—t

12



Then for Var(L|T, > t) we could need Var(PV benefits), Var( PV Premiums) and their
covariance

Ly=SZy— PYi|T, >t
Then

Var(Li|T, > t) = S*Var(Z|T, > t) + P*Var(Y|Ty > t) — 2SPCov(Z;, Y4|T, > t)

Cov(Zi, Vi) = EIZY|T, > 1] — E[Z|T, > E]Y; > 1]

We can now find the policy value (mean of L;) or any payment date (integer t for annual,
multiple of % for %ly, and any real t for continuous contract. But what about in between
payment date? No new principles! Still PV at time t of future benefits — premiums. But

(m)

Agiq Or g don’t exist if ¢ ¢ Z nor do A_m) or a;% for t not a multiple of %

We can use the policy value at the nearest payment date. Two approaches

1. start with ¢41V, discount back (1 — s) of a year for interest and survival; adjust for
any income or outgo due to events in (¢ + s,t + 1].

1— 1—
t+sv = t+1V1) Sl—spx—i—t-i-s + Sv sl—sq:c—l—t—i-s

2. start with ;V and accumulate for S of a year for interest and survival and adjust due
to events in (¢,t + s
(V+P) Sv' %'

t+sV = -
sEz+t sPx+t

equivalently
WV +P)(1+14)° _ Ssquit V178

sPx+] sPx+t

t+sV =

In both cases we use an adjacent policy value, bring it to the correct time, and adjust
for what did/did not happen in the time between.

Example

Use illustrative life table 6%. Whole life insurance for (40). Fully discrete S = 1000.
P= % Find 2995V
21V = 1000461 — Pie1 = 264.061, 90V = 247.78.

20.25V = 264.0610% 7 75p60.25 + 0.75P60.2510000° 7 = 260.065

Under UDD g.75p60.25 = ;2% = 1=gax 56,0976 = 0-989644 and .75¢60.25 = 0.010356

V= (20V + P) — 0.259601000v
20.25 = 00.25

or

= 260.065

0.25P60

13



Under UDD g.25p60 = 1 — 0.25 x 0.01376 = 0.99656 and ¢.25q60 = 0.00344

20V assumes that the P at time 20 is in the future 994V assumes it is in the past. Over
an entire whole life contract, the overall trend is increasing but there are discontinuities at
every payment date.

We can approximate ¢4V by using interpolation between ;V and y1V. But we need
to take into account the discontinuities caused by the premiums

V+P)1—5)+ (41V)s = 145V
In our example,
20.25V ~ 0.75(20V + P) + 0.25(21 V') = 260.016
For more accuracy, we can also incorporate interest in our interpolation.
sV =V +P)YA+0)5(1 —8) + (11 Vol ™%)s
In our example

b

2025V = 0.75(20V + P)(1.06)%% + 0.25(21 V)( o6

)07 = 260.04

2.2 Thiele Differential Equation

We can calculate ;V for any t in continuous integer t in annual ¢ + % in %ly. Any time t
in annual or %ly, we also have 2 approximations. Discrete contracts have discontinuities
due to payments, but not for the continuous case. We can derive a differential equation to
find the rate of change of V. We can then use the DE to approximate the change in (V
for a small interval (t,¢ + dt).

Use the principle that ;V = EPV of benefits — premiums

o0 _ rttu o0 _ ttu
V= / (StJrn + EtJrn)e ft 63d$upm+t;“x+t+udu - / (PtJru - €t+u)€ ft 63dsupz+tdu
0 0

Note this allows § to be a function of time if §; = §,Vs then it’s e . But if not,

e ST bsds v(vt(t)"). Substitute r = t+wuw and du = dr, t = r—u. v =0 — r =

t,u =00 — 1 = 00Q.

rPx
tPx

uPx+t ¢ tPruPz+t = t+uPzx = rPx SO yPr4t =

\% —/ Sr+E ) phggr—(Pr—e,)) —=——dr = Sr+E) phprr— (Pr—ex ) v(r) pgdr
t ] (( )/’L + ( )) ’U(t) P U(t)tpx( ; (( ),U, + ( )) ( )
Differentiate Vv (t)¢p, with respect to t and it will be equal to

V(t)epe(pe — et — (St + Ei) prott)

14



If we assume compound interest, v(t) = e~ % = vt

d _ _ B d
T O petV = (e pu(8 + pare))iV + e (Sttpx(%tv)

equate, cancel out e*‘;ttp —x

d
%tv =0V 4+ (Pr—e) — (St + Er — V) ugye

Above represent the rat eof change of policy value at t. §;V is the amount held x instant
interest rate and (P, — e;) is the premium income instant rate minus expenses. For last
part, if death occurs, provide NAAR to pay benefits. If we also have boundary conditions
for the DE (oV =7) then we can identify all the contract details. There is a one to one
relationship between contracts and Thiele’s DE’s.

Example:

1. 4,V = —(1000 — ¢{V)pig4s + 6;V with ¢V = P. This is a whole life insurance with
single premium of P at time 0.

2. 4.V = —(10000— V) pg4t+6,V+Pif 0 <t <n.,V =0fort >nandlim, ,,—,V =
n—V = 20000. continuously paid P throughout n years and benefit of 10,000 if dies
before m1, benefit of 20,000 if they survive.

Identify DE from contact details and identify contract from DE and boundary condi-
tions. If the De was identical except ,,_V = 0, it would be a term insurance contract
with 10,000 on death within m.

3. %tV = (S — V)pgst = 6,V — X with ¢V = P. There is a single premium paid at
time 0 and death benefit of S paid on death. X is an annuity payment.

Using Thiele to approximate .V, since a derivative is

d V-V
*tV = lim 7t+h ¢
dt h—0
We can choose a small h and then use the right side of the DE to approximate the change
in policy value over any interval of length h for a continuous contract.

This gives us:
(1 + 5h)tV + (Pt — et)h ~ t+hV + NAARth,um_H

(more accurate if h is smaller)

It is essentially the continuous recursion for a small step size h. We can isolate ;V or
++nV (whichever we don’t know) and solve. We need a starting point (usually either 0 or
time n in a term/endowment insurance contract) and then we can work iteratively to find
the ;V at any time that is a multiple of h.
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Example: $10000 10l endowment insurance contract to (40), 6% interest Usual Makeham
mortality
Pott = A+ Bttt

where A = 0.0001, B = 0.00035, ¢ = 1.075
We know the DE is

d
TV =8V 4 P — (10,000 — ¢V)juao st

107V - ].0, 000
where 0 = log(1.06). However for P, we will set P so that ¢V = 0. Each step,

t+nV — ¢V

T A 8V 4+ P — (10,000 = V) X juaose

Solving for ;V,
t+nV — Ph+ 10,000 X pt40++

hd +1 + hpaot+

V=

2.3 Advanced topic: Asset shares and analysis of surplus

Retrospective policy value(based on an assumptions) is

_ oV + EPV at 0 of premiums in (0,¢) — EPV at 0 of benefits in (0,)

VR
! tEa:

If policy value basis = premium basis and equivalence P is used, then it equals V¥ =
EPYV of future benefits — EPV of future premium. It represents the amount the insure
needs ti have per policy to cover future obligations.

Asset share is similar but based on actual experience in time (0,t) and represents the
amount the insurer actually has per policy. If AS; < :V, we have a loss. If AS; >V, we
have a profit. AS; =V is possible but it would only happen if experience exactly matched
assumptions (unlikely).

Example: Usual Makeham model, 6% interest 15-year deferred discrete whole life insur-
ance of $100, 000 is issued to (50). Death benefit in deferred period is return of premiums
without interest. Expense, 15% of first P and 2% of other premiums and $100 on payment
of benefit.

First, calculate P using equivalence principle

EPV premiums = EPV benefits + Expense
Piig.151 = 100,000 — 10015 As0 + 13%P + 2% Piisg.15 + P(IA) 3015 + 100As50

Hence P = 2038.16. Next find 5V (some basis)

16



e retrospective
e prospective

e recursion

Retrospective:

0.98Piisg5 — 0.13P — P(IA)5) 5 — 10045, 5 11,612.70

sV = 11,612.70

Prospective:

P(IA)} 7+ SPAL 15 + 100,00010E55 Ags + 0.02Pa 155,10 +100As5 — Piss.1o

Recursively:

(oV + P — 0.13P)(1 4 0.06) = gs0(P + 100) + P51V

5Es50

1V + P — 0.02P)(1.06) = gs51(2P + 100) + ps12V

Keep doing the same process. We will get the value for the year-5 reserve.

Now suppose actual interest was 6%, 5.5%, 6.5%, 6%, 7% per year. Actual expense
were 10% of first P, 1% of rest, and $50 on death. Actual mortality was ¢, = 0.014 for
x = 50,51,---,54. Then we can calculate AS5 = 11,979.98. In total, profit of 365.28 per

policy.
t amount | policy | expenses | acc value | amount paid at | remaining survivors| AS;
at t—1 | value at at | at t t
att—1|t—1
1 0 Px1 10%P; x | (a1 + Py — | (P+50)x0.014 | accvl —dbl | 1-0.014 ;f%ll
1 81)(1 +
6%)
2 rem, P x| 1%P (ag + P»— | (2P + | accvg —dby | survi(1— ;5%22
survy €2)(15.5%) | 50)(survy) % 0.014)
(0.014)

We have a surplus of AS; — 5V = 365.28. Interest was higher, expense were lower,
mortality was close. Analysis of surplus can tell us how much of the surplus (or loss) is
caused by each of: expenses, mortality, interest. The idea is to change one factor at a time

from assumed to actual. Order matters!.
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¢V (all assumed ) = ASSP™ (actuall expense assumed, mort, int)
— ASY ortality expense (actuall expense, mort assumed int) = ASs

ASSPME — 5V = effect of expense and AS;" ortality CHPENSE_ ASPME — effect of mortality.
Lastly ASs — ASgnortahty P — eoffect of interest.
By calculation, 365 surplus = 250 expenses — 10 mortality + 125 interest.

2.4 Advanced topics: Contracts where benefit is a% of ,V

Sometimes the benefit in an insurance contract be a percentage of the policy value at
the time of death. We can’t calculate P directly so we have to use recursion (or Thiele).
Example: fully discrete, death benefit is ¢;1V for t =0,1,--- ,n — 1, premium P, payable
at times t = 0,1,--- ,n — 1. Benefit in the very last year is ,V = S.

Recursion:

V + P)1+ 1) = quye(cer1V) + pest(t41V) = Dpyyer1V
where py ;= putt + Cquyt

PpitVt1V — ¢V =P

T % %

multiply by (B} = v'pipiiq - Pryeq

t+1
v phenV — BV = PyE;

Sum from ¢t = 0 to n — 1, middle terms cancel.

n—1
nEinV = 0E5V = P> v
=0
then .
V= oV + Pax:m
1By
If ,V = known number, then
a;m
Ife=1,
Pa N
tV = Ttﬂ (pz =1)

18



2.5 Advanced topics: policy alternations

Sometime ofter inception, the policyholder may request to

cancel (lapse) the policy.

change premium terms

Change the sum insured

change the benefit type (from whole life/endowment insurance to something else)

By law, if the policy has been in force for 27 years, the insurer must provide some
surrender value if the policy is lapsed. The surrender value (or cash value) can be

e agreed upon ahead of time (at ¢t = 0)
e some calculation based on the policy value at time t

For example some% of ;V (< 100%) possibly fixed expense subtracted. Some % of
AS;. Let the cash value at time t be Cj. If the policy lapses, policyholder receives Cy at t.
Otherwise, we ca easily calculate the new (modified) terms of the contract using:

C:+EPV t of future (modified) premiums = EPV t of future (modified) benefit +expense

Example

Whole life to (40) S = 10,000, interest rate in the long term is 6%. No expenses
(fully discrete). From the ILT, A4 = 0.161324, Agyp = 0.369131, Ags = 0.4397965, lgo =
81880.73, lg5 = 75339.64. Find P = % = 108.8. Suppose at time 20, policyholder
wants to modify the policy by

1. Surrender
2. stop policy premium but keep whole life

3. turn it into a 5l deferred annuity of X per year with a 10, 000 death benefit in deferred
period, and pay 5 more premium.

The insurer calculates surrender value as C; = 90% of ;V — $100 expense.
20V = 10,000A4¢0 — 108.88dg9 = 2477.8

Ca0 = 90% x 24778 — 100 = 2130.02

1. They get $2130.02 (not great for policyholder, less than contributors)
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2.6

Ca+0 = S"Ago + 0 (have now + future premiums = future benefit + future expense)

Cao
S === =5770.36
Ao

Cao + 108.88iigy.5 = 10, 000A%, - + Xsiigo + 0
Cap = 108.88(de0 — 5E60des) = 10,000(Ag0 — 5E60A65) + X (5 E6odies)
Solving for X, we get 284.39.

Review for Test 1
time t loss rv Ly = PV at t of future benefit — premiums
E[L|T; > t] =V = EPV at t of benefits — premiums

gross v.s. net policy value. If the policy value basis = Premium basis and P is

equivalence principle premiums, then net policy value has simplified calculation ;V =
_ Oz+t
at

Prospective v.s. Retrospective
EPV of premium (0, t) — EPV of benefit (0, t)
tE:c

equal to prospective if same basis and equivalence principle

tV =

recursive equation

(V+ P —e)(1+1) = qeyt(Se1 + Ers1) + Patt(t41V)

or
(V+P—e)1+1i) =11V +NAAR 1 1Gz1+

where NAAR;1 = Si11 + Fiy1 — ¢+1V is mortality risk. Some principles if %1}7
contract.

Values between payment dates.

— accurate method

— linear interpolation with or without interest

Continuous contracts: same principles for everything. easier to find the distance of
L, differential equation instead of recursion

d
— V=6V + (P —e)— NAAR iz 1+

dt
use as approximation for a small h:
V-V
WLTt —= ...same RS
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3 Multiple state models

S

We use the RV T, = time until death of (x). But really, we have a continuous process

We are used to the model

0 if (x) is alive at time ¢
1 if (x) is dead at time t
t where Y'(¢) is still in the “alive” state). In general, there are policies that cannot be
modelled with 2 states.

Examples:

Y(t) = Then T, = max{t : Y(t) = 0} (i.e. latest time

1. Insurance which pays a different amount for “accidental” death than other death.

We need

2. Disability (permanent)/ Critical illness insurance pays a lump sum benefit on becom-
ing permanently disabled or diagnosis. We need

3. Disability income policy may pay (non-permanent) or annuity while policyholder is
disabled. We need




4. Joint life insurance that depends on the survival or death of more than one policy-

holders. We need

5. Pension plan - employees may entitled to different benefits base on how they exit the

plan. We need

Assumptions

1.

Always in star 0 when the policy is purchased. All possibilities are counted in the
sates of the model. (i.e. it’s not possible to leave the model entirely). Can’t be in 2
states at once. That means at any time t, Y (¢) = {0,1,--- }.

. Markov property (future movements of Y (¢) depend only on the present state, not on

the history before the presents). In some cases, this assumption may not be realistic.

P(2 or more transitions in (¢,t + h)) = o(h) (a function is o(h) if limy_,o @ =0).
can’t have 2 transitions at exactly the same time.

time until transition for all states is differentiable functions.
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3.1 Notations

wd = P(Y(x+1) = j|Y(z) = i)
= P(policyholders in state j at age x + t given that they were in state i at x)
icanbe =jor #j

D =P(Y(z+5)=14,0<s<t]Y(z)=1i)
= P(policyholder stays in state i throughout age x — x + ¢ given in i at x )

depending on the model and the nature of state i, tpgi may or may not = tp?

They would be equal if
e It is impossible to leave state i (i is an absorbing state e.g. death), then tpE and
tp? =1

e [t is impossible to re-enter state i after leaving it.
Hazard Rate:

y o

Y= lim == for i # j

= force of transition from state i to state j at age x

In the alive-dead model, % = pr = P P2 = 105 i = 1 = ipth; 1pl0 = 0;
pdt = 1. At any time t, Y () must equal one of its states, so Z;L pid =1 for any i.

Lemma 1. npij = h,ugcj + o(h)

Proof. u? = % = L}Lo(h) since @ — 0, so h,uﬁ,;j = .pd — o(h) so for a small h, the
probability of going from i to j in a time interval of length h is hu; plus some error. [
Lemma 2. % = ¥ 4 o(t).

Proof.

" = P(iniat age = +t]in i at x)
= P(stay in ilin i at x) + P(leave and not come back|in i at x)

= " + P(2" transitions in (0,1))

If we cannot leave i or cannot reenter i, then we don’t need the o(t) since ¢p¥ = tp? O
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Lemma 3. pii =1—h D it 1 + o(h) where D it 11 is the total force of exit from i.
Proof.

1 —ppt =1 — P(do not leave i | in i at x)
= P(do leave i by = + t|in i at x)
= Z np + P(leave and come back|in i at x)
J#i
= Z[hu? + o(h)] + P(27" transitions in (0, h))
J#i

= hz,u? +o(h)
JFi

so ppil =1 — h) iz 1 + o(h). O

> ;i b represents the total force of transition at of state i at age x.
Recall in the 2-state model that

thz =€ fg Ha-trdr
Similarly for MSM, to start, Notice
t+npgi = tpi;ihpgcith
rnply = ey (1= hptlypy + o(h)

thDY — ol 7 wlo(h
+ xh x :_tpzwzﬂ’zm—&-t—'_ xh( )

Let h — 0

d - _
gtPe = ~ Py +0

using the chain rule

d it

it d i 3

7d:pﬁx = %(log(tp;})) = —,U;:+t
X

integrate from 0 to t and exponentiate

— ot
Wl = e Jo Haypdrte

but since 0p§ =1,s0c=0.

Make sure when compared to the 2-state model because with tp?, we only care about
i and “not i”.
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3.2 Kolmogorov forward equations
In a general MSM for any two states i and j (where i can equal to j)
n = I+
kg

Apply those lemmas

D = 2 (Pl + o(h) + > o (hly, + o(h)

k#j
= i (1= hiop + o(R) +h Y (i aiihy + o(h))
k#j
= 1P — ol + b Z tpi;kﬂiit + o(h)
k#j
t+hDi — D7 _ —htp?Mth th# tp;k,uxit o(h)
h B h * h - h

%tp?g = =D 1y + Z Dy Mo
k#j
but ,uf; = Dk ufﬁit by definition so we can write
d i ik ki ij ik
2tPe = Z(tpz Pt = P M)
kj

where this measures the change in probability i to j; for tp;kuiit, it measures that go

somewhere other than j and then transition to j; for tp?u];it, it goes to j but transition
elsewhere at last second.
Let’s consider the healthy-disabled-and-death example.

01 01 11 00 , 01
t+hPy = tPy hPztt + tPy hPzit
Since 0 and 1 cannot be re-entered once left,
00 00
tpa: — tpx

and _

tpijl = tp;lrl

=) o o
Dt = P2 hpty + 02 (il + o(h)
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h .
npQt = 1 pO (e Jo u{ide) + (e~ o u2+rdr)huggrt + o(h)

where pé = 12 and 01 + 01.

1
d oo Ok , k2 02, 2k
gt = Z(tpm Hatt = tPy Hott)
k=0

_ 00, 02 01, 12
= tPx Mg+t + Dy oyt

2

d 11 1k k1 11, 1k 11,12
%tpx = E (tpac Hytt — Py lu;t-‘rt) = —tPy Kzt
k=0,k#1

but ;pl¥ = p2t =0, ul0 = 0.

Similarly, we can find the KFEs for any probability and solve the DEs simultaneously
for the ;py/’s. This is double but tedious. So we can use another approach = condition
on the time of first transition (say r) and then integrate r from 0 to t.

Let 0 to 1 be 0 = 0.05, 1 to 2 be v = 0.01 and 0 to 2 be p = 0.02. Constant force do
not depend on age x.

P20 = tpg*O — o= Jolo+m)dr — —t(o+p) — ,—0.0Tt

11 1 . —tv _ _—0.01t
tpx — tpx =e€ Y= €

Obviously, tpg,? =1 and tpgo, tpf;l, and tpi,o = 0. Since at time t, the policyholder must
be in some state {0,1,2}, ;pl2 =1 — e 001

t t t
5
tpgl — / rpgoo-t—rp;i_rdr — / 6—0407T0‘056—0.01(t—7‘)dr — 0056—001t/ 6—0.067‘dr — 6(6—0.0:”76—0.0715)
0 0 0

so again since we must be in some state at time t, ;p2 + ;p2 + ;p%2 = 1 so PP =
1—e 7007 _8(=0.011_ =007t o1 we could calculate ¢p)? directly 9% = P(0 to 2 directly)-+

P(0toltol)= [ pXu-1dr+ P(0—1—2).

¢ t
PO—1—2)= / PPy ppi? . dr or / Oty - 1dr
0 0

both integrals must evaluate to the same thing.then P(0 — 2 directly ) + P(0 — 1 — 2)
adds up to the same thing we had before for ;p02. ‘

With some models, we can get expressions for tpglgj by conditioning on the time of first
transition. We can find an analytical expression in terms of t if the transition forces are
constant, but with more complex models and or transition forces that depends on x + ¢,
the KFEs give us valuable info.

Example:
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because we can renter state 0 and 1.
tpgo # tp?f’

tp:lyl # tpglgl

01 _ [t ,00,,01 11 _ [t ,00,,01 11
then tPy = fo sPy Nerst—sprrst = f() rPz :U’errt—?"prrrdT

Instead we use KFEs
d 2
01 Ok, k1 01, 1k 00,01 01,10 12
atpx = Z (tPz Hatt = tDPg Hatt) = tPe Hatt — tPe (Mot + Hate)
k=0,#1

Similarly, we can obtain the KFEs for other tpgcj’s and solve. We can use the KF's and a
small time step h to approximate ;p’s.

(Why? If mortality was Makeham or other models that depend on age, we could need
to use numerical integration to evaluate the integrals) We have

d .. —— —
%tp;? = Z(tp; Mgt = tDF Whss)
k#j

approximate with w for some h so
i g ik kj ij ik
t+hPy =7 +h Z(tpw Mgyt = P Hptt)
k#j

Start at t = 0, op =1 and opfvj =0 for j # i. then we can find hpfcj if we have the ,u,ﬁ;j’s.
Hence we can get oppi from those pi/’s and the ./ ,’s, and then for 3h,4h, - - -.
Smaller h = more accurate, well h = 1—12 gives decent accuracy.

3.3 Benefits in MSM

@ = EPV of an annuity that pays 1 per year payable continuously whenever in state j,
given that they start at age x in state i.

AY = EPV of 1 paid at the instant of each transition into state j, given that they start
at age x in state i.
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We could modify these benefits by making them discrete (annual or %ly) or add a term
of m to either benefit (no payments after time n) or add require payment only on the first
transition to j for A or only on the first visit to j (for a).

To calculate the EPV of any benefit in a MSM, we use the same principle

/ (Z)amt paid at t x discount factor x prob of payment at t

.. w ..
ay :/ eféttp;fdt
0

1 ij _ il 1j
Al = Z DI

k=0 1]

Al ij —ét il lj
A:c:ﬁ\w :/ Z paclumj—l-t
I#j

In both cases for A, we start in i but the transition into j (that triggers payment) can be
from any state [ # j.

3.4 Premiums a Policy Values in MSM
Some principles
e set P so EPV premiums = EPV benefits + expenses (at inception)
e ;V is EPV of future benefits + expense — EPV of future premiums (at time t).

In alive and dead, ;V was conditional on the policy being in force at t. Which is just
being alive at age x + t, but with MSM, there may be more than one way for a policy to
be in force at time t. so ;V(1) = EPV benefits — premiums at t, given policyholder is in
state i at t.

V(@ = 0 if i is an absorbing state such as dead.

Example

consider the health, disable and dead model again. From 0 to 1, ¢ = 0.05; from 1 to 2,
v =0.1; from 0 to 2, u = 0.02 for age x to = + 20.

We had expressions for all tpi;j’s. Contract: premiums P payable continuously while
healthy; annuity of B payable while disabled.

death benefit S = 100, 000 payable on death from either state 0 or 1. All 20 year term.
0 = 6% no expense.

Calculate P:

Py = B+ SAy 55
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20 20
_2()4‘ o 6_ Odt / 6—0.06t6—0.07tdt = 7.120972
0

20
5
e / pmdt 5 / 006 (=007 _ =01ty gy — 1876297

Aoy = /0 e (2, + p ) dt = 0.330042

S0
BaOL 4 GAL_ 02
= a0 =2 Te20 .  7969.58
a
2:20I
at time 10, calculate ;V® for all i.
10V ® =

10V = Bax+1oﬂ+ SA:(:HOﬂ P%Hoﬂ

10V( ) = +10ﬂ+ SAxﬂoﬂ 2

10
Ayt 1010 = / eXypil gdt = 4.988147
0

10
Ax+10ﬂ 2= /0 e 1Pyt 1oty 104¢dt = 0.4988147

10V O = —9229 35
10V = 99762.94

Huge difference in 15V depending on the state of the policyholder healthy lives are subsi-
dizing disabled lives.

3.5 Thiele DE for MSM
d

dttv(l) =6,V 4 (pt(i) _ ZM )+, v) — )y

JFi

In our example we have from last time,

d
dtﬂ/( ) =6,V +7269.58 — 0 — p2L, 0+, VO — . vO) — 102 (100,000 4+ 0 — , V)

d
@V“) =6,V 4+0-10,000 — p12,(100,000 + 0 — ;v 1)

Just like before, we might be able to solve analytically for ;V(’s, or we can use a small
time interval h and use the DEs to approximate. Boundary conditions usually at the end
of contract.
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4 Multiple decrement model, multiple life model

4.1 Multiple Decrement Models (MDM)

Special case of MSM, one active state (state 0) and n absorbing states (1,---,n). So only
one transition (max) can occur!

’ Active @

At time t, policyholder must still be in 0 or have made one transition to j (1,2,---,n)
and then still be in d.

0j
P =P = e —Jo Herdr — o= Jo Xy e
05 !
tpg;j :/ Sp$ /'1/$+Sds
0
and as always, op = 1,0ps =0

4.1.1 KFEs for a MDM

00, 0i
dttp:p - thx :U’:El—s—t
(we can solve this DE to get tp =e /DY =1 “x+rdT)
d o 00 0j
dttpzj = tPy /“ijth

We define ;p =1 — p% = > i1 oY (not in 0 at t) (similar to ply, = > i1 ugﬁrt)

Y is the total probability of leaving active state by t. if the tran51t10n forces are
simple enough, we can evaluate the integrals and get exact expressions tpx . But if we
want accuracy, we can use a life table just like in alive — dead.

Recall: z¢ = starting age(integer), [, = number of starting lives, [, = number of still alive at age x =
lmox—:popxo and dy =l — lgz41

From the MDM case, we need

l; = avg number of still in state 0 at age x = Iy, (»— xopgg)
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d:(vj) = 1,p% = number who go to j in age x and x + 1 = I, (z,wo‘p%)
Then d, = 2?21 §,;j ) — lz — lz11. We need a fractional age assumption to use the table.

1. UDD: Assume that for each decrement in the table, tpgj = tpgj ,0 <t <1 for
j:1727"' , 1.

2. CFT: Assume that each force of transition within each year is constant.
0i .
Py = 1,0 <t <1

for j=1,2,--- ,n. With CFT,
n n
- 07 j .
P =Y u =Y pP0<t <1 =p)
j=1 j=1

Thus, p% =1—pP® =1—¢" Jo Hasrdr — 1 o=t
In particular, p = 1 — e#2 . Consider
s s ) 0j
. 07 —2y,0-,.07 12 ;0
= [ = [ et

0 0 M
0<s<1,j=1,--,n
But if —sud 00 g r 0j _ py 00\ s .

ut if we let e *H= = ;p from before, so we have sp; = Tg(l — (1p2”)?) (logically,

it makes sense to be proper trivial to the force from 0 to j)

If we let s = 1, we get

pe
y X
Y = (1—p))

0

e

T

pgj = T(pg;)
0

So finally,

We can obtain pgj ,p* and p from the MD table since they are annual.

00 _ lat1 o 00 _ la—lay1r d

. xr

xX X xr
J
py = =



Awesomely, we get the exact same result for Spgj if we assume UDD in the MDM
(proof is in the supplementary notes). Compare to CFM result in Alive to Dead.

P = ope = (pa)® = ()

spgl =sq: =1~ (px)s = (1 - (p(:z):o)s)

Example: Suppose we have n = 2

Find
1. probability (65) is still in force at 67

l
2pQ = % = 0.8463

2. probability (65) lapses between 66 and 67

1|82 = (pg2) (pgg) = 0.0558

3. contract over by 68

les

3Dgs = 3Pgs + 3Dgs = 1 —apgy = 1 — e 0.2468
4. (65) dies before age 66.2
01 _ 01 00 o1y _ des , les
1.2P65 = Pes + (P65) (02P66) = +—
les  les

From UDD, ¢2p¥t = 0.2(pd%) and From CFT, ¢2pd% = %(1 — (p)°2)
66
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4.2 Premiums and Policy Value in MDM

Some principles, policy values are the same as in the alive-dead model since there is only
one active state.

4.2.1 Example

3 year fully discrete contract for (65), 10,000 at the end of year of dead. If they lapse or
survive 3 years, return of % of total premiums paid. Calculate the annual premium P.
No expenses, multiple decrement table given, i = 8%

les + legv + 1671)2

EPV of premiums = P( ;i
65

) = 2.5867P

dé?v + délﬁ)v2 + dé17)v3

EPV of benefits = 10, 000( ;
65

= 693.4918

Bd( ) Pd( )2 3P d( ) l
EPV ROP benefit — 2760 U+ Pdog v + 5 (dgr + los) v

= 1.03835P
les

so using the equivalent principle,
2.5867P = 693.4918 4 1.03835P

Hence P = 447.90.

4.3 Dependent and Independent Probabilities

tp s are known as dependent probability since they assume that the other decrements are
present in the MDM
Define the independent probability

t
tp] = e fO Mac+r

(the exact result you should get in a model with only decrement j)

Also define ;p} = 1 — tpz Comparlng +q% and tpz ; both are the probability of going
from 0 to j in t years but tpx depends on the other decrements belng avallable whereas
+q> as sues j is the only possible decrement. If we have expressions for u ’s, we can obtain
exact independent probabilities.

But to go from a discrete MD table to associated Single Decrement Tables, we need a
fractional age assumption. Assume CF'T, we know

spgf ij
spg; ,Ux
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where 0 < s <1 and with respect to SDMs
n
tp2° = H tpg
d=1

(Another justification

n

— [Eul dr d

tpit = e fO 'U'IJrT = H tpgj
d=1

)
Let t =1, p%0 = ¢ and p} = e_“gj, thus
p _ —logph _ pd

pd  logpd®  p¥

SO ,
ph= ()

4.3.1 Example
Lo (4651 o)
Gis =1 —pgs = 1= (;2) T les) = 1-0.97947
65

4.4 Building a MDM from SDMs

We can get exact expressions if we know ,ugjﬂ’s for all j, but if we have discrete tables, we
need a fractional age assumption.

Recall Lo
tp; =e fO “zirdr

tQi =1- tpi
t
A 0i
tpgj = / rpgolix{wdr
0
0 _ 00 _ — [l dr
Wy =1 = 1—e e

If we assumed UDD in the multiple secrete table or CFT, we got
. 05 .
ph = () 7

so we can take apart a MDM. To assemble a MDM from SDMs, we can just reverse the
relationship '

0j _ logpz .

T logp0™e
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but remember p%° = [T, 7% so in particular p? = [T, phoand p¥ =1 — [T, p so

~ log pj L
05 __ 4 7
P == (1 —||p
T A
This relationship holds if we assume CFT or UDD in the MDM. On the other hand, we
can assume each SDM has the UDD property. (i.e. (q% = tq —> tpzjvugﬂ_t =q2)
Then

n

t t t
| o o . .
Py = /0 P Mo dr = /0 rDyrDa - D iy dr = g /0 [1-vidr

=1
t t
¢ [ T[a-rddr=a [ T]0 - rar
0 0

1#] i#]
tpgj = depends on n, q%x degree n polynomial with coefficients from ¢'’s

4.4.1 Example

Take apart the MDM into two SDMs and increase lapses by 20%. Lastly, reassemble into
a MDM.

We have been assuming that the time until transition was differentiable (hence con-
tinuous), but it’s possible in real life to have transitions occur discretely. For example,
retirement at age 65 exactly lapses at policy anniversary etc.

How do we incorporate discrete transitions into a MDM? Easy! The discrete decre-
ment(s) is not “competing” with other decrements for lives during each year. So if we have
the independent probabilities for the discrete decrement, we include them at the end of the
year based on the lives remaining from continuous decrements.

Use the same example and the same decrement table, but we are adding a third decre-
ment retirement with the following probabilities: 50% of people reaching age 66 retire
exactly then. 70% of people reaching 67 retire exactly then; the rest definitely will retire
reaching age of 68.

X e dL d? ds

65 1000 20 50 0

exact 66 930 0 0 465

66 465 13.95 | 279 | 0

exact 67 423.15 |0 0 296.205
67 126.945 | 5.08 | 8.89 | 0
exactly 68 | 112.98 | 0 0 112.98
68 0 0 0 0
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4.5 Multiple Life Functions

We have tpié = tp% for all state i because no state can be reentered but it is possible

to have 0, 1, or 2 transitions in a time period of length t. Future lifetime RV framework,
T, = time until death of (x)

T, = time until death of (y)
Define Tyy = min{T,,T,} (the joint life status (earliest death of (x) and (y)))
Say(t) = Pr(Tyy > t) = tpgy = P(min{T,, Ty} > t) = P(T, > t,T, > t)

If we assume T}, and T}, are independent, then py = tpziDy
We have ¢p,, (both survive t years) and ;qzy = 1 —¢psy (at least one dies within t years)

ultQey = (uPzy) (t9e+uy+u) (Poth survive to u, at least one dies by u +t)

Note that “xy” is a status.
Define Ty = max{T,, Ty} (the last survivor status (latest death of (x) and (y)))
Notice that T, + Ty = Ty + Tiy 50 tDzg = Pz + tPy — tPzy aNA tGzy = tGz + tqy — tdzy
tPxy = tpgg
tqzy = tp% + tp% + tp?,ffj = tpg'y
tPzy = tpgg + tpggll + tpg?/
1y =1 — Py

Also some new probabilities based on the order in which the deaths occur

t
: S hi 00,02
1y, = x dies first within 71 = /0 tP gyt ryrdl

t
: e _ 01 13
tq%y —> x dies second within 71 = /0 tPaybgtriyrdl
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tq1 + 192 = tqx
Ty Ty

td 1 +1q 2 =1qy
zY Y

td1 T tq 2 = tqxy
xy xY

tq2 +1tq9 2 = 1Qzy
zy Y

tPzy = tPx + tPy — tPxy
for p’s, q’s, A’s, a’s, etc.

4.6 Benefits for Multiple Lives

Insurance: Joint lit insurance (pays an first death); last survivor insurance (pays on second
death); contingent insurance (depends on order).
(all can be whole life, term, endowment insurance, and continuous, annual, or %Iy)
Annuities: joint life annuity (pay until the first death); last survivor annuity (pays until
second death); reversionary annuity (pays to x while alive, starting after the death of y)
In the continuous case, we can develop expression for the EPVs of any of these benefits.

joint whole life annuity a,, = fooo €_6ttpa:ydt I > et pxodt

last survivor whole life annuity az; = fooo e*&tp@dt fo e pxy—i- on —i—tp%)dt =
I edt pmydt + &tpxl dt+ [;"e A %dt = —Qgy + Qg + Gy

Logical Explanation az; pays until the last death, i.e. pays while either is alive. a, +a,
pays to each while alive (2 while both are alive) so subtract the extra a.,

Reversionary annuity a,, (means to pay to y after death of x) = OOO e_&tp%dt (x
must be dead and y alive to get paid) = fooo e*‘”(tpg?, + tpg(y)dt — fooo efattpggdt.

Hence a,), = ay — Gay

Logical Explanation a,, pays y after x is dead. a, pays while y is alive (1 while both
alive) so subtract the extra ayy.

Joint life insurance A, = [;° e“sttpgg(,ugit:yﬂ + uggrt:y+t)dt (either x or y dying trig-
gers payment,)

Last survivor insurance Agzy = [~ e % (;p0Lut%, +p22 2%, )dt (either x or y dying last
triggers the payment)
But if we have the 2-life model with a “common shock” (the force of transition from
0 — 3 directly). We would just add tpggug‘it:y 1 to the probability of payment at t

inside both the integrals.
Azg = Ay + Ay — Ay,
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Contingent Insurance A, = [ e %p00u0%, . dt. Similarly, A L= Jo = 2o 9k 11 pdt.
X

Ty
We can see

+A :le
by T 4

and A%y =/ e~ 0 pryﬂz+tdt and A fooo e tpg%,,uiitdt. We can see

AQ + A 2 — A@
ry zY
We can add a term to any of these benefits t integrate up to n instead of co. We can

have annual or %ly payments to sum instead of integrals.

Special Case independent lives; not necessarily realistic because spouses usually have
similar health and activity habits; also they spend more time together than any 2
random people, so they can be subject to accidents.

If lives are independent, that means ,u03 = 0 (no common shock).
01 23
:umy = My = My
Moy = lha = Hg"
dr

t 0.
- ,0 _ 01 02 _ _ 00 _ _— Ty —
Then Hazy = Hgy = Hzgy + Hzy = Hax + Hy SO tPxy = tPry = € fo'u Hrit -
t
- T+T ™ d —
e J‘O(H’ +r iy + ) T — tp:ctpy

Example: ¢, = 0.02,¢z41 = 0.025,¢z42 = 0.03,qy = 0.03.gy11 = 0.035, gy4+2 = 0.04.
Assuming (z) and (y) are independent, calculate

1. 9Pay = 2paapy = (1 — 0.02)(1 — 0.025)(1 — 0.03)(1 — 0.035) = 0.8944

2. 9pzy = 2Pz + 2Dy — 2Pzy = 0.9972

3. 1|92y = PayQz+1y+1 = 0.0526
4. 1)¢zy = 0.0022

4.7 Gompertz and Makeham Mortality

Gompetz i, = Bc” so if (x) and (y) are independent with same mortality, then iz, =
po + fty = Bc® + BeY. Define w such that ¢ = ¢ 4+ ¢¥ (ie. w = % then
pey = Bc® and the joint life status xy can be replaced by the single life status w. w

is the equivalent single age)

Makeham (i, = A+ Bc® 50 pipy = A+ Bc® + A+ Bc? =2A+ B(c® + ¢¥). Define v such
that ¢¥ 4+ ¢¥ = 2¢”. Hence pizyy = 2(A + Bc") = iy + j1y so v is the equivalent equal
age xy can be replaced with vv.
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These simplification assume that x and y are independent. If x and y independent, we
have p;y = ¢pztpy. The assumptions behind independence may not hold in practice so we
ned ways to cover the dependence situation.

4.8 Common Shock Model

Assume lives are independent except for a common probability of accident which affects
both lives. We use the same state model for joint life but for the transition from both alive
to both dead will be a constant, A\, no matter what ages they are.

i, - unshocked force of mortality for (x)

*

Hy

A - force of accident/shock (constant)

unshocked force of mortality for (y)

T - future lifetime unshocked of (x)
T, - future lifetime unshocked of (y)
Z- time until death from shock ~ Exp(A)
T, = min{T,, Z} and T, = min{T,;, Z}
Since (x) and (y) can each die from mortality or shock, the min of those two times will be
the actual time of death.

Tpy = min{T,, T} = min{T,,T,, Z}

t .
or we can think of the MSM probabilities tp?f; — ¢ Jo M ry
We have ug'y = py + py + A Therefore tpgg = tp;tp;;e_)‘t
From this relationship we can get the others

-\t
Pz = tDye

Same for (y).
Xt
(

iy = € (5 + 10y — Phepy) = € iy

but unfortunately, there is dependency on both lives.
Commonly used with Makeham mortality for both life. Sometimes we consider A to be
the shock so py = Be* and py, = Be¥ and A = A then we would have pyy = A+ Bc” + BcY.
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4.8.1 Example

(x) and (y) have unshocked mortality as follows gy = 0.02, ¢y, = 0.025, ¢}, 5 = 0.03, g, =
0.03.q§+1 = 0.035,q;+2 = (0.04. In addition both lives experience a shock with constant
force A = 0.0005.

Recalculate

1. 2Pzxy

2. opzy

@

1|Pzy
4. 1‘]?@
Now for EPVs
oo oo oo oo
0 0 0 0

where ¢ = § + A. We can evaluate common shock EPVs by using independent unshocked
mortality EPVs and a modified interest rate

Will az,, be higher or lower than az,? Lower because the shock could cause the lives to die
sooner — lower EPV.

00 00
-0 —& * -\
Axy = /0 € t(tpwy (Mg}kt:y+t + :U’git:yqtt + :u'git:ert)dt = /O € t_tpztp;;e t(MZth + M;th + A)dt
00 00
= [ s+ [

SO Axy = A;y@(;, + )\dzy@ s or we can use the following result for any status “u” that is
either whole life or endowment insurance type.

A, = E[v™]

where T,, = time until “u” expires

1-— UT“] 11— B[]
J B J

Ay = E[(_Lm = E[

1-Ay
0

SO Gy = and A, = 1 — da, so in particular for the common shock model

Azy = 1 - (5d$y - 1 - (5&;y@5/

Examples: Interpret the following EPV and express it as a combination of simple EPVs:
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1. Augz = Agy + Az — Agys
2. Gyjym means that y gets paid if x dies within n years
&y:ﬁ\ - dwy:ﬁ\

and a5, means that if x dies before n then y get paid; if n years passed and x is
still alive, y will still get paid too

ay - amy:m

5 Advanced Topics

(MLC material - not on or final)

5.1 Interest Rate Risk

We have been implicitly assuming a flat yield curve for our interest rates. i.e. the same
annual effective rate i applies to all future cash flow regardless of when they occur.

v(t) = vl = e

In practice, we actually have a “term structure of interest rate” where there are different
rates for different lengths of investment.

e Spot rates: y; is t-year spot rate means $1 at time 0 grows to (1+y;)! if invested for
t years

e then $1 at time t is worth m at time 0

1
olt) = (14 ye)!
Typically, the yield curve will be concave increasing.
e implied forward rates
f(t,t + k) = k-year forward rate for an investment in t years
$1 at time t grows to (14 f(t,t + k)¥) by time ¢ + k.

t+k
Thus (14 f(t,t+k))* = %
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In the context of insurance, we replace the discount factor v! with the more realistic

m. Tus a discrete annuity due to (z) under the yield curve y would have EPV

a(fv)y = Z’U(k)tpz = Z (1—1—1yt)kkpz

k=0 k=0

Similarly a continuous insurance has EPV

A, :/o V(t)tPathayedl

Diversifiable vs non-diversifiable risks usually an insurer relies on large numbers of
identical /similar policies that are independent. By the “law of large numbers”, things
will tend to turn out as expected as the number of policies gets larger. Say we have N
policies and some r.v. X; (i = 1,---,N) that we are interested in for each policy. Then
E[Zf\il X = sz\il E[X;] = N, where p is the mean of the X;’s.

N N

Var(z X;) = Z Var(X;) + Z Z Cov(X;, X;)
i=1

i=1 i<j

. Let 02 be the variance of X; and p be the correlation between X; and X ;. Hence it becomes
No?+ N(N —1)po?. If the X;’s are independent, we just have Var(Zfil X;) = No? and
SD = ov/N. By the CLT
Zﬁil Xi— Ny
oV N

N
Zi:1 X
N

~ N(0,1)

as N — oo.
The average risk would be
function of N.

. As N = o0, Var = 0if Var(3_,_qvx,) is a linear

N x.
% = 0 and non-diversifiable if

Definition. A risk X; is diversifiable if impy_s oo
not.

Mortality risk is diversifiable. Hence N increase will decrease risk but interest rate risk
is non-diversifiable.

5.2 Profit Testing

With computers, we can easily project the cash-flows for portfolios of contracts and possibly
incorporate more flexible. Assumptions (yield curve, changes in mortality, etc.).
Uses

e identify where profits come from
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e set premiums (explicitly loading for profit).

e stress test (see how profits are affected by worsening assumptions)

e determine how much reserve to hold

e measure profitability

e for more complex contracts, determine dividends paid to policyholders
Profit testing is done on the profit testing basis

1. basis: set of mortality, interest, and expense assumptions

2. profit testing basis could be the same or different from the premium basis and the
policy value basis.

Example:

10 year annual term insurance to (60) P = 1500, S = 100,000. Policy basis, 5.5%
interest, 400 plus 20% of first premium at inception and 3.5% of premiums 2-10 and
g0+t = 0.01 + 0.0001¢

e Generally assume initial expenses happen before first premium so surplus at time 0
is generally negative

e cach line is only looking at income/outgo in that year.

e each line assumes the contract is in force of the beginning of period. so all cash flows
(P;—1, DBy, etc) are assuming the policyholder is alive at ¢ — 1.

We had surplus at t P,y — E;—1 + I, — DBy year (t — 1,t) is in isolation and assuming
contract in force at ¢ — 1, but cash flows are not isolated since we do hold reserves. We
want to incorporate them into the profit test. Suppose we hold reserves equal to NPPV on
the basis. 4% interest, ggo++ = 0.01140.001¢ (worse mortality, worse interest, no expense).

To incorporate reserves,

1. in first year there is no reserve.

2. for row 2 and on, we add a column to include the reserve held at the start of the
year (“income” of ;,_1V at the start of the tth year, which accrues interest so I; =
i1V + P — B 1))

3. For line 1 and onwards, we have to add a column for the “cost” of setting up next
year’s reserve but we only need the reserve for the policy holder who are alive at time
t. Therefore, the cost in the year t row is

£V P60+t—1

43



Now the surplus at time t is

t—1V+ P —E 1+ 1 — DBy — Vpeoyi—1

. The collected surplus values for t =0,1,--- ,10 is known as the profit vector Pr.
Pry = initial setup cost
Pry = surplus at t|alive at ¢t — 1

. If we want to have profits that are not conditional on anything, we can just multiply
each element by ;_1pgo (probability of being alive at ¢ — 1). The resulting vector is
called the profit signature, .

my = Prg = initial setup cost

w1 = Pry = surplus at time 1
m = Pry_1Pgo = surplus at time t

With the profit signature, we can do any analysis we like to assess the profitability,
such as

e NPV at the company’s interest rate for future cash flows.

NPV = Z Tpv”
k=0

e IRR of cash flows, (the rate such that NPV is zero)
e Partial NPV’s (each year t, find

t
>t
k=0

for some t they will be positive. (pay back period)
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6 Final Review

ACTSC 232 e Survival Models including life tables
e EPV of insurances and annuities

e Premium calculation including expense

Policy Values e definition of L,
— future benefits - expenses given alive at t.
Policy value ,V = E[L;|T, > t|

e NPPV v.s. GPPV (artificial premium with no expense v.s. actual premium
including expenses). Both are calculated on P.V. basis.

Simplified formula for NPPV ,V = 1 — “2tL for whole life etc.

Qg

prospective v.s. retrospective (EPV of future benefits - premiums v.s. EPV at
0 of premium-benefits in (0, t) divided by E;)

e Recursive relationship
(tV + P)(1 +1i) = ¢z ++S + putte1V

for annual. Similar for %ly.

e NAAR;y; = S — ++1V measures mortality risk.

Policy value between payment dates at ¢t + s

— exact (forwards from t or backwards from ¢ + %
— interpolation
— interpolation with interest
vV + P
— Continuous payments
x L; has nice distribution

x can calculate ;V exactly for t € R

*

graphs have no discontinuities
Thiele DE

*

d
itV =0V P = (S — V) Hare

boundary condition matter.

e Can use as an approximation for small h

d V—V
=~ T T SV 4+ P — NAAR g
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MSM

Multiple

Asset shares AS; = amount per policyholder in force at t the company has. ;V =
amount they need

analysis of surplus - split AS; —;V into pieces caused by interest, mortality and
expenses.

policy alternations, cash value Cy. Determine unknowns using equivalence prin-
ciple

Cy + EPV future premiums = EPV future benefits
e assumptions and notations: u?,tp?,tpgi
i =e o K rdr
calculate other tpéj’s by fixing the time of first transition at r, and fg dr
KFE’s J
T =Y i — w1l

k#j

can useKFE as approximation for small h

benefit EPVs EL? and Aig’
sum/integral over pmt dates of amt paid x discount function x prob of pmt

premiums and policy values are the same but policy value can depend on current
state.

V() = EPV at t of future benefits — premiums given in i at time t. Thiele DE
for ,V(® in MSM
MDM

— one active state, n absorbing states

— tables

— fractional age assumptions

— EPVs, premiums, policy values similarly

— dependent is independent probability

— assumptions for splitting/reassembling MD Tables into SD tables.

Lives e “xy” and “Ty”

TYy=r+y—ry
for p’s and q’s, A’s, d’s.
reversionary annuities (pay to x after death of y)
contingent insurances (order of death matters)
independent lives

Common Shock
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